

















- 
I” 7 


ISIS 


International Review devoted to the History 
$3 of Science and Civilization $3 


Quarterly Organ of the History of Science Society and of 
the International Committee of the History of Science. 


SUMMARY 
of No 58 (Vol. XX, 1) 
320 p., 4 pl. 


I. — Main articles (8) 

G. Sarton (Cambridge, Mass.).—The teaching and study of the 
history of science at the University of California . , 

P. Luckey (Berlin-Dahlem).—Was ist agyptische Geometrie? . 

R. Steece (London siere ngs Bacon as Professor. A student’s 
notes : 

W. A. Ousearican, Cc. A. Exus, D. M. Brown ( Urbana, Iu. ). — 
LEONHARD EuLer’s Elastic curves, translated and annotated 
(4 pl)... 

D. J. Srrum ( Cambridge, Mass. ). —Outline “of a history of 
differential geometry. II. . . . 

G. Winprep (Bedford).—The history of mathemetionl time. oT 

D. Kotsovsky (Chisinau).—Das Alter in der Geschichte der 
Wissenschaft . : 

A. C. Burr (Cambridge, Mass. ) —Notes on n the history of the 
concept of thermal conductivity . ais - em 





II. — Notes and correspondence (6) 

Queries : Editorial Preface (G. Sarton).—Arabic “ commercial ” 
arithmetic (G. S.).—Hippocratic oath in Arabic (G. S.).— 
Orientation of the mihrab in mosques (G. nena wise 
de l’Encyclopédie (1750) (G. S.) . 

Miscellanea ; Cours 4 l'Institut d’histoire des sciences, Paris, 1932- 
1933. — Centenaire de la mort de NIcEPHORE NIEPCE 


265 





: 
: 
e | 


; 
’ 
: 
’ 





IInd Century 


Xth Century. 


XVIIth Century. 


XVIIIth Century. 


XIXth Century. 


XXth Century. 


Middle Ages. 


Japan. 


SUMMARY 
III. — Reviews (19) 


Protemy. Geographiae Codex Urbinas Grae- 
cus 82. Ed. J. Fiscner. 4 vols., Leiden, 
BRILL, 1932 (G. S.) . ‘ 

ProLemy. Geography. Transl. by E. L. Sre- 
VENSON. New York, Public Library, 1932 
(G. S.) . ‘ 

Ganvz, 5S. The Mishnat ha-Middot. tebiew 
and Arabic texts, with introduction, transla- 
tion and notes. Berlin, SPRINGER, 1932 
(W. THOMSON) . a a ee 

ERLANGER, R. d’. La musique arabe. T. I. 
AL-FARABI. Paris, GEUTHNER, 1930 (G. S.) 

IBN AL-NapIM. Al-fihrist. Cairo, S. M. ‘Att, 
1930 (G. S.) . Ao. a ee 

Tiere, G. CORNELIS Demen. Amsterdam, 
Paris, 1932 (T. L. D.) . oe 

Sturt, M. Francis Bacon, a_ biography. 
New York, Morrow, 1932 (C. A. K.). 

HELMHOLTZ, H. v., Dourn, M., Scuirr, J. 
GoeETHES naturwissenschaftliches Denken 
und Wirken. Berlin, SPRINGER, 1932 
(E. WoLF) . , hh ee 6a 

Osporn, H. F. Core : master naturalist. 
Princeton we ie Press, 1931 (C. A. Ko- 
FOID) , 

STILLMAN, C. G. “Sanum, Burm, a mie. 
Victorian modern. New York, The Viking 
Press, 1932 (C. A. K.) . os 

Peterson, H. Hvx.ey, prophet of science. 
London, LONGMANS, 1932 (C. A. K.) . 

Ayres, C. Huxitey. New York, Norton, 
1932 (C. A. K.). : 

Paut, J. H. The last cruise of the Comagie. 
Baltimore, WILLIAMS and WILKINS, 1932 
(G. S.) . : : 

Ruska, J. Turba philosophoram : ein in Beitrag 
zur Geschichte der Alchemie. Berlin, 
SPRINGER, 1931 (E. J. Hotmyarp) . 

Ocura, K. History of mathematical educa- 
tion. Tokyo, SHOTEN, 1932 (S. IKEHARA) 





267 


270 


274 


280 


283 


285 


286 


287 


291 


294 
297 


298 


300 


302 


395 





oo oe —— 

















SUMMARY 


Science, Philosophy. Mrav, G. H. The philosophy of the present. 


—_— o—. — 


_—. 








Chicago, Open Court, 1932 (H. T. Davis) 

GuNTHER, R. T. The astrolabes of the world. 
Vol. I. Oxford University Press, 1932 
(A. Poco) . ty ae ee 

Sitter, W. pe. Kosmos. Harvard University 
Press, 1932 (N. T. BOBROVNIKOFF) . 

Wop incer, M. H. Bibliographical survey of 
vitamins, 1650-1930. Chicago, The John 
Crerar Library, 1932 (C. A. K.). . . . 











The Teaching and Study 


of the History of Science 
at the University of California 


Having just returned from California, where I spent five delight- 
ful weeks (from Jan. 4th to February 7th, 1933), it occurred 
to me that a report of my experiences and impressions might 
be of interest to our readers. 

It is simpler to state my conclusion at once : No university, 
certainly no American university, has done as much to promote 
the study of the History of Science as the University of California. 
I think the following facts will make its leadership sufficiently 
clear. 

Let us first consider the regular courses on the subject. The 
following list based on information kindly given by Professor 
LARKEY is so impressive that it requires but little commentary. 

Mathematics.—A_ special chair devoted to the history of 
mathematics was created in 1918 in favor of the late FLORIAN 
Cajori (1), who held it until 1929 when he became emeritus. 
This was one of very few chairs of its kind in the world. One 
could not be too grateful to the University of California for that 
creation which enabled Professor CajoriI to accomplish some of 
his best work. By the way, this special creation suggests one 
of the simplest ways of solving some of our problems. It may 
be too onerous or too risky to create permanent chairs, but 
universities would honor themselves by establishing temporary 
chairs making it possible for historians of science of proved merit 
and fecundity to fulfill more completely their purpose and to 
deliver more effectively their message to the new generation. 


(1) R. C. ARcHrBALD: FLorIAN Cajori, 1859-1930, (Jsis 17, 384-407, 1932) 
with portrait and bibliography. 
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THE TEACHING AND STUDY OF THE HISTORY OF SCIENCE 7 


A course on the history of mathematics (two hours a week 
yearly) is now given by Dr. D. C. Duncan. 

Astronomy.—A course on the history of astronomy is given 
by Professor W. F. MEyEr. 

Physics.—Associate Professor Victor F. LENZEN offers a course 
on the history of physics. He discusses the fundamental concepts 


-and principles of mechanics, heat, electricity and magnetism, 


radiation and atomic structure. 

Chemistry.—The history of chemistry is taught by Professor 
W. C. BLASDALE. 

Geology.—The history of geology, by Associate Professor 
N. L. TALIAFERRO. 

Geography.—A seminar in the history of geography is con- 
ducted by Assistant Professor J. B. LeticHty. The topic for 
1933 is the emergence of scientific geography in the nineteenth 
century. 

Botany.—The history of botany has been taught by Professor 
W. A. SeTcHeLt for so many years that he must be considered 
one of our pioneers. He became professor of botany at the 
University of California in 1895 succeeding another pioneer of 
botanical history, that very strange character, EDWARD LEE GREENE 
(1843-1915) (2). Professor SETCHELL’s interesting syllabi have 
been registered in our critical bibliography. 

Zoology.—A kind of seminar course is conducted by Professor 
C. A. Koror. It is given conjointly by the departments of 
anatomy, bacteriology, history of medicine, pharmacology, physio- 
logy, and zoology. 

Entomology.—The history of entomology is taught by Professor 
E. O. Essic, whose treatise on the subject : A history of entomology 
(New York, 1931) was reviewed in Isis, vol. 17, 447-50. 

Psychology.—A course on the history of psychology is offered 
by Professor G. M. Stratton. Phases of ancient, medieval, 
and modern psychology with particular attention to the nineteenth 
and twentieth centuries. 

Medicine.—A course is given at the Medical School in San 


(2) Author of the Landmarks of botanical history, Part I. Published in the 
Smithsonian miscellaneous collection (part of vol. 54, Washington, 1909). See 
note on GREENE by W. L. Jepson in Dictionary of American biography (vol. 7, 
564-5, 1931). 
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Francisco by SaNrorD V. LarKEy, Assistant Professor of medical 
history and bibliography. 

In addition to these courses it should be mentioned that 
Professor R. H. Lowie, who is deeply interested in the history 
of science, discusses certain aspects of it in his course on 
Anthropology entitled Chapters in cultural history. 

The Department of Philosophy offers a course on the Philosophy 
of science, given by Assistant Professor P. MARHENKE. It consists 
in an examination of contemporary philosophical interpretations 
of the results and theories of the natural sciences with special 
reference to the views of PorincaRE, CasstRER, and WHITEHEAD. 

Finally the Department of History has cooperated with the 
other departments in promoting the history of science. The 
professor of mediaeval history, JAMES WESTFALL —THOMPSON, 
(formerly in Chicago), is especially interested in the subject, 
as our readers well know (3). He has been preparing for years 
a general bibliography of it, and has taken considerable pains 
to increase the collections on the history of science in the library 
of the University of Chicago (4). 

Thus far I have dealt only with separate sciences, but many 
efforts have been made since 1930 to introduce the teaching 
of the history of science in general. Prof. CHARLES SINGER of 
University College, London, arrived in the summer of that year 
to deliver a course on the history of biology, which led to the 
publication of his admirable textbook on the subject (5). Professor 
L. J. Henperson of Harvard University was invited to come 
for a semester in 1931 and began a general course on the history 
and philosophy of science, but illness obliged him to interrupt 
it and the lectures were continued by Prof. LENZEN and Prof. 
LarKEY. In 1932, Dr. SINGER returned and gave a general course 
on the history of science (the publication of which in bookform 
is in preparation). In the spring semester this course was listed 
under the Department of Zoology, but for the fall semester a 


(3) J. W. THompson : The introduction of Arabic science into Lorraine in 
the tenth century (Isis, 12, 184-93, 1929), a “‘ bahnbrechend ” paper which has 
been followed by various others by other authors in the same journal. 

(4) M. Luewettyn Raney: The University libraries. University of Chicago 
Survey, vol. 7, 225-8, 1933. 
(5) Not yet reviewed in Jsis because of various accidents. A review of it will 


soon appear. 
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new department was inaugurated called Department of the History 
of Science. 

Professor SINGER’s course was entitled “‘ Lectures in the general 
field of the history of the physical and natural sciences.” It 
may be worthwhile to add that it was open to juniors and older 
men and was available as a ffee elective in the upper division 
and as part of the major in the following departments : astronomy, 
botany, household science, paleontology, philosophy, and zoology 
in place of 3 elective units; bacteriology, as a substitute for civil 
engineering 124; physiology, as a substitute for zoology 117 B; 
physics, as a substitute for any 3 units allowed in courses in 
other departments. 

In addition to this general course, Professor SINGER offered 
another one on “ Scientific writings as literature,” being assisted 
in this interesting project by members of the departments of 
English, Philosophy, and Medical History. 

In the same year 1932, Professor HENRY E. SIGERIST, late 
Director of SupHorF’s Institute in Leipzig and now Director 
of the We_cu Medical Library in Baltimore, gave a few lectures 
(see Isis, 18, 192). Finally my own appointment as Hitchcock 
Professor was a continuation of the same general purpose. 

It is certain that but for the occurrence of the financial 
depression which curtailed considerably the university’s resources, 
that new department would have been finally established on 
a solid and permanent foundation. I trust that it will be permitted 
to continue its existence in a humbler way until better times 
return. It would be unwise to lose the results of such long and 
patient efforts. By bringing together from time to time all the 
professors above mentioned and appointing one as secretary, it 
should be possible to continue the department without additional 
expenditure. 

Two doctorandi are at present sponsored by the department, 
Miss Sonoma Cooper, who is preparing a thesis on the medical 
school of Montpellier in the Middle Ages (Isis, 15, 273) and 
Tuomas Cow es, who is studying the publications of the founders 
and early members of the Royal Society (6). 

Dr. C. B. Lipman, Professor of plant physiology and Dean 


(6) See his article on Dr. Henry Power, disciple of Sir THomas BROWNE, to 
appear in Isis. 
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of the Graduate Division, and Dr. G. D. LoupersBack, Professor 
of geology and Dean of the College, are both genuinely interested 
in our movement, and they both realize keenly that much more 
is involved than the history of science. It is clear that sooner 
or later colleges will have to provide a general scientific and 
cultural training for the many men and women who do not wish 
to become specialized technicians but rather to understand the 
scientific bearings of modern life. There is a growing need for 
such men and women, as educators, historians, philosophers, 
editors of scientific journals, administrators of scientific institutions, 
keepers of scientific museums and libraries, publicists, and states- 
men. And it is also clear that the history of science would con- 
stitute an intrinsic part of such training. I have developed these 
views so often and in so many different ways that I need not 
insist upon them at present. It is more to the point to say that 
nowhere did I find a keener appreciation of them than at the 
University of California, and the friendly atmosphere which I 
enjoyed in Berkeley is partly due to the attitude of the two leading 
deans. 

The library facilities of the University of California are already 
considerable and are rapidly increasing. In addition to the general 
library, there are a number of private libraries, notably the 
collection of anatomical, medical, and other scientific books made 
by Professor HerBertT McLean Evans (7), the large collection 
of biological and other scientific books made by Professor Koroip, 
the smaller one made by Professor SETCHELL. To these resources 
must be added those readily available in the neighborhood, for 
example, the library of the California Academy of Sciences, and 
the Lane Medical Library, both in San Francisco. The Lane 
Medical Library is the best medical library of west of Chicago, 
and its historical department is remarkably strong. It even in- 
cludes a good collection of medical books and Mss. in Arabic, 
Persian, and Turkish. 

The Lane Medical Library is a part of Stanford University, 
located near Palo Alto, in another part of the Bay. There is 
some talk of organizing a medico-historical seminary which would 


(7) Now for sale. I hope the University of California will be able to obtain 
possession of it. 
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be common to both universities, University of California and 
Stanford. 

While I am mentioning Stanford, I may say that a course on 
the history of science is offered there by Professor F.O. KoEniGc 
of the Chemistry Department, who was one of my own students. 

The historical interest of the University of California community 
is also evidenced by the existence of clubs : the California Medical 
History Seminar meeting at irregular intervals at the Bohemian 
Club of San Francisco, and the Singer History of Science Club 
meeting in Berkeley. The former club is organized by CHAUNCEY 
D. Leake, and the latter by Tuomas CowLes and EDITH 
A. PICKARD. 

The Bay of San Francisco is not the only center of interest 
in our studies in California. Another exists in the south, in 
Pasadena and San Marino. There may be found in close proximity 
three great institutions : the Henry E. Huntington Library, Art 
Gallery, and Botanic Garden, the Mount Wilson Observatory, 
and the California Institute of Technology. Each of these three 
institutions has some points of contact with us. The Hun- 
tington Library contains an exceedingly rich collection of books 
which will be particularly valuable for the history of English 
thought in the seventeenth and eighteenth centuries. Properly 
qualified students will find there perfect accomodations and 
excellent help. Thanks to Ropert A. MILLIKAN’s (8) generous 
humanism the “ Cal. Tech.” will gradually devote more and 
more attention to our studies. Finally the Pasadena section of 
the Mount Wilson Observatory contains the nucleus of a fine 
collection of books on the history of astronomy. Among the 
astronomers attached to it, Dr. Epwin P. HupBie seems to be 
especially interested in the history of his science. Nor should 
I forget Dr. Georce ELLery HALg, the emeritus director of the 
Mount Wilson Observatory, who has a rich historical collection 
in his own private observatory, and has always had considerable 
historical curiosity, witness the fact that he was one of the first 
friends and patrons of Isis. 

To these professional and official activities should be added 
the private activities—as scholars and writers—of these men and 


(8) See his Science and the New Civilization, New York, 1930 (Isis, 14, 446-8). 
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of many others. To quote a single instance, Dr. H. Harris of 
San Francisco has recently published a California’s Medical Story, 
which is a most delightful book of which we hope to publish 
a review before long. 

Long as this account is, it is still very incomplete—for I ought 
to have said something of the endless courtesies extended to 
me far beyond my deserts and of the abundant hospitality which 
the good men and women of California showered upon me, though 
I had no claim to it, except my persistent devotion to the History 


of Science. 
Harvard Library, 185. GEORGE SARTON. 
Cambridge, Mass., Feb. 21, 1933. 


APPENDIX 


« 


List OF SARTON’s CALIFORNIA LECTURES IN 1933. 


Hitchcock Professorship 


The Hitchcock Endowment Fund was established by the late Mr. CHARLES 
M. Hitcucock as an endowment for “ a professorship in the University of Cali- 
fornia, for free lectures upon scientific and practical subjects but not for the 
advantage of any religious sect nor upon political subjects.” 

The Hitchcock Endowment Fund has been very much enlarged recently through 
the generous bequest of Mrs. Littm Hitrcucock Corr, daughter of the late 
Cuaries M. Hitcucock, and the endowment is now known as the Charles M. 
and Martha Hitchcock Chair. With the increased income which now accrues 
from the endowment it has become possible for the University to enlarge the 
scope of work and extend the time for the visit here of the Hitchcock Professor, 
thus making possible much more intimate contact between him and the students 
and faculty members concerned. ‘This carries with it the change of title from 
Hitchcock Lecturer to Hitchcock Professor for persons appointed under this 
foundation. 

From 1909 to 1932 there have been altogether 22 Hitchcock Lecturers 
representing different branches of science, and three Hitchcock Professors : PETER 
Desye, J. B. S. HaLpaNng, and GeorGe SaARTON. 


SARTON’s lectures were arranged as follows and delivered in 
Room 11, Wheeler Hall, 8 P.M. : 
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Medieval Science and Medieval Culture (with special reference 
to the Mediterranean World and the Arabic writings) 


_— 


. January 10 — The Unity and Diversity of the Mediterranean 
World. 

2. January 12 — The Birth of Islam and the Development of 
the Dar al-Islam. 

3. January 16 — The Golden Age of Arabic Culture. 

i 4. January 18 — Some Remarks on the Arabic Language and 
Literature. 

. January 23 — The Arabic Tradition of Ancient Science. 

. January 30 — Arabic Contributions to the Revival of Ancient 
Science. 

. February 1 — The Decadence of Islam and its Causes. 

. February 6 — Medieval Thought and Modern Life. 

A ninth lecture on “ The Muslim synthesis of Greek and 

Jewish thought,” to be placed between the 6th and 7th, was not 

delivered. We hope to have these lectures published in book 

form; they are still unwritten. 
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Other lectures (in Berkeley, except when otherwise stated) 


10. Jan. 13 — Seminar on the Teaching of the history of science. 
11. Jan. 15 — SIMON STEVIN (History of Science Club, Women’s 
Faculty Club). 

12. Jan. 18 — The study of nature in Islam (Seminar in biology). 
13. Jan. 20 — Second seminar on the Teaching of the history 
of science. 

y 14. Jan. 21 — On the slowness of human progress (California 
| Medical History Seminar, Bohemian Club, San 
; 


Francisco). 

15. Jan. 26 — The History of Science and the New Humanism 
(The University of California at Los Angeles). 

16. Jan. 27 — The meaning of mediaeval science (The Carnegie 
Institution of Washington, Mt. Wilson Obser- 
vatory. The Athenaeum, Pasadena). 

17. Jan. 31 — Magic, science, religion (Phi Beta Kappa chapter, 

University of California). 

18. Jan. 31 — The rise and decline of Arabic science (Medical 
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19. Feb. 
20. Feb. 


21. Feb. 
22. Feb. 


23. Feb. 
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School of the University of California, San Fran- 
cisco). 

1 — Physical and chemical theories in the Middle Ages 
(Physical seminar). 

2 — The History of Science and the New Humanism 
(Stanford University, Palo Alto). 

3 — Seminar on the Study of the History of Science. 

3 — The occurrence and diffusion of inventions (Anthro- 
pological seminar at Prof. H. M. ADLER’s residence). 

7 — Mediaeval science and its influence on modern 
science. Final plea for the study of the History 
of Science (San Francisco County Medical Society, 
San Francisco). 
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Was ist agyptische Geometrie? 


Die Frage nach dem Wesen der agyptischen Mathematik hat 
fiir uns, die wir die Luft griechischer Wissenschaft atmen, nur 
dann Sinn, wenn sie bedeutet: Wie kann man den Geist agyp- 
tischer mathematischer Betatigung gegen den Geist griechischer 
Mathematik abgrenzen? Die Erforscher der bildenden Kunst 
der Agypter sind in einer gliicklicheren Lage als die der Mathe- 
matik. Eine Fiille von Kunstwerken der verschiedenen Zeiten 
ist uns erhalten und hat es erméglicht, eine klare Formulierung 
dessen zu versuchen, was dgyptische Kunst als vorgriechische 
Kunst scheidet von der griechischen Kunst, die in dem fiir die 
Entwicklung der Menschheit so bedeutungsvollen fiinften vor- 
christlichen Jahrhundert entstand und von da an die Kunst- 
betétigung aller von ihr beriihrten Kulturen entscheidend 
beeinflusste. Wie sparlich sind, verglichen mit all den Bauwerken, 
Rund- und Flachbildern des Alten, Mittleren und Neuen Reiches 
die uns erhaltenen Uberreste absichtlich mathematischer Arbeit 
der Agypter! Noch dazu fallen sie, sofern sie vorgriechischer 
Zeit angehéren, alle ins Mittlere Reich. Was vollends die geo- 
metrische Betatigung der Agypter betrifft, auf die wir im Folgenden 
unser besonderes Augenmerk richten wollen, so sind da die 
Aufschliisse der mathematischen Dokumente besonders karg, denn 
geometrische Entwicklungen enthalten sie nicht, sondern kaum 
mehr als numerische Berechnungsbeispiele, in denen nur neben 
nichtgeometrischen Gegensténden auch Flichen- und Raum- 
inhalte, ferner Strecken und Streckenverhiltnisse an einfachen 
Figuren und Ké6rpern nach gewissen unbewiesenen und nicht 
formulierten Vorschriften ausgerechnet werden. Zu diesen unmit- 
telbaren Zeugnissen agyptischer Geometrie kommen allerdings 
die mittelbaren. Die Himmelskunde, die Vermessungskunst, die 
Baukunst, die seit altester Zeit hochentwickelte Tischlerei, iiber- 
haupt die Technik im weitesten Sinne lassen Riickschliisse auf 





7 
: 
: 
| 
: 











16 P. LUCKEY 


die geometrische Vorstellungsgabe und Gestaltungskraft der 
Agypter zu, zum Teil auch auf ihre geometrischen Kenntnisse 
und den Grad der Logik oder Unlogik bei der geometrischen 
Betiétigung. BORCHARDTs (1) Untersuchung der Sonnenuhren ist 
ein Beispiel dafiir, welche Aufschliisse so die agyptische Technik 
iiber die agyptische Geometrie zu geben vermag. 

Unter den mittelbaren Quellen zur agyptischen Geometrie 
verdient die bildende Kunst eine besondere Stelle. Wenn wir 
mit SCHAFER (2) beim Kunstwerk die ,,naturerforschende Schicht“‘ 
oder ,,Geriistschicht’’ (3) von der ,,Ausdrucksschicht unter- 
scheiden, ohne zu behaupten, dass sich diese Scheidung stets 
scharf vollziehen lasse und dass mit ihr das allerletzte Wort 
gesprochen sei, und wenn wir im Lichte von ScHAFERs Erkennt- 
nissen in jener ,,Geriistschicht’ wesentliche Ziige finden, die 
die vorgriechische Betatigung von der griechischen scheiden, so 
ist es von hohem Interesse, diese Geriistschicht auf ihre geo- 
metrischen Inhalte und Methoden hin zu untersuchen und diese 
Inhalte und Methoden mit den entsprechenden der griechischen 
Kunst zu vergleichen. 

Wie kann es aber gelingen, bei all der starren Formalitaét und 
verschlossenen Fremdheit, in der uns Agyptisches zunichst 
entgegentritt, in den Geist, in die Seele agyptischer Geometrie 
einzudringen? Die Untersuchung der dgyptischen Kunst fand 
wesentliche Aufhellung durch den Vergleich mit der Kunst solcher 
jetzt lebender Menschen, die noch nicht mit griechischer Kunst 
oder ihren Auswirkungen in Beriihrung kamen, insbesondere auch 
durch den Vergleich mit der Kunst des Kindes. Sollte uns 
nicht fiir das Verstindnis der Geometrie der Agypter des Mittleren 
Reiches die Geometrie des Kindes Fingerzeige geben kénnen? 

Ein junger Mathematiklehrer, der eben von der Hochschule 
kommt und in allen seinen Adern und Poren voll ist von den 
Begriffen und Methoden wissenschaftlicher (und das heisst zu 


(1) Lupwic Borcuarpr, Die altagyptische Zeitmessung. Berlin und Leipzig, 


1920. 

(2) Herricn ScHArer, Von Adgyptischer Kunst. Dritte Auflage. Leipzig, 
1930. S. 330. 

(3) In letzter Zeit gebraucht Prof. ScHArer statt ,,naturerforschende Schicht* 
den Ausdruck ,,Geriistschicht“, da der erstere Ausdruck irreleitende Gedanken 
an ,,Naturalismus“ nach sich zichen kénnte. 





= as ro 


_.——.- . 








\~o— 








WAS IST AGYPTISCHE GEOMETRIE? 17 


einem wesentlichen Teil griechischer) Mathematik, wird vor eine 
Klasse unverdorbener Zwéilfjahriger gestellt, um sie fiir die 
wissenschaftliche Geometrie vorzubereiten. Er fordert, getreu 
dem Grundsatz, die Selbsttatigkeit zu wecken, die Schiiler auf, 
Dreiecke an die Tafel zu zeichnen, und wundert sich, dass die 
Knaben ihm nur gleichschenklige Dreiecke bieten, und zwar schén 
stabil so gezeichnet, dass die Basis waagerecht und unten liegt (4). 
Manche seiner Zéglinge lassen sogar nur das gleichseitige Dreieck 
gelten. Fallt ein Dreieck durch das Ungeschick des Zeichners 
nicht recht symmetrisch aus, so wird es von einigen als ,,nicht 
richtig‘ oder ,,falsch“‘, von anderen als ,,nicht schén“ erklart. 
Der Lehrer verlangt Vierecke und erhalt nur Quadrate, allenfalls 
von einem ganz Schlauen auch ein Rechteck, alle natiirlich in 
Grundstellung gezeichnet, d.h. so, dass ein Seitenpaar waagerecht, 
das andere senkrecht steht. Und wenn der junge Lehrer dann sagt, 
er wolle nun selbst einmal ein Viereck anzeichnen, und er zeichnet 
ein ,,beliebiges“*, ungleichseitiges und ungleichwinkliges, in ,,belie- 
biger‘‘ Lage, so erntet er wohl einen Heiterkeitserfolg. Diesen 
Knaben fehlt eben der ,,Begriff‘ des ,,beliebigen“, ,,allgemeinen“ 
Dreiecks und Vierecks. Sie lassen nur besondere, und zwar 
regelmassige oder symmetrische Dreiecke und Vierecke gelten. 
Woher haben sie diese Vorstellungen? (5) Die Umwelt, die sich 
der Mensch selbst geschaffen hat, ist bekanntlich reich an solchen 
regelmassigen, rechtwinkligen und symmetrischen Formen. Ge- 
baude und ihre Teile und die mannigfachsten Gebrauchs- und 
Schénheitsgegenstande des Lebens weisen diese speziellen Formen 
auf. Dass der Mensch auf diese Formen verfiel, hat einmal 
physikalisch-technische Griinde. Die Natur selbst liefert den 
rechten Winkel, indem sie die Schwerelinie senkrecht zur Niveau- 
flache stellt. Das symmetrische Dach, die quaderférmige Mauer 


(4) Vgl. Ernst Go_pseck, Psychologische Erfahrungen im ersten geometrischen 
Unterricht. Unterrichtsbldtter fiir Mathematik und Naturwissenschaften 37, 
1931, 334-338. Diesen schénen Aufsatz las ich beim Aufzeichnen meiner ver- 
wandten Gedankenginge. GoLpseck betont besonders die Rolle des Asthetischen 
im vorwissenschaftlichen geometrischen Denken. 

(5) Herr Professor H. EneLour in Berlin fragt, ob die Versuchsschiiler schon 
Lehrbiicher mit ‘‘Normalfiguren” gesehen haben. Die obigen Mitteilungen 
griinden sich auf gelegentliche, aber langjahrige Beobachtingen, bei denen nicht 
versucht wurde, die Herkunst der Vorstellungen und Begriffe der Schiiler expe- 
rimentell nachzuforschen. 
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entsprechen den Gesetzen der Schwerkraft. Aber diese Formen 
befriedigen zugleich das Bediirfnis nach einfacher geometrischer 
Schénheit. Wir kénnen es hier unentschieden lassen, ob diese 
geometrische Schénheit nur dasselbe ist, wie jene technische 
Zweckmiassigkeit, oder aus derselben Wurzel entspringt. Das 
gleichschenklige Dreieck ist schéner als das ungleichseitige, und 
die unbewusste Freude an der Schénheit der Form, aus einem 
schépferischen Quell im Menschen entspringend, gibt dem Knaben 
die Lust zur Herstellung solcher Formen. Auf das Vorhandensein 
des Lustgefiihls ist Nachdruck zu legen. Der Lehrer sollte sich 
nicht iiber die mangelnde Logik des Kindes entriisten, das sich 
unter einem ,,Viereck“ nur ein rechtwinkliges Viereck oder gar 
ein Quadrat vorstellen will. Denn hier tritt uns ,,urwiichsige“ 
Geometrie entgegen, die auch in der Terminologie der wissen- 
schaftlichen Geometrie ihre unansléschlichen Spuren hinterlassen 
hat, wenn diese z.B. das gleichseitig-rechtwinklige Viereck als 
terpaywvov (6) oder quadratum bezeichnet. PeEsTaLozzi geht 
in seinem ,,ABC der Anschauung* vom Quadrat aus, HERBART (7) 
von der unendlichen Menge der ungleichseitigen Dreiecke. 
PESTALOZzI hat, wie ich meine, den tieferen padagogischen Blick 
gezeigt. Die Analyse der ,,geometrischen“ Vorstellungen des 
12-jahrigen Knaben ergibt also, dass diese stark durchsetzt sind 
von physikalisch-technischen Triebkraften (Standfestigkeit) und 
schénheitlichen Triebkraften (Symmetrie, Regelmassigkeit). Dage- 
gen fehlen die héheren und abstrakteren Begriffe der ,,allgemeinen“ 
Figuren. 

Nun stellen wir uns einmal vor, unser junger Geometrielehrer 
trite vor eine Zuhérerschaft von Agyptern des Mittleren Reiches, 
und zwar nicht vor eine Schiilerklasse, sondern vor eine Gesell- 
schaft von Mathematiklehrern. Diirfte er bei ihnen fiir den Begriff 
und die mathematische Behandlung des allgemeinen Dreiecks 
verstandnisvolle Gesichter erwarten? Wiirden sie die Beschafti- 
gung mit einem beliebigen, in beliebiger Lage gezeichneten Viereck 
als Gegenstand ihrer ,,Geometrie“ gelten lassen, oder wiirden 
sie nur das Rechteck als die ,,vierige‘‘ (ifd) Figur anerkennen, 


(6) Evxiips Elemente, Buch I, Definition 22. 
(7) J. F. Herpart, Pestalozzi’s Idee eines ABC der Anschauung usw. 2. Ausgabe 
1804. 
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mit der man sich in der durch die Einleitungsworte des Papyrus 
Rhind angekiindigten, zu den Geheimnissen der Dinge hinab- 
steigenden ,,Wissenschaft’ befasst? Es ist gewagt, dass man seit 
EISENLOHRS Vorgang das Wort spd.t immer durch ,,Dreieck* 
iibersetzt. In diesem Wort, das man vielleicht mit ,,das Spitz‘ 
oder,, die Spitze“‘ wiedergeben kénnte, steckt nichtsvon der Dreizahl 
der Ecken, und dass dieses Wort den allgemeinen Dreiecksbegriff 
bezeichnet, der uns von der griechischen Geometrie her gelaufig 
ist, miisste erst bewiesen werden. Peet (8) und GUNN (Q) erwagen 
bei Behandlung von Rh 51 (10) auch die Méglichkeit, dass hier 
ein allgemeines (ungleichseitiges) Dreieck gemeint sei. Dann 
miisste also die zugehérige Figur nicht die verkleinerte Abbildung 
eines durch die 2 gegebenen Stiicke bestimmten, gleichschenkligen 
oder rechtwinkligen Dreiecks bedeuten, sondern die unendliche 
Menge aller verschieden gestalteten Dreiecke von gegebener 
Grundlinie und Héhe vertreten. Hier muss man fragen, ob die 
logische Geisteseinstellung der Agypter dies zuliasst. Von der 
Behandlung und verkleinerten Wiedergabe einer durch die 
gegebenen Stiicke bestimmten Figur bis zur Behandlung und 
Zeichnung einer unbestimmten, unendlich viele Einzelfalle in sich 
schliessenden Figur ist ein weiter Schritt. Man bedenke, welche 
Rolle in der Philosophie PLarons der Begriff des allgemeinen 
Dreiecks als Beispiel fiir einen Begriff uns als Vorstufe der Idee 
spielt. Man spiirt, dass es sich hier um eine Errungenschaft 
der mathematischen und philosophischen Logik der Griechen 
handelt. Wir haben keine Anzeichen dafiir, dass agyptische 
Denker zudiesem Begriff emporgestiegen sind und imstande waren, 
in der Figur eines einzigen Dreiecks das Bild einer unendlichen 
Mannigfaltigkeit verschieden gestalteter Dreiecke mit dem geistigen 
Auge zu erblicken. 

Der verdienstvolle Herausgeber des Moskauer Papyrus nimmt 


(8) T. Eric Peer, The Rhind Mathematical Papyrus. Liverpool 1923, S. 92. 
Bei dieser Gelegenheit sei die priichtige, auch dem Anfinger in der agyptischen 
Sprache iiberaus niitzliche Ausgabe des Papyrus Rhind durch Cuace und seine 
Mitarbeiter genannt. Die reichhaltige Bibliographie von ARcHIBALD verleiht 
der Ausgabe besonderen Wert. (CuHace, A. B., MANNING, H. P., Butt, L. S., 
and Arcuipatp, R. C., The Rhind mathematical Papyrus. Oberlin (Ohio), 
2 Bde, 1927 und 1929.) 

(9) JEA (= The Journal of Egyptian Archaeology) XII, 1926, S. 133. 

(10) Rh 51 bedeutet : Aufgabe 51 des Papyrus Rhind. 


einai 


a 


= 








| 








20 P. LUCKEY 


an, das Wort éfd driicke ein ,,Viereck iiberhaupt aus (11), das 
heisst also doch wohl, ein beliebiges oder allgemeines Viereck; 
aber fiir diese Annahme fehlen alle Unterlagen. Da, wo das 
Wort ifd in der mathematischen Literatur vorkommt, ist immer 
ein rechtwinkliges Viereck gemeint. Das Wort kann auch, wie 
das Wérterbuch so schén sagt (12), einen ,,viereckigen Steinblock“* 
bezeichnen, das heisst zweifellos, einen (von Rechtecken begrenz- 
ten) Quader. Dass p.t der Terminus fiir das Rechteck gewesen 
sei, ist eine unhaltbare Hypothese StrRuves (13). 

Die in den bekannten mathematischen Schriften des Mittleren 
Reiches vorkommenden Figuren und Kérper (14) sind bestimmte 
geometrische und stereometrische Gebilde einfacher Art, die sich 
durch das Vorhandensein rechter Winkel, oder durch Symmetrie 
oder durch Regelmissigkeit, meist durch mehrere dieser Eigen- 
schaften zugleich auszeichnen. Jedenfalls trifft dies zu fiir all 
die Gebilde, tiber deren Deutung keine Zweifel bestehen. Dies 
sind : Quadrat, Rechteck, Kreis, Wiirfel, quadratische Siule, 
Quader, gerader Kreiszylinder, regelmassige vierseitige Pyramide, 
regelmassiger vierseitiger Pyramidenstumpf. Alle diese Gebilde 
sind in jeder Aufgabe, in der sie vorkommen, nach Gestalt und 
Grésse durch die gegebenen Stiicke eindeutig bestimmt. Soweit 
aber die Deutung unsicher ist, wie bei dem Gebilde von Rh 60 
(Kegel?) und dem ,,Korb“ von Mio (15), spricht alles dafiir, 
dass es sich auch hier um einfache, zentral- oder bilateral-symme- 
trische Gebilde handelt, deren Gestalt und Grésse durch die 


(11) Mathematischer Papyrus des Staatlichen Museums der Schénen Kiinste 
in Moskau, herausgeg. u. kommentiert von W. W.Struve. Qu. u. St. (= Quellen 
und Studien zur Geschichte der Mathematik) A, 1, Berlin 1930, S. 126. 

(12) WB. I, 71. (= Apotr Erman und Hermann Grapow, Worterbuch der 
agyptischen Sprache, I, Leipzig 1925, S. 71). Haben die Verfasser des Wérter- 
buchs bewusst oder unbewusst die Ubersetzung ,,viereckiger Steinblock‘‘ gewahlt, 
die ein prichtiges Beispiel jetzt wie vor 4000 Jahren vorhandener geradansichtig- 
vorstelliger Betrachtungs- und Ausdrucksweise ist? Wenn heutzutage ein Schiiler 
von einem ,,viereckigen Stein“ spricht, so pflegt der boshafte Geometrielehrer 
ihn mit teuflischer Freude zu belehren, dass das ein Tetraeder sei. Vgl. iibrigens 
die Bezeichnung Aifos rerpdyowos fur einen Quader z. B. bei Hero, Mensurae, 
ed. Herperc, S. 166. 

(13) Vgl. Peer, JEA 17, 1931, S. 160. 

(14) Vgl. die Ubersicht in O. Nevcesaver, Die Geometrie der agyptischen 
mathematischen Texte. Qu. u. St. B, I, 413-451. 

(15) M to bedeutet : Aufgabe 10 des Moskauer Mathematischen Papyrus. 
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Angabe von 1 oder 2 Massen véllig bestimmt ist. Von jedem der 
wenigen vorkommenden ,, Dreiecke“ sind nur zwei Stiicke gegeben. 
Wollen wir also nicht auf einmal bei den Dreiecken den Agyptern 
den unerhért hohen Begriff einer allgemeinen, unendlich viele 
Einzelformen umfassenden Figur zuschreiben, so folgt schon 
hieraus, dass es sich um spezielle, rechtwinklige oder gleich- 
schenklige Dreiecke handeln muss, was sich auch durch die 
Forschungen STRUVES (16) aus anderen Griinden bestitigt. Mit 
dem Dreieck von Rh 51 wird auch das Trapez von Rh 52 gleich- 
schenklig. Soll dann die Figur von Rh 53 eine bestimmte Gestalt 
haben, so muss auch sie rechte Winkel enthalten oder symmetrisch 
sein. 

Indem ich hier der vielumstrittenen Frage: ,, Hatten die Agypter 
den Begriff des allgemeinen Bruches ?‘‘ (17) die Frage an die 
Seite stelle: ,,Hatten die Agypter den Begriff des allgemeinen 
Dreiecks ?“*, bin ich auf Widerspruch gefasst. Wie oft, so wird 
man mir entgegenhalten kénnen, mag schon ein Landmesser des 
mittleren Reiches in die Lage gekommen sein, ein ungleichseitiges 
Dreieck zu vermessen! Wenn er es dann durch eine Hohe in 
zwei rechtwinklige Dreiecke mit den Inhalten 4% h.p und \% h.q 
zerlegte, wie nahe lag es da, bei immer wiederholter Erfahrung 
Yhp+ Ywhqz wh. (p + q) = % hc rechnerisch zusammen- 
zufassen! Zugegeben, dass er diese praktische Beobachtung 
des distributiven Gesetzes machen konnte. Wir werden dem 
Agypter spater bei unserem Versuch, die Auffindung des Pyra- 
midenstumpfinhaltes zu erklaren, eine ahnliche Zusammenfassung 
zutrauen. Diese Zusammenfassung ware aber zuniachst nur eine 
erfahrungsmassige Vereinfachung der Rechnung und der Messung 
fiir den praktischen Landmesser. Von da bis zum Begriff des 
allgemeinen Dreiecks, das alle speziellen Dreiecke als Oberbegriff 
umfasst und ein bedeutungsvoller, zentraler Gegenstand geometri- 


(16) Struves Argumentation S. 130 unter e) kann ich allerdings in dieser 
Form nicht anerkennen. Er macht stillschweigend die Voraussetzung, dass 3w 
und sw Seiten des Dreiecks sein miissen. Fasst man sie als Basis und Héhe 
eines gleichschenkligen Dreiecks auf, was an sich auch méglich wire, so ist die 
Aufgabe ebenso lésbar. 

(17) Hier seien nur zwei hervorragende Werke von Vertretern der in dieser 
Streitfrage einander gegeniiberstehenden Parteien genannt: Kurt VocgL, Die 
Grundlagen der dgyptischen Arithmetik, Miinchen 1929. O. N&uGEBAUER, 
Arithmetik und Rechentechnik der Agypter. Qu. u. St. B, I, S. 301-380. 
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scher Betatigung ist, scheint mir ein weiter Schritt zu sein (18). 

Nie begegnen uns, wenn man meiner Ansicht iiber die 
,,Dreiecke zustimmt, schiefe und unregelmassige Figuren oder 
K6rper, nie, um es mathematisch zu sagen, die al/gemeinen attinen 
oder gar projektiven Transformationen der genannten rechtwink- 
ligen und symmetrischen Gebilde. Wir haben zwar Rechtecke, 
nicht aber unsymmetrische Parallelogramme oder gar allgemeine 
Vierecke, wir haben rechtwinklige, nicht aber schiefwinklige 
Parallelflache, wir haben gerade regelmassige, nicht aber schiefe, 
unregelmassige Pyramiden. Es scheint, als ob derartige allge- 
meinere Gebilde tiberhaupt noch nicht in den Gesichtskreis 
des agyptischen Geometers geriickt sind. Warum? 

Man wird vielleicht antworten : Weil die Geometrie der Agypter 
praktisch ist, und weil insbesondere z.B. die Baukunst aus stati- 
schen Griinden zuerst zu jenen geraden und symmetrischen 
Gebilden fiihrte. Diese Begriindung geniigt aber nicht. Die 
Landvermessung fiihrte doch auch auf unregelmissige Dreiecke 
und Vierecke, wie die spateren Felderberechnungen von Edfu 
wirklich zeigen. Die Beschaftigung mit der Geometrie dient zwar 
der Befriedigung praktischer Bediirfnisse, ist aber an sich selbst 
eine lustvolle schépferische Phantasiebetatigung, bei der der 
Ausiibende nicht an die Niitzlichkeit zu denken braucht. Beim 
Betreiben der wissenschaftlichen Geometrie, die die Griechen 
begriindet haben, bestehen die Lustmotive zu einem wesentlichen 
Teil in der intellektuellen Freude am logischen Aufbau und an 
der begrifflichen Allgemeinheit. Der vorgriechische Geometer, 
dem diese Freude versagt war, hat seine Lust an der schénen 


(18) Eine babylonische Felderskizze, die ALLOTTE DE LA Fuye nach der Schrift 
einem der Zeit der Kénige von Ur benachbarten Zeitbereich zurechnet, enthilt 
fiir unser Auge u.a. zwei ungleichseitige Dreiecke, deren jedes durch eine Héhe 
in zwei rechtwinklige Dreiecke zerlegt ist. Der babylonische Landmesser sieht 
anscheinend nicht die ungleichseitigen Dreiecke, sondern nur ihre rechtwinkligen 
Teildreiecke, deren Flacheninhalte er einzeln ausrechnet und (zusammen mit 
einer fiinften, rechteckigen Teilfliche) summiert. (ALLOTTE DE LA Fuye, Un 
cadastre de Djokha. Revue d’ Assyriologie XII, 1915, S. 47-45) 

Wenn man die schénen, regelmissigen Figuren der babylonischen Tafel 
BM 15285 anschaut, méchte man an die geometrische Erzeugung kiinstlerischer 
Flachenmuster denken. C. J. Gapp hilt es aber fiir klar, dass diese geome- 
trischen Konstruktionen, die er der ersten babylonischen Dynastie zuweist, die 
Vermessung oder Parzellierung von Land erleichtern sollten. (C. J. Gapp, Form 
and Colours. Revue d’Assyriologie XIX, 1922, S. 149-159.) 
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Geradheit, Symmetrie und Regelmassigkeit der Einzelform, die 
zugleich eine stabile Form fiir die Technik ist. Diese Lust ist 
ein Antrieb zur Geometrie, wenn wir die Herstellung und Berech- 
nung solcher Einzelformen schon mit dem Namen ,,Geometrie“ 
bezeichnen wollen. Gerade beim kunstbegabten Agypter, der z.B. 
im Alten Reich seine Kénigsgraber als machtige regelmiassige vier- 
seitige Pyramiden baute, der in Wandgemialden Decken- und Ge- 
webemustern symmetrische mathematische Figuren verwandte(19), 
tritt diese asthetische Triebfeder der Geometrie besonders her- 
vor. Sie war tibrigens auch spater immer noch miachtig und ist 
es heute noch. Man denke an die Rolle, die die regularen 
Kérper als Krénung der Euklidischen Biicher (20) spielen, ferner 
an die Verwendung dieser Kérper fiir den Aufbau des Kosmos 
bei PLato und bei KepLer (21). Man denke an die Bedeutung, 
die Kreis und Kugel, diese schénen Sinnbilder der Regelmassigkeit, 
fiir die astronomischen Theorien der Griechen gewannen. 
Ungeometrische Képfe haben zu allen Zeiten einen heiligen 
Respekt vor der Geometrie aufbringen kénnen, aber keine mit- 
fiihlende Freude an unserer schénen Wissenschaft. Wie ein 
begabtes Volk zur bildenden Kunst und zur Dichtkunst gekommen 
ist, das ist ihnen gar kein Problem. Wenn aber dasselbe begabte 
Volk seine geometrische Phantasie geregt hat, so sucht man nach 
Zwangsmotiven in der Notdurft des praktischen Lebens. So 
behaupten, angefangen mit Heropot, viele Schriftsteller, der Nil 
habe durch seine Uberschwemmungen der Felder die Agypter 
zur Landmessung und damit zur Geometrie gewissermassen 
gezwungen. Aber ist das unsere schéne Geometrie, die da 
herauskommt, wenn noch die Landmesser von Edfu Dreiecke 
und Vierecke nach falschen Formeln berechnen? Ist es den 
Niliiberschwemmungen und der Notdurft des Alltags zu danken, 
wenn im Mittleren Reich die Béschung der Seitenwand einer 
regelmiassigen Pyramide und der Rauminhalt eines regelmassigen 
Pyramidenstumpfs richtig berechnet wurden? Ist—es- nicht 
vielmehr der Kraftiiberschuss einer gliicklichen Zeit, der gleich- 


(19) Hierauf wies schon Cantor hin : Cantor, Vorlesungen iiber Geschichte 
der Mathematik, I*, S. 107-108. 

(20) Beachtenswert ist auch, dass die erste Aufgabe von EuKLIps erstem Buche 
die Konstruktion eines gleichseitigen Dreiecks ist. 

(21) Vgl. Go_ppecks Ausfiihrungen in dem unter (4) genannten Aufsatz. 
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zeitig die Phantasie des Baumeisters, des Kiinstlers und des 
Geometers zur Erschaffung und Berechnung der schénen Form 
in Bewegung setzt, unbeschadet der Tatsache, dass die Berech- 
nungen des Mathematikers ihren unmittelbaren Anstoss in der 
Notwendigkeit fiir die praktische Bauausfiihrung fanden (22) ? 
Erstes geometrisches Denken entflammt sich im Menschen wohl 
eher an den von ihm selbst erzeugten Gegenstinden seiner 
“Kunst” (dieses Wort im alten, auch das Handwerk umfassenden 
Sinn genommen), als an unregelmassigen Gegenstanden der em- 
pirischen Natur. Letztere gestaltet er um, indem er die seinem 
eigenen Geist entspringenden einfachen und regelmassigen Formen 
in sie hineinlegt. 

Inwieweit neben den rein dsthetischen Motiven den schénen 
einfachen Figuren und Kérpern, wie den niedrigen Zahlen, auch 
mystische oder magische Motive innewohnen, soll hier nicht unter- 
sucht werden. Auch treten wir den Zusammenhingen von 
Geometrie und Kult nicht niaher. 

Wenn wir in der ,,Geometrie“ der Agypter Kunstmotive 
wirksam zu sehen glauben, so ist es wichtig, umgekehrt in ihrer 
Kunst das Geometrische festzustellen. 

Zuniachst ,,lasst sich der jedem sofort auffallende ,,geometri- 
sierende“ Einschlag der agyptischen Kunst bis in die rein kon- 
struktive Anlage der Zeichnungen hinein verfolgen, teils an 
bestimmt angeordneten Hilfslinien, teils sogar an ganzen Koordi- 
natennetzen, in die die Figuren eingetragen werden. Dies gilt 
sowohl fiir Menschen- und Tierdarstellungen, wie auch fiir reine 
Konstruktionszeichnungen der Bautechnik (Grundrisse, Plane und 
Bauzeichnungen in Originalgrésse usw.) Dies sagt NEuUGE- 
BAUER (14), der fiir die tiefere Analyse des geometrischen Ein- 
schlages der aigyptischen Kunst auf ScHAFERS oben genanntes 
Buch verweist. Es kommt uns nun darauf an, die geometrische 
Eigentiimlichkeit der ,,Geriistschicht’ agyptischer Kunst festzu- 





(22) Dass der Agypter selber in seiner Mathematik etwas iber das Alltagliche 
Hinausgehobenes sah, glaube ich schon in der Ankiindigung auf der Titelseite 
des Papyrus Rhind zu erkennen. Argumente fiir den iiber das rein Praktische 
hinausgehenden Charakter der agyptischen ,,Wissenschaft* brachte H. WIELEITNER 
in dem schénen Aufsatz: ,,War die Wissenschaft der alten Agypter wirklich 
nur praktisch ?* Jsis IX, 1927, S. 11-28. Unter den neueren Verfechtern der 
,,»Wissenschaftlichkeit“‘ der agyptischen Mathematik seien ApeL Rey und Kurt 
VOGEL genannt. 
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stellen und zu vergleichen mit dem, was sich bei den Griechen 
an der betreffenden Stelle findet. 

Hier miissen wir einen Blick auf den Zusammenhang zwischen 
der Malerei und der Geometrie der Griechen werfen. Es ist 
sehr bedeutsam, dass in demselben fiinften Jahrhundert vor 
Christo, in welchem die griechischen Kiinstler die Darstellung 
der Schatten und die Perspektive erfanden, auch die wissenschaft- 
liche Geometrie geboren wurde. Beide Entwicklungen standen 
in Wechselwirkung, so wenig wir auch im Einzelnen dariiber 
bei der Liickenhaftigkeit der Quellen wissen. Beide Entwick- 
lungen miissen in ihrer tiefsten Wurzel miteinander verwachsen 
sein. Nach Vitruv soll der Maler AGaTHARCHOs fiir AIscHYLos 
eine Skene gemacht und eine Schrift dariiber hinterlassen haben. 
Dadurch angeregt hatten ANAXAGORAS und DEMOKRIT, also zwei 
fiihrende Manner der Philosophie und — jedenfalls gilt das fiir 
den zweiten der beiden — der Mathematik, tiber Perspektive, 
und zwar im Besonderen iiber perspektivische Architekturmalerei, 
geschrieben. PAMPHILOS, ein Maler des 4. Jahrhunderts, genoss 
den Ruhm, als erster Maler in allen Wissenschaften bewandert 
gewesen zu sein. Er bezeichnete die Kenntnis von Arithmetik 
und Geometrie als unentbehrlich fiir die Malerei und hat eine 
Schrift ITepi ypag7js verfasst. ,,Die theoretische Begriindung seiner 
Lehre hat ihn gewiss weit in Mathematik, Optik, Farbenlehre 
hinein gefiihrt; er wird alles, was die Wissenschaft seiner Zeit von 
Proportionen, Farben, Perspektive, Schattenlehre und was immer 
sonst noch bot, herangezogen haben“ (23). Die Optik des EukLip 
legt Zeugnis davon ab, wie die Griechen die Perspektive mathe- 
matisch behandelten. 

Eine rechteckige Wand, die von der Sonne beschienen wird, 
wirft auf eine ebene Flache einen Schlagschatten von der Form 
eines Parallelogramms, das seine Form mit wechselndem Sonnen- 
stand stetig andert. So liefert die Natur selbst die affine Abbildung 
des Rechtecks. Die griechischen Kiinstler beobachteten den 
Schatten des Rechtecks und stellten ihn dar, und die griechischen 
Geometer schufen den Begriff des allgemeinen Parallelogramms 
und untersuchten seine Eigenschaften. Mag uns die griechische 
Geometrie auch unter dem Einfluss der platonischen Philosophie 


(23) Ernst Prunt, Malerei und Zeichnung der Griechen. Miinchen 1923. 
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in reiner, von der sinnlichen Beobachtung abgewandter Form 
entgegentreten, bei ihrer Entstehung und Entfaltung miissen sinn- 
liche Beobachtungen mitgewirkt haben. Sind doch fiir PLato 
selbst die Sinnendinge die Wecker der Ideen. 

Abbildungen allgemeinerer Art als die parallelen Lichtstrahlen 
sie auf ebener Flache erzeugen, liefert die Perspektive. Sie ergibt 
projektive Abbildungen. Ein Rechteck z.B. erscheint in der 
Perspektive im allgemeinen als Viereck mit nicht parallelen Seiten. 

Es ist hier nicht unsere Aufgabe, zu untersuchen, wie weit 
die Griechen die mathematischen Gesetze der projektiven Abbil- 
dung erkannt haben. Eins aber ist sicher: Die Schatten und 
die perspektivischen Bilder, die PLato noch als Schein und Trug 
verdammte, erschlossen dem griechischen Maler die Welt der 
affinen und projektiven Abbildungen ,,gerader‘ Figuren, sie 
lieferten allgemeine Dreiecke, schiefe Parallelogramme und 
allgemeine Vierecke, und eben diese Gebilde in ihrer Allgemeinheit 
sind es, die auch der griechische Geometer in demselben Jahr- 
hundert untersuchte. So erhaben auch EUKLIp in seiner Geometrie 
iiber das Sinnliche hinwegsieht, in seiner Optik blickt er trotz 
des streng geometrischen Aufbaues auf die Beobachtung des 
Malers, wenn er z.B. in Satz 36 sagt: ,,Die Rader der Wagen 
erscheinen zuweilen kreisférmig, zuweilen verzerrt (7apeoracpe- 
vot)‘. In streng geometrischer Weise untersucht er, von welchen 
Punkten aus betrachtet das Rad (der Kreis) als Kreis erscheint, 
und von welcher in verzerrter Form. Hier wird uns greifbar : 
eine praktische Aufgabe der Malerei, die perspektivische Dar- 
stellung eines Rades, fiihrt den Geometer auf einen Weg, der 
in die allgemeine Untersuchung der projektiven Abbildungen des 
Kreises, in die Untersuchung der Kegelschnitte ausmiinden muss: 
Die Sinnendinge Wecker der Ideen. 

Um Missverstaindnisse zu vermeiden : Es wird nicht behauptet, 
dass nur des Malers Beobachtung des Rechtecksschattens den 
Geometer zu den Parallelogrammen fiihrte, nur des Malers 
Rechtecksdarstellungen den Geometer zu den allgemeinen Vier- 
ecken, dass also etwa die Malerperspektive der Geometrie des 
allgemeinen Dreiecks und Vierecks vorhergehen musste. Aber 
ich glaube : Dieselbe verborgene Kraft, die bei den Kiinstlern 
den Durchbruch zu der Schattendarstellung und zu den allge- 
meinen projektiven Bildern der Dinge vollzog, brachte auch in 
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der griechischen Geometrie den Durchbruch von den ,,geraden“, 
symmetrischen, rechtwinkligen Figuren zu den allgemeinen (24). 

Das Wirken dieser Kraft wird uns aber erst besser bewusst, 
wenn wir iiber das Sinnlich- und Raumlich-Anschauliche hinaus 
ihre Verwurzelung und ihre Auswirkungen im Logischen betrach- 
ten. Der Grieche hat den wissenschaftlichen Begriff des allgemei- 
nen Dreiecks, des allgemeinen Vierecks gebildet, der die Begriffe 
der besonderen Dreiecke, der besonderen Vierecke, wie Parallelo- 
gramm, Rechteck usw. unter sich umfasst, und er ist sich dieser 
Begriffsbildungen und -einteilungen bewusst geworden, denn 
er hat den. Begriff entdeckt. Die ganze Geometrie ist fiir ihn 
schliesslich das geworden, was sie fiir uns noch ist : ein auf weni- 
ge Grundbegriffe und Grundsatze gegriindetes, beweisbares logi- 
sches System. Philosophie und Mathematik haben sich in 
Wechselwirkung befruchtet, und ohne diese logische Vertiefung 
ist letzten Endes auch z.B. die Ausbildung der perspektivischen 
Praxis des Malers nicht denkbar. 

Kein agyptischer Kiinstler hat je den parallelogrammférmigen 
Schatten darzustellen versucht, den eine rechteckige Wand auf 
eine ebene Flache wirft, keiner hat, von geringfiigigen Ansatzen 
abgesehen, einen schrag gesehenen Gegenstand perspektivisch 
dargestellt. Ist es da wahrscheinlich, dass zu gleicher Zeit 
iigyptische Geometer das Dreieck und das Viereck in ihren all- 
gemeinsten Formwandlungen untersuchten? Weniger noch, als 
es heute der Fall ist, traten in der Umwelt des Agypters ungleich- 


(24) Bemerkenswert erscheint mir, dass nach Diopor ein verhiltnismassig 
alter Gewahrsmann, CALLIMACHUs (etwa 250 v. Chr.) von dem Phrygier Euphorbos, 
mit dem nach Diopor Pythagoras gemeint ist, schrieb : Er ,,ar der erste der 
Menschen, der sogar ungleichseitige Dreiecke konstruierte und einen Kreis...“ (Digxs, 
Die Fragmente der Vorsokratiker, I*, Berlin 1912,S. 6-7). Hier an ungleichseitige 
rechtwinklige Dreiecke zu denken, wie es HeatH wohl tun miéchte, scheint mir 
nicht hinreichend begriindet. (Vgl. Sir THomas Heatu, A History of Greek 
Mathematics, I, Oxford 1921, S. 142). 

Fir den Ubergang von den schénen symmetrischen Figuren zu ihren affinen 
Abbildungen gibt auch der griechische Terminus fiir das Parallelogramm einen 
Fingerzeig. Bei den Definitionen gebraucht Evxuip fiir diese Figur noch die 
Bezeichnung poyBoedés, die ihre unmittelbare Verwandtschaft mit dem Namen 
des schénen, symmetrischen Parallelogramms verrit, des pdéuBos (eigentlich 
,Kreisel‘‘; wir nennen die Figur ,,Raute‘). Spiater, beim Aufbau der Lehre, 
benutzt er fiir jene Figur die niichterne, aber wissenschaftlichere Bezeichnung 
map adAnroypappev. 
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seitige Dreiecke, schiefwinklige Parallelogramme und allgemeine 
Vierecke als interessebetonte Dinge aus der Fiille der symmetri- 
schen Dreiecke und der Rechtecke hervor, die zugleich schénheits- 
betont waren. 

Nach ScHAFER ist die ,,Geriistschicht‘ der agyptischen, wie 
aller vorgriechischen Kunst gekennzeichnet durch das ,,gerad- 
vorstellige Zeichnen‘ (25) und die ,,richtungsgerade Plastik‘. 
Haben die Gegenstande der Darstellung ausgezeichnete, aufein- 
ander senkrechte Ansichtsflachen, wie der menschliche Kérper 
oder ein Gebaude, so macht der Kiinstler sich von diesen Gegen- 
stinden oder ihren Teilen ,,geradeVorstellungen“, d. h. er stellt 
sich z.B. einen Schultergiirtel nur von vorn gesehen vor, einen 
Kopf nur von der Seite, jedes Gebilde in seiner eindruckvollsten 
Ansicht derart, dass parallele projizierende Strahlen senkrecht 
auf die betreffende Hauptansichtsflache fallen. Aus solchen 
geraden Teilvorstellungen setzt nun der Flachbildner das Gesamt- 
bild zusammen. Von unserem Standpunkt aus wiirden wir sagen, 
er fiige die ‘Teilvorstellungen sprunghaft (diskontinuierlich) 
aneinander. Neben die rechteckige Vorderfront eines Hauses 
zeichnet er die Seitenfront unbekiimmert auch als Rechteck in 
seiner ,,wahren“ Gestalt. Die Sprunghaftigkeit besteht darin, 
dass er fiir die Seitenflache nicht mehr die fiir die Vorderflache 
verwandten projizierenden Strahlen gebraucht, sondern neue, die 
im rechten Winkel zu den friiheren stehen. So sind auch die 
Darstellungen der Teile des menschlichen Kérpers diskontinuier- 
lich aneinandergefiigt. Die Baume, die einen in seiner wahren, 
rechteckigen Form dargestellten Teich umgeben, werden, wie 
wir heute sagen wiirden, ,,in die Grundrissebene umgeklappt“ 
dargestellt; aber damit soll nicht gesagt sein, dass auch der Agypter 
sich eine solche Umklappung vorstellte. Ein symmetrisches 
Gebilde, z.B. ein gleichschenkliges Dreieck, wird auch im Bilde 
nur als solches erscheinen, ein rechter Winkel immer als rechter 
Winkel. Der Kiinstler hat noch kein Auge fiir die unsymmetri- 
schen, schiefen Bilder der ,,geraden‘, ,,schénen“ Figuren. 

Und wie der Flachbildner noch nicht die beliebige Ansicht 





(25) Statt des frither gebrauchten Ausdrucks __,,geradansichtig-vorstelliges 
Zeichnen“ sagt SCHAEFER heute ,,geradvorstelliges Zeichnen“, statt von ,,geradan- 
sichtiger Vorstellungsbildung*‘ spricht er von ,,gerader Vorstellungsbildung*“‘, 
um das Wort ,,Ansicht‘‘ in diesem Zusammenhang zu vermeiden, 
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in Zentralperspektive erobert hat, so nimmt der Rundbildner 
zu seinem Werk nur bevorzugte, zu einander senkrechte Blick- 
richtungen auf die Hauptansichtsflichen ein, und die ganze 
Haltung der Teile des dargestellten menschlichen oder tierischen 
Kérpers bleibt den Ebenen dieser Hauptansichtsflachen ange- 
passt, um nicht zu sagen angepresst, wie die Hieroglyphen der 
Form des Rechtecks. Im Gegensatz dazu hat die griechische 
Plastik die Fille der unendlich vielen Richtungen des Raumes 
erobert. 

Die Gegenstande, die die kiinstlerische und die geometrische 
Phantasie des Agypters erfiillen, sind eben als Ganzes und in 
ihren Teilen gebunden an das natiirliche rechtwinklige Koordi- 
natensystem, das festgelegt ist durch die natiirliche Horizont- 
ebene (26), die erste Hauptansichtsebene des Gebildes und seine 
zweite, auf der ersten senkrecht stehende Hauptansichtsebene. 
Wie schwer es manchen Menschen fiallt, sich in Anschauung 
und Denken von diesem Koordinatensystem der Natur zu lésen, 
erfahrt jeder, der nicht vorgebildeten Menschen, z.B. Kindern, 
etwa die Konstruktion des Lotfallens von einem Punkte auf eine 
beliebig gezeichnete Gerade aufgibt, nachdem er ihnen die Lésung 
fiir eine wagerecht gezeichnete Gerade gezeigt hat. 

Freilich ist in der agyptischen Geometrie nicht alles rechtwinklig, 
ebensowenig wie in der agyptischen Kunst. Aber wo das Schrage 
auftritt, ist es ein einzelnes Schrages, das unmittelbar an das 
Rechtwinklige ansetzt, wie ein schrager Unterarm sich an einen 
senkrechten Oberarm anschliesst. Selten tritt in der Plastik das 
Schrage aus einer der Hauptansichtsebenen heraus. Ahnlich in 
der Stereometrie : Die Béschung der Seitenflaiche einer Pyramide 
ist als skd, d.h. als Quotient der Katheten des Neigungsdreiecks 
ausgedriickt und dadurch sofort wieder auf die naturgegebene 
Horizontale und Vertikale bezogen. Bei dieser Héhe der theo- 
retischen und praktischen Erkenntnis des Schiefen liegt wohl kein 
Bediirfnis vor, die Schrégheit anders als durch einen solchen 
Quotienten zu messen. Damit steht im Einklang, dass die Agypter 
des Mittleren Reiches den Begriff und die Messung eines beliebigen 


(26) Als Achsen in der Horizontebene wurden vielfach, z.B. bei Kultbauten 
von rechteckigem Grundriss, von den verschiedensten Vélkern die Nord- Siid- und 
die West-Ostrichtung gewahlt. 
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Winkels und seine Verwendung als selbstandiges geometrisches 
Element nicht gekannt zu haben scheinen (27). 

Wenn wir von unserem Standpunkt aus die Natur eines solchen 
Vorstellens, Anschauens und Denkens ,,verstehen‘ wollen, so 
werden wir schliesslich auch bei den Dingen der Kunstdarstellung 
und der geometrischen Figuren, Dingen, die zuniachst der 
Anschauung anzugehéren scheinen, erkennen, dass der Unterschied 
zu unserer modernen Behandlung damit zusammenhangt, dass 
das Logische sich auf einer anderen Stufe der Ausbildung befindet. 
Uns, die wir unmittelbar oder mittelbar der Begriffsscheidekunst 
der Griechen teilhaftig wurden, empért es, wenn in einem mathe- 
matischen Lehrbuch von einer (nach der Figur dreieckigen) 
Feldspitze die Rede ist, ohne dass uns tiberhaupt gesagt wird, 
ob es sich um ein rechtwinkliges oder ein gleichschenkliges oder 
was sonst fiir ein Dreieck handelt, und wenn dabei noch eine 
ungliickselige, zwei- oder mehrdeutige Figur die Unsicherheit 
erhéht. Natiirlich konnte der Agypter einen runden von einem 
,viereckigen’ Kornspeicher unterscheiden, aber zu einer den 
Begriff ausschépfenden Einteilung etwa der Vierecke in Quadrat, 
Rechteck, Rhombus, Rhomboid und unregelmiassiges Viereck, wie 
sie uns an der Spitze von Euklids erstem Buch begegnet (28), 
wird er sich nicht erhoben haben, und so wird er vor allem einen 
solchen rein logischen Begriff wie den des ,,Vierecks iiberhaupt", 
als des Begriffs, der alle diese besonderen Vierecksbegriffe umfasst, 
nicht gebildet haben. Dass er sich irgend ein naturgegebenes 
unregelmiassiges viereckiges Feld vorstellen konnte, méglicherweise 
auch schon im Mittleren Reich seine Flache nach einer naherungs- 
weise richtigen empirischen Faustregel zu berechnen pflegte, 
braucht darum nicht unméglich zu sein. Aber als Geometer 
sah er wohl in einem solchen unregelmassigen Viereck etwas 
sehr Gleichgiiltiges und Hiassliches, das nicht in seine ,,Wissen- 
schaft hineingehérte. 

Man halte gegen die griechische Einteilung der Vierecke eine 
indische, die wir bei einem Scholiasten des BRAHMAGUPTA (29) 


(27) Vgl. SoLtomon Ganvz, The origin of angle-geometry. Jsis, XII, 1929, 
S. 452-481. 

(28) Evuxuips Elemente, Buch I, Deff. 21 und 22. 

(29) Vgl. die englische Ubersetzung : H. Tx. Coreprooxe, Algebra, 
with Arithmetic and Mensuration, from the Sanscrit of BRAHMAGUPTA and 
Buascara. London 1817, S. 295. 
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finden. Dieser Scholiast kennt fiinf Gattungen von Vierecken. 
Es sind nach den Zahlenbeispielen, die der Scholiast selber gibt : 
Quadrat, Rechteck, gleichschenkliges Paralleltrapez mit nur zwei 
gleichen Seiten, gleichschenkliges Paralleltrapez mit drei gleichen 
Seiten und als letzte Gattung ein Sehnenviereck, das aus vier 
paarweise ahnlichen, rationalen rechtwinkligen Dreiecken zusam- 
mengesetzt ist. CANTOR (30) sagt, dass diese fiinf Gattungen 
keineswegs ,,richtig“’ gewahlt, sondern ,,unberechtigt seien. 
, Sie erschépfen den Begriff des Vierecks durchaus nicht“. Einem 
Agypter des Mittleren Reiches hatte die Aufzéhlung dieser Formen, 
mit Ausnahme der fiinften, schwierigeren, sehr einleuchtend 
erscheinen miissen. Denn die vier ersten sind schéne, symme- 
trische Figuren, die fiinfte hat eine kompliziertere Art arithme- 
tisch-geometrischer Schénheit. ,,Nur mit ihnen hatte man sich 
zu beschaftigen“. Ob hier bei den Indern uraltes Gut vorliegt, 
oder ob neue Wellen eines primitiveren Denkens griechische 
Wissenschaftsbegriffe tiberflutet haben, in jedem Falle treten uns 
hier Ziige dessen entgegen, was wir als ,,vorgriechische Geometrie“ 
zu kennzeichnen versuchen. 

Die geometrischen Vorstellungen des Agypters sind vielfach 
noch nicht gereinigt von ausserlogischen (empirischen, physika- 
lischen, asthetischen, vielleicht auch mystischen) Bestandteilen 
und daher noch nicht zu reinen Begriffen erhoben. Die Fahigkeit 
des Abstrahierens und des Bildens allgemeinerer und héherer Begriffe 
ist nicht in dem Grade, vielleicht nicht einmal in der Art vorhan- | 
den, wie wir sie bei den Griechen bewundern. 

Wie merkwiirdig mutet es uns zunachst an, dass der Agypter 
nur mit Stammbriichen und dem Bruch 2/3 rechnet. Aber 
auch hier muss man sich dariiber klar werden, dass die Schépfung 
des Begriffs des allgemeinen Bruches eine Tat ist, die aus einer 
héheren synthetischen Verstandestatigkeit entspringt. Es ist etwas 
anderes, ob ich mir 5/7 als die Summe von 5 einzelnen Siebenteln 
vorstelle — das konnte auch der Agypter, — oder ob ich den 
durch ein Zahlenpaar angegebenen allgemeinen Bruch als eine 
einzige Zahl auttasse, mit der nach bestimmten Vorschriften 
gerechnet wird (17). Die Agypter hatten noch nicht iiber Einheit 
und Vielheit philosophiert. Konnte der agyptische Geist die 


30) Cantor, I®, 5. 651. 
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Synthesis zu einem abstrakten Begriff, wie dem der ,,Schénheit", 
schon so vollzogen haben, wie unser Geist es tut? Es hatte noch 
kein Plato iiber die Idee des Schénen und iiber ihr Verhiltnis zu 
der Vielheit der schénen Dinge geschrieben. Die Agypter spre- 
chen immer nur von der Schénheit eines bestimmten Menschen 
oder Dinges, nicht aber von der Schénheit iberhaupt. 

Da, wo wir aus einer héheren mathematisch-logischen Einheit- 
lichkeit heraus ein einziges funktionales Gebilde schatfen, wie 
es die projektive Abbildung aller Gegenstande eines Raumes aus 
einem einzigen Augenpunkt ist, erscheint beim Agypter das 
Gebilde in Teilgebilde zerfallt, die sprunghaft (diskontinuierlich) 
aneinanderstossen. Diese geometrische Sprunghaftigkeit dussert 
sich nicht nur in dem Nebeneinanderstellen von ‘Teilbildern, 
die aus zu einander senkrechten Blickrichtungen gesehen sind, 
sondern auch z.B. darin, dass verschiedene Teile desselben Bildes, 
wie z.B. die Darstellungen eines Herrn und seiner Diener, in 
verschiedenem Massstabe erscheinen. Auf Kosten der uns 
gelaufigen umfassenderen objektiven Naturdarstellung nach ein- 
heitlichen mathematisch-physikalischen Grundsatzen werden Vor- 
stellungen der Seele unmittelbarer durch eine Diskontinuitat 
wiedergegeben. 

Nicht nur in der Kunst, sondern auch bei dem Versuch, raum- 
zeitliche Vorgange der Natur beschreibend zu praktischen Zwecken 
—zu diesen gehéren auch die religiésen und magischen — wieder- 
zugeben, zerlegt der vorgriechische Geist Zusammenhinge, die 
wir einheitlich durch eine kompliziertere funktionale Beziehung 
darstellen, in einfache, sprunghaft aneinandergereihte Einzel- 
funktionen. An solchen Einzelfunktionen hat er nur einen 
sparlichen Vorrat, zu dem das Gesetz der arithmetischen und 
das der geometrischen Reihe gehéren. Ein schénes Beispiel hierzu 
bietet die babylonische Astronomie. Wenn wir heute die Grésse 
des erleuchteten Teils der Mondscheibe, so wie sie uns als ebene 
Flache erscheint, vom Neumond bis zum Vollmond als Funktion 
der Zeit darstellen wollen, so werden wir in erster Annaherung, 
abgesehen von einem konstanten Faktor, die Funktion 1 — cos a 
von a = 0 bis a = go® ansetzen, denn diese Flaiche wachst pro- 
portional der Breite, die die Sichel in der Mitte besitzt. Ein 
babylonisches Mondtiafelchen (K go) stellt die Zu- und Abnahme 
des erleuchteten Teils der Mondscheibe fiir die 30 Tage des 
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Monats durch Zahlen dar, wenn die zuerst von HINCKs gegebene, 
spater von KUGLER (31) bekraftigte Deutung (32) richtig ist. Die 
Tafel setzt fiir die ersten fiinf Tage eine geometrische, dann 
mit krasser Unstetigkeit des Gesetzes fiir die folgenden 10 Tage 
eine arithmetische Reihe an. In Fig. 1 habe ich diese Wertefolge 
fiir die erste Monatshalfte graphisch dargestellt und zum Vergleich 
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die Kurve der modernen Funktion eingezeichnet. Beobachtet in 
unserem Sinne hat der Babylonier seine Werte natiirlich keines- 
wegs. Nur fiir den fiinften Tag, der nach babylonischer Auffas- 
sung den ersten Teil des Monats abschloss, mégen nach KUGLER 
Schatzungen jener Sichelbreite vorgenommen werden sein. Es 
ist bemerkenswert, dass fiir diesen Tag die Sichelbreite mit dem 
runden Wert 1/3 des Durchmessers angesetzt ist, und KUGLER 
sagt, dass auch dieser Wert vielleicht schon vorher ,,angenommen‘ 
wurde. Wahrgenommen haben wird man ferner das beschleunigte 
Anwachsen der Sichelbreite an den ersten fiinf Tagen, das zum 





(31) Franz Xaver KucG.er, Sternkunde und Sterndienst in Babel. Miinster. 
II, 1909/10, S. 45 und Erginzungen, 1913, S. 102. 

(32) Nach einer freundliche Mitteilung von Prof. NEUGEBAUER darf diese Deutung 
noch heute als richtig betrachtet werden. 
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Ansetzen der geometrischen Reihe fiihrte, wahrend fiir die fol- 
genden 10 Tage die arithmetische Reihe den Wahrnehmungen 
und Zwecken geniigte. Gar nicht zum Ausdruck gekommen ist 
hierbei, dass beim Riickwartsdurchlaufen dieser 15 Tage der 
erginzende dunkle ‘Teil dieselben 15 Werte durchlauft. Dagegen 
ist die Abnahme der Erscheinung in der zweiten Monatshilfte 
das Spiegelbild ihrer Zunahme in der ersten, wenn man mit 
KuGLer die Verwirrung bei den letzten fiinf Tagen durch Irrtiimer 
des Schreibers erklirt. Auch wir arbeiten ja bei schwierigeren 
Dingen noch heute in gewisser Hinsicht ahnlich. Noch heute 
stiickelt der Ballistiker die empirische Bahn des Geschosses aus 


Teilen zusammen, die durch verschiedene Funktionen dargestellt 


werden, von denen man nur verlangt, dass sie dem raumzeitlichen 
Verlauf méglichst nahe kommen. Noch heute hat der Astronom 
seine Stérungsglieder, und schliesslich versucht doch auch der 
theoretische Physiker erst in unseren Tagen, Gebiete wie die 
Welt der schweren Masse und die der Strahlen aus einer einzigen 
Hypothese heraus zu verstehen. 

Weit davon entfernt, eine kegelférmige Auslaufwasseruhr 
irgendwie empirisch auf gleiche Stunden aichen zu kénnen, 
und unfahig, das wahre Gesetz der Teilstrichabstande zu errech- 
nen, zwingt der Agypter der 18. Dynastie seinem Instrument (33) 
die falschen Skalen mit gleichen Teilstrichabstanden fiir denselben 
Monat und gleichférmig wachsenden oder abnehmenden Abstin- 
den von Monat zu Monat auf, weil die einfache funktionale Vor- 
stellung der arithmetischen Reihe mit ihrer schénen Regelmassigkeit 
in seinem Geiste lebendig ist. So versuchten noch die Pythagoreer 
die Planetenabstinde nach den schénen arithmetischen Gesetzen 
der Harmonie der Sphiren zu regeln; so hat ein KEPLER noch 
vor etwa 300 Jahren den Planeten das Abstandsgesetz der inein- 
ander geschachtelten reguliren Kérper aufzwingen wollen, deren 
Schénheit seinen Geist erfiillte. Bei den Sonnenuhren mit 
waagerechter Auffangefliche, deren alteste uns erhaltene der Zeit 
Thutmosis des Dritten, also der ersten Hilfte des 15. Jahrhunderts 
angehért, wahlt der Agypter, solange es eben geht, namlich 
fiir den Zeitverlauf zwischen dem Ende der sechsten und dem 
Anfang der zweiten Stunde, entgegen aller astronomisch-trigono- 


(33) Uber agyptische Wasser- und Sonnenuhren vergleiche man das unter (1) 
angefiihrte Werk von BorcHarpr. 
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metrischen Wirklichkeit, die ihm verborgen ist, Teilstrichabstainde 
nach dem schénen Gesetz der arithmetischen Reihe. Dann 
kommt ein jaher Sprung : Der Teilstrichabstand der ersten Stunde 
wird unendlich gross. Auch bei den Treppensonnenuhren 
begegnet uns die gleichférmige arithmetische Stufung, wahrend 
bei den Uhren mit senkrechter west-éstlich gerichteter Auffange- 
flache und darauf senkrecht stehendem Schattenstab, die Stunden- 
strahlen gleiche Winkel bilden. Also immer das Einfachste. Den 
Agypter scheint es, wie BorcHARDT mit Recht hervorhebt, nicht 
anzufechten, dass die beiden letztgenannten Sonnenuhren einander 
geometrisch widersprechen, da doch ein gleichwinkliges Strahlen- 
biischel verschieden von einem solchen ist, das durch Verbindung 
eines Punktes mit den Teilpunkten einer gleichférmig geteilten 
Geraden entsteht. Auch scheint er sich nicht gefragt zu haben, 
ob seine Sonnenuhren mit seinen Wasseruhren iibereinstimmen, 
was wir durch einen Versuch entscheiden wiirden. Jede Uhr 
steht fiir sich da: einfach, schén und — falsch. 

Die Untersuchung des Moskauer mathematischen Papyrus 
entfachte neue Erérterungen iiber die mathematischen und 
insbesondere die geometrischen Leistungen und Fahigkeiten der 
Agypter. Diese habe man, so wurde gesagt, doch wohl bisher 
meist zu niedrig eingeschatzt. Freilich enthalt auch der Moskauer 
Papyrus keine Spur der Kennzeichen griechischer geometrischer 
Schriften : Grundbegriffe. Axiome, Lehrsiatze, Beweise. Auch 
hier begegnen uns, soweit Geometrisches in Frage kommt, nur 
die unbewiesenen Lésungen numerischer Berechnungsaufgaben, 
ahnlich wie im Papyrus Rhind. Aber die Aufgaben 10 und 14 
des Moskauer Papyrus ragen, so schien es, durch ihre Schwierig- 
keit weit iiber alles sonst Bekannte hervor. Aufgabe 14 ist die 
richtige Berechnung des Rauminhalts eines Pyramidenstumpfes. 
Aufgabe 10 hielt der Herausgeber fiir die richtige Berechnung 
der Oberflache einer Halbkugel. ARcHIMEDEs riihmt sich in 
einem seiner Werke mit besonderer Genugtuung, als erster von 
allen Sterblichen die schwierige Kugeloberflache berechnet zu 
haben, und es wire wirklich eine Leistung, wenn die Agypter 
sich an die Kugeloberflache herangewagt hatten. Freilich miisste 
man auch dann sagen : Wenn zwei dasselbe tun, so ist es nicht 
dasselbe; denn zu den strengen Infinitesimalbetrachtungen, die 
Archimedes bei der Ausarbeitung der Lésung anwendet, waren 
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die Agypter nimmermehr fahig gewesen, schon weil ihnen dazu 
das logische Riistzeug fehlte. Vom Standpunkt der mathema- 
tischen Strenge miisste die Kugeloberflachenberechnung des 
Arcuimepes noch viel héher iiber einer etwa vorhandenen der 
Agypter stehen, als seine Kreisberechnung iiber der agyptischen 
stehen muss, wie auch immer die letztere ausgesehen haben mag. 
Aber textlich-sprachlich lasst sich aus der Aufgabe 10 nicht 
herausdeuten, dass die Berechnung einer Halbkugeloberflache 
gemeint ist. Perets Kritik (34) hat Srruves dahingehende Deu- 
tungsversuche zunichte gemacht. Die mathematische Rechnung 
der Aufgabe 10 aber passt, wie ebenfalls Peet bemerkte, auch 
auf einfachere Gebilde, z.B. auf einen Halbkreis oder einen 
Halbzylindermantel. Wenn also auch die Aufgabe 10 noch nicht 
endgiiltig und eindeutig geklart ist, so muss sie doch als Beweis 
fiir die héheren geometrischen Leistungen der Agypter aus- 
scheiden. 

Es bleibt also die Pyramidenstumpfaufgabe. Es handelt sich 
hier um einen geraden regelmassigen vierseitigen Pyramidenstumpf 
mit der unteren Kante 4, der oberen Kante 2 und der Hohe 6. 
Die Rechnungen, nach denen der Agypter den Rauminhalt 56 
richtig findet, lassen sich in dem Ausdruck (47 + 2.4 + 2?). (+) 
zusammenfassen, entsprechen also genau der Formel 7 

v = (a* + ab + 6).=h, 
nach der auch wir den Rauminhalt dieses Kérpers berechnen. 
Man hat es besonders bewundert, dass der agyptische Geometer 
den ,,schwierigen Faktor a® + ab + 6 richtig gefunden habe, 
und einige haben hieraus geschlossen, dass ihm weitergehende 
mathematische Hilfsmittel zu Gebote standen, als man bisher 
glaubte (35), wobei man an Methoden dachte, die der griechischen 
und der modernen Mathematik nahe stehen. Andere (36) 
versuchten, die Pyramidenstumpfberechnung méglichst aus dem 
Wesen und mit den bisher bekannten Hilfsmitteln agyptischer 


(34) T. Eric Peer, A Problem in Egyptian Geometry. J¥EA XVII, 1931, 
S. 100-106. 

(35) So W. W. Srrvuve in seiner Ausgabe des Moskauer Papyrus. Qu. u. St. 
A, L. 

(36) GuNN und Pret, JEA XV, 1929, S. 167-185. K. Voce., JEA XVI, 1930, 
S. 242-249. W. R. Tuomas, ZEA, XVII, 1931, S. 50-52. Meinen eigenen 
Lésungsversuch in der Zeitschr. f. math. u. nat. Unterr. 61, 1930, S. 145-158 
méchte ich durch den im vorliegenden Aufsatz mitgeteilten ersetzen. 
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Mathematik zu erklaren. Auch ich glaube, dass die Pyramiden- 
stumpfberechnung auf dem Felde agyptischer Geometrie, so wie 
ich dieses Feld im Vorstehenden zu kennzeichnen versucht habe, 
sehr wohl wachsen konnte. Da mich aber jene andern Erklarungs- 
versuche nicht voll befriedigen, so will ich zeigen, wie ich mir 
die Sache zurechtgelegt habe, schon bevor ich in jene anderen 
Veréffentlichungen Einblick nahm. Ich muss dabei etwas weiter 
ausholen. 

Zuniachst ist nachdriicklich zu betonen, dass auch dieser Pyra- 
midenstumpf ein schéner, regelmassig gebildeter K6rper ist, der 
in der Asthetischen Phantasie des Agypters lebte als Vervoll- 
kommnung der alten Mastaba, die nicht so ebenmissig gebildet 
war, weil sie eine rechteckige Grundflache hatte. Zur Kenn- 
zeichnung des ihm gelaufigen Kérpers geniigt dem Schreiber 
als Hieroglyphe das geradansichtig-vorstellige Bild des K6érpers : 
ein stehendes gleichschenkliges Trapez “ \. 

Wie konnte nun der Agypter iiberhaupt zu richtigen Berech- 
nungsvorschriften fiir Flichen- und Rauminhalte gelangen? 

Es trifft nicht zu, dass wir gar nichts von der hierbei eingeschla- 
genen Methode wissen, aber alles, was er uns tiber sie verrat, 
liegt in den drei Wértchen beschlossen : r rdi.t ifd.s, deren freie 
Ubersetzung lautet: ,,um es rechteckig zu machen‘. Diese 
kommen einmal in Aufgabe 51 und einmal in Aufgabe 52 des 
Papyrus Rhind vor. Die jetzt von verschiedenen Seiten aner- 

















a) b) 


Fic. 2 


kannte Deutung des Zusammenhangs, in dem die , Worte 
gebraucht werden, ist diese: Um ein gleichschenkliges Dreieck 
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rechteckig zu machen, muss man seine durch die Hohe zur Basis 
erzeugten symmetrischen Hialften, d.i. zwei kongruente recht- 
winklige Dreiecke (Fig. 2a) richtig aneinanderlegen, dann hat 
man das Rechteck (Fig. 2). Entsprechend kann man ein gleich- 
schenkliges Trapez auf verschiedene Weise, z.B. nach Fig. 3, 
»Viereckig machen“. Welch wichtige Etappe ist doch im geistigen 
Fortschritt erreicht, wenn die Menschen, wie wir es hier fiir 
die Agypter annehmen, eine geometrische Hilfslinie ziehen ! 

Die Méglichkeit, eine Figur in eine endliche Anzahl von Teil- 
figuren zu zerlegen, und diese Teilfiguren zu einer anderen Figur 
zusammenzufiigen, ist ein grundlegender Begriff der heutigen 
wissenschaftlichen Geometrie. Man sagt, das Dreieck Fig. 2a 
sei dem Rechteck Fig. 2b zerlegungsgleich, und ebenso das ‘Trapez 
Fig. 3a dem Rechteck Fig. 36. 
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a) 6) 
Fic. 3 

Beim Versuch, den Areis nach diesem Verfahren ifd zu machen, 
d.h., in ein Rechteck oder ein Quadrat zu verwandeln, mussten 
die Agypter scheitern, denn es geht eben nicht. Aber sie fanden 
(wie?) eine vortreffliche Naherungslésung, indem sie den Kreis- 
inhalt dem Inhalt eines Quadrates gleichsetzten, dessen Seite 
8/9 vom Kreisdurchmesser betragt. Wohl aber hat die Methode 
des ,,Rechteckigmachens“ bei gewissen einfachen Kérpern Erfolg. 
Mehrere Aufgaben des Papyrus Rhind beweisen, dass die Agypter 
den Quaderinhalt als Produkt der drei Kanten berechneten. 
Nichts ist natiirlicher, als dass man nun andere, nicht quader- 
férmige Kérper dadurch zu berechnen sucht, dass man ihre Teile 
oder mehrere kongruente solcher Kérper zu Quadern zusammen- 
fiigt. Das ist ja die Anwendung des rdi.t ifd.s-Verfahrens auf 
den Raum, wobei daran erinnert sei, dass /fd such das raumliche 
»,Rechteck’*, den Quader, bezeichnet. Diese Verwandlung in 
einen Quader gelingt z.B. leicht beim Prisma. Jedoch wissen 
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wir heute, dass eine beliebige Pyramide oder ein beliebiger Pyra- 
midenstumpf nicht zerlegungsgleich einem Quader ist, d.h. wir 
kénnen auf keine Weise eine solche Pyramide oder einen solchen 
Pyramidenstumpf durch ebene Schnitte in eine endliche Anzahl 
von Stiicken zerlegen, die sich zu einem Quader zusammenfiigen 
liessen. Den endgiiltigen Beweis fiir diese wichtige Tatsache, 
die die Griechen vielleicht ahnten, und von der man in der 
Neuzeit schon lange so gut wie iiberzeugt war, hat bekanntlich 
erst der zeitgendssische Mathematiker DexHN geliefert. Wohl 
aber giebt es spezielle Pyramiden und Pyramidenstiimpfe, die 
einem Quader zerlegungsgleich sind. 

Nichts hat den Agyptern ferner gelegen, als die allgemeine Frage 
nach der Zerlegungsgleichheit von Pyramiden oder Pyramiden- 
stiimpfen mit Quadern aufzuwerfen. Wohl aber konnten und 
mussten sich ihnen einfache Einzeltatsachen aus diesem Kapitel 
der Geometrie aufdrangen, und zwar um so eher, wenn sie mit 
ihrer Freude an schéner Regelmiassigkeit und mit der Betatigung 
dieser Freude in Kunst und Kunsthandwerk zusammenhingen. 

Die Seitenwainde vieler Sarge des Alten und Mittleren 
Reiches (37) sind in einfacher Gehrung aneinandergefiigt. Das 
sieht schéner aus, als der stumpfe Stoss, der den Anblick der 
Kante unsymmetrisch macht und die unschénen Schnittflachen 
der Bretter sehen lasst. Gelegentlich ist auch der Boden durch 
Gehrung angefiigt (38). Fig. 4a stellt eine wiirfelférmige Kiste 
vor, bei der alles so ideal schén und regelmassig zusammengefiigt 
ist, wie man es sich nur ausmalen kann. Alle Kanten haben 
namlich Gehrung. Die 6 Bretter sind infolgedessen kongruente 
regelmassige vierseitige Pyramidenstiimpfe. Kein agyptischer 
Tischler hat wohl je einen solchen Kasten hergestellt. Schon 
aus technischen Griinden hatte das Schwierigkeiten geboten. 
Zum mindesten finden wir zwecks festerer Zusammenfiigung bei 
den Sirgen in den Ecken der Seitenbretter Laschen, die auf das 
Nachbarbrett iibergreifen. Wohl aber ist eine solche Zusammen- 
fiigung der Asthetisch-geometrischen Phantasie angemessen, die 


(37) Vyl. P. Lacau, Sarcophages antérieurs au Nouvel Empire, I. II. Catal. 
génér. d. ant. ég. d. Musée du Caire. Le Caire 1903-05. HEINRICH SCHAFER, 
Priestergriber und andere Grabfunde vom Ende des Alten Reiches bis zur grie- 
chischen Zeit vom Totentempel des Ne-user-re, Leipzig 1908. 

(38) Vgl. Lacau, I, Nr. 28005, S. 16. 








rr en 














40 P. LUCKEY 


alles so regelmissig und ringsum-gleich wie méglich macht. 
Derselbe Zug zur idealisierten Regelmiassigkeit, die zugleich 
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geometrische Einfachheit ist, tritt uns entgegen, wenn in Rh 44 
und Rh 45 ideal wiirfelférmige Kornspeicher berechnet werden. 
Oft hat dieser Zug sich auch verwirklicht, wie bei dern Ubergang 
von der Mastaba, die eine rechteckige Grundfliche hatte, zur 
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reineren Form der quadratischen der Pyramide. Als Beispiel 
fiir eine geschlossene regelmassige Zusammenfiigung gleichartiger 
Stiicke sei auch ein Sessel des Heidelberger Agyptischen Museums 
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genannt, der aus dem friihen Alten Reich stammt. (Fig. 5). Vier 
ineinander gesteckte gleichartige Krummbhélzer bilden gleichzeitig 
den Sitzrahmen und die Fiisse (39). Wir gehen wohl nicht fehl 
in der Annahme, dass der Hersteller an der Regelmissigkeit 
solcher yeschlossenen Zusammenfiigungen seine besondere Freude 
hatte, wie man sich z.B. auch an der ringsuin gleichen Regel- 
miassigkeit des uralten Hakenkreuzes # erfreut. Und die Freude 
des Handwerkers war zugleich die Freude des ,,Geometers“. 
Ubrigens haben auch fiir viele moderne Mathematiker Schliessungs- 
probleme ihren besonderen Reiz. 

Wie in Fig. 2b zwei kongruente rechtwinklige Dreiecke zu 
einem Rechteck zusammengefiigt sind, so in Fig. 4a 6 kongruente 
regelmassige Pyramidenstiimpfe zu einem rechtwinkligen K6rper, 
der zwar kein Quader ist (sondern ein Hohlwiirfel), sich aber 
leicht aus Quadern zusammensetzen lasst. Will man letzteres 
so regelmassig und schén wie méglich ausfiihren, so tut man 
es nach Fig. 46. Hier ist die Kiste in stumpfen Stoss so aus 
3 Paar quaderférmigen Brettern zusammengesetzt, wie wir es 
z.B. bei unseren Zigarrenkisten beobachten kénnen. Zu derselben 
Zusammensetzung gelangt man, wenn man sich die Struktur des 
Sarges Lacau II, S. 136, Nr. 28123 vereinfacht denkt. 

Bezeichnen wir die dussere Wiirfelkante (d.i. die Grundkante 
jedes der 6 Pyramidenstiimpfe von Fig. 4a) mit a, die lichte 
Weite der Kiste (d.i. die obere Kante des Stumpfes) mit 5, und 
die Dicke der Bretter (d.i. die Héhe des Pyramidenstumpfes) 
mit A’, und nennen wir den gesuchten Rauminhalt des Pyramiden- 
stumpfes v’, so ist das Holzvolumen der Kiste nach der Fig. 4a 
gleich 6 v’, nach Fig. 4b aber gleich 2 a*h’ + 2 abh’ + 2 Bh’, 
also ist 

6v0' = 2 ah’ + 2 abl’ + 2 Bh’, 
v = (a + ab + Bb?) -=h’ (1) 

Gedankenginge dieser oder ahnlicher Art traue ich einem 
agyptischen Geometer des Mittleren Reiches, ja vielleicht auch des 


(39) Dieser niedrige Sessel H. 525 ist erwahnt in H. RaNKE, Koptische Friedhéfe 
bei Karfra. Berlin und Leipzig 1926, S. 11. Die obige Figur 5 soll nur die 
Zusammenfiigung der Kniippel erlaéutern. Das teilweise erhaltene Geflecht ist 
weggelassen. Dieselbe Zusammenfiigung hat ein im Berliner Agyptischen 
Museum (Nr. 14620) befindliches vorgeschichtliches Holzgestell, das als Lager 
fiir die Hockerleiche diente. Vgl. ALEXANDER ScHARFF, Die Altertiimer der 
Vor- und Friithzeit Agyptens II, S. 152 und Tafel 34. Berlin 1929. 
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Alten Reiches, zu. Alle Vorstellungen sind ,,iibersehbar“ und sind 
,urwiichsig, insofern als sie sich im Rahmen der schénen, 
regelmassigen Gebilde bewegen und in naher Beziehung zu Vor- 
stellungen bleiben, die dem Kunsthandwerker gelaufig sind. Dieser 
konnte sich sogar weit schwierigere raumliche Zusammenfiigungen 
vorstellen. Die Buchstabenausdriicke muss man sich natiirlich 
durch ihr agyptisches Aquivalent ersetzt denken, namlich Zahlen- 
beispiele, bei denen aber die Anwendbarkeit der Rechenvorschrift 
auf andere Zahlenbeispiele ohne weiteres vorausgesetzt wurde. 
Vielleicht konnte man ja auch die Rechenvorschriften in Worten 
aussprechen, indem man den Stiicken ihre geometrischen Benen- 
nungen gab. Der ,,schwierige“’ Faktor a®? + ab + 6 ist, wie 
mir scheint, bei dieser durchsichtigen Ableitung natiirlich und 
unmittelbar in seiner schénen Symmetrie erschienen (40). Die 
Anwendung des distributiven Gesetzes (das ,,Ausklammern“ 
von -‘h’) bot dem Agypter in einem solchen konkreten Falle keine 
Schwierigkeit. Noch weniger die Division durch 6, statt deren 
man iibrigens auch sagen kann: Jedes Brett v’ von Fig. 4a ist 
das arithmetische Mittel der Inhalte dreier verschiedener Bretter 
von Fig. 4). 

Nun haben wir freilich durch diesen Zerlegungs- oder richtiger 
Zusammensetzungsbeweis erst den Rauminhalt v’ desjenigen 
speziellen regelmassigen vierseitigen Pyramidenstumpfes gefunden, 
bei dem die Kante der Deckfliche um die doppelte Héhe des 
Kérpers kleiner ist als die Kante der Grundfliche, oder, was 
auf dasselbe hinauslauft, des Stumpfes, dessen Seitenflachen unter 
45° gegen die Grundfliche geneigt sind. (Der Agypter hatte 
vielleicht von einem Pyramidenstumpf vom skd 1 gesprochen). 
Wenn wir die Méglichkeit unterstellen, dass der Agypter diesen 
Stumpfinhalt durch den angegebenen oder einen Ahnlichen 
Zerlegungsbeweis gefunden habe, so erhebt sich die Frage, wie 
er dazu kam, bei Pyramiden von beliebiger Seitenneigung nach 
derselben Formel zu rechnen. Durch Zerlegung konnte er die 
Richtigkeit dieser Formel etwa fiir das Beispiel von M 14, wo 
die Béschung der Seitenwand 6 : 1 ist, nimmermehr beweisen, 


(40) Die von Gunn und Peet (¥EA XV, 1929, S. 167-185) unter Mitwirkung 
von R. ENGELBACH ausgearbeitete Ableitung fiihrt zundchst zu der Formel v = 
h [ab + 4 (a — b)*], die dann erst durch besondere Betrachtungen in die vom 
Agypter benutzte Formel iibergefiihrt werden muss. 
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da dies mathematisch unméglich ist. Fiir solche allgemeineren 
Pyramidenstiimpfe oder Pyramiden lasst sich die Inhaltsformel 
streng nur durch eine Infinitesimalbetrachtung beweisen, wie es 
ja auch die Griechen gemacht haben. 

Es ist die Vermutung ausgesprochen worden, dass die Agypter 
den Pyramideninhalt durch Versuche (experimentell) fanden. 
Ebenso wie man eine angenaherte Kreisquadratur durch Wagen 
oder Messen eines Zylinders aus Nilschlamm oder Wasser aus- 
fiihren kann, so kann man auch durch ahnliche Versuche feststellen, 
dass der Inhalt einer Pyramide 1/3 des Inhalts des Prismas von 
gleicher Grundfliche und Héhe betragt. Eine wissenschaftliche 
Aufgabe durch einen Versuch, d.h. eine ausdriickliche Frage an 
die Natur lésen zu wollen, halte ich fiir einen so modernen Gedan- 
ken, dass ich Bedenken trage, ihn in dieser Form fiir die Agypter 
des Mittleren Reiches anzunehmen, solange hierfiir keine Unter- 
lagen beigebracht sind. Eher halte ich es schon fiir méglich, 
dass die metrologischen und technischen Erfahrungen mit den 
Inhalten von zylindrischen Kornmassen und den Gewichten von 
Steinzylindern im Laufe der Zeiten zu einer rohen Gewinnung 
des Kreisinhalts fiihren mussten. 

Aber ich glaube, dass in vorkritischen Zeiten eher als durch 
gewissenhaftes Experimentieren richtige oder falsche Ergebnisse 
gewonnen wurden durch reine Vorstellungstatigkeit, die nicht 
immer strenges Denken war, sondern auch mit falschen Assozia- 
tionen, unerlaubten Analogien und Fehlschliissen behaftet sein 
konnte, aber doch auch wieder vorauseilend manches richtige 
Ahnen enthielt. Man muss beobachten, wie heute noch Kinder 
und mathematisch Ungeiibte die kiihnsten Schliisse auf Grund 
unzulassiger Analogien und Verallgemeinerungen ziehen. 

Wir nehmen an, der Agypter berechnete richtig die Inhalte 
von gleichschenkligen Dreiecken und gleichschenkligen Trapezen. 
Wir wissen ferner, dass er die Inhalte von Zylindern und Quadern 
richtig zu berechnen wusste. In allen diesen Fallen tritt als 
Faktor des Inhalts die Héhe auf, und man sah, dass z.B. die 6 mal 
so grosse Hohe bei gleich bleibender Grundfliche auch den Inhalt 
sechsmal so gross machte. In diesem Sinne war dem Rechner 
die Vorstellung der Proportionalitaét des Inhalts mit der Héhe 
lebendig. Auch bei dem speziellen Pyramidenstumpf mit der 
Béschung 1 tritt nach der Formel (1) die Héhe (oder ihr dritter 
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Teil) als Faktor auf. Was liegt niaher, als bei allen derartigen 
Pyramidenstiimpfen den Rauminhalt proportional der Héhe 
anzunehmen? Dann erhilt man fiir den beliebigen regelmassigen 
vierseitigen Pyramidenstumpf von der Héhe Aé den Inhalt 
vo = (a + ab + 8) - Fh, (2) 

und nach dieser Formel arbeitet der Verfasser des Moskauer 
Papyrus. Freilich haben wir sie hier durch eine auf Analogie 
gegriindete unerlaubte Verallgemeinerung erhalten. 

Aber dieser kiihne Schluss braucht darum nicht blind und 
anschauungslos zu sein. Ich wiirde die Verallgemeinerung heute 
einem Anfanger in der Geometrie folgendermassen plausibel zu 
machen versuchen : Denke dir, eins der pyramidenstumpfférmigen 
Bretter von Fig. 4a sei entgegen der iiblichen Weise so geschnitten, 
dass die Brettflachen senkrecht zu den geraden und parallelen 
Fasern des Holzes verlaufen, und nun stelle dir vor, unter Bei- 
behaltung ihres Querschnitts verindern alle Fasern ihre Lange 
im Verhiltnis h: h’. (Zahlenbeispiel !) Dann veriandert sich der 
Rauminhalt jeder einzelnen Faser, und damit auch der Rauminhalt 
des ganzen Kérpers im gleichen Verhiltnis, und somit ergibt 
sich fiir den neuen Kérper die Formel (2). Je feiner ich die Fasern 
annehme, umso mehr scheint die Richtigkeit dieses Verfahrens 
einzuleuchten. Es gehérte der Scharfsinn griechischer Mathe- 
matiker und Philosophen dazu, um die Mangel dieser Betrachtung 
aufzudecken und sie durch ein logisch strenges Verfahren zu 
ersetzen, das Exhaustionsverfahren, dessen modernes Aquivalent 
der Begriff des Grenszwertes ist. Aber die gréssten Mathematiker, 
wie ARCHIMEDES, haben es nicht verschmaht, ihre Ergebnisse 
zuerst durch solche unstrengen Betrachtungen zu gewinnen, und 
noch heute arbeiten viele Mathematiker und alle Techniker so. 
Selbst die Formulierung einer solchen unstrengen Denkweise durch 
eine Indivisiblenmethode, wie sie Demoxkrit (41) fiir seine Pyra- 





(41) Nach dem zuverliassigen Zeugnis des ARCHIMEDES hat DEMOKRIT als erster 
den Satz ausgesprochen, dass Kegel und Pyramide ein Drittel des entsprechenden 
Zylinders und Prismas sind. Auch den Pyramidenstumpf haben die Demokriteer 
behandelt, denn wir wissen, dass sie ihn «xdéAovpos mupapis, ,,stutzschwinzige 
Pyramide“,nannten. (Schol. Coisl. 166 in Arist. de coelo III, 8, 304 6 4,5. 51455 
Brandis. Zitiert nach S. Luria in Qu. u. St. B, Il, 1932, S. 144.) 

Wenn auch der atomistische Beweisversuch des Demoxnrit griechisch sein 
wird, so bleibt doch die Méglichkeit bestehen, dass die Rechenvorschriften, 
die Formeln, fiir die Inhalte aus Agypten stammten. 

Im Zusammenhang damit sei auf eine terminologische Merkwiirdigkeit hin- 
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miden- und Kegelberechnung ausgebildet haben mag, ware aber 
fiir einen agyptischen Kopf etwas viel zu Wissenschaftliches. 
Vielleicht erschien es dem Agypter ganz selbstverstandlich, 
dass, wenn ein Flachenstiick oder ein Kérper beliebiger Form 
in einer Richtung gleichférmig gedehnt oder gestaucht wird, der 
Flachen- oder Rauminhalt im Verhaltnis der Verlingerung oder 
Verkiirzung zu- oder abnimmt. Vielleicht hat er dabei gar nicht 
das Bediirfnis nach einem Beweis fiir diese plausible Tatsache 
gefiihlt, die auch gar nicht formuliert zu werden brauchte. Mit 
der Vorstellung einer solchen Dehnung kénnen wir uns die Lésung 
der Aufgabe M 6 schén zurechtlegen, indem wir uns vorstellen, 
dass das Rechteck vom Seitenverhaltnis 3 : 4 in der Richtung 
der kurzen Seite zu einem Quadrat gedehnt wird. Der Inhalt 
der gedehnten Flache steht hier zum Inhalt der ungedehnten 
im Verhialtnis 4 : 3 der neuen zur alten Héhe. Bei den Aufgaben 
M 7, M 17 und Kah. Pap. VIII, 31-42 ist es ahnlich. Méglicher- 
weise ist es aber schon viel zu gewagt, dem Agypter die Vorstellung 
einer solchen Dehnung zuzuschreiben. Jedenfalls denke ich 
hierbei nicht an die mathematische Vorstellung des kontinuier- 
lichen Prozesses (,,fliessende Gréssen‘), sondern an die Ver- 
gleichung des ungedehnten Zustandes mit dem gedehnten. 
Vergréssere oder verkleinere ich eine ebene Figur, so dehne 
oder stauche ich sie, wie wir heute sagen, in zwei aufeinander 
senkrechten Richtungen nach demselben Massstabe. Solche 
Vergrésserungen und Verkleinerungen waren dem Agypter 
gelaufig: Jede Grundrisszeichnung, jede Massstabveranderung 
eines Bildes ist nichts anderes. Dass hierbei Flachen im Quadrate 
des linearen Massstabes zu- oder abnehmen, iibertragt der naive 
Verstand leicht vom Quadrat, wo es leicht beweisbar ist, auf 
beliebige andere Flichen. Indem die Agypter jeden Kreisinhalt 
nach der Formal 7 = | d® ausrechneten, nahmen sie ohne weiteres 


gewiesen. Wie die Agypter den Pyramidenstumpf nannten, d.h. wie sie die 
Hieroglyphe “ \. lasen, wissen wir nicht. Den Stumpf des gleichschenkligen 
Dreiecks aber, das gleichschenklige Trapez, nannten sie hak.t. Das Wort hat 
als Deutzeichen die Schwanzhieroglyphe, im Einklang damit, dass das Verbum 
hak. in den Pyramidentexten, 673 c, bedeutet: ,,den Schwanz abschneiden“ 
(Peet, The Rhind Mathematical Papyrus, S. 95). Sollte die ,,stutzschwanzige 
Pyramide‘* der Demokriteer die Ubersetzung eines agyptischen Ausdrucks fiir 
den Pyramidenstumpf sein? Oder haben die Griechen unabhangig von den 
Agyptern dasselbe anschauliche Bild getroffen ? 
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als richtig an, dass Kreisinhalte sich wie die Quadrate der Durch 
messer verhalten. Auch die geistvolle Deutung, die Peer (42) 
der Aufgabe M11 gegeben hat, beweist, dass ihnen diese Propor- 
tionalitét gelaufig war, vorausgesetzt, dass die in dieser Aufgabe 
vorkommenden Klétze zylindrisch gedacht sind, was doch wohl 
der praktischen Natur der Aufgabe angemessener ist als der 
quadratische Querschnitt. Auch hier haben anscheinend erst die 
Griechen das Bediirfnis eines Beweises verspiirt, der wiederum 
ein Exhaustionsbeweis sein musste. 

Ich nehme also an, dass dem Agypter die Proportionalitat 
des Pyramidenstumpfinhaltes mit der Héhe etwa ebenso plausibel 
oder selbstverstandlich erschien, wie die Proportionalitit des 
Kreisinhaltes mit dem Inhalt des umbeschriebenen Quadrates. 

Zu dem Versuch, die Auffindung des Pyramidenstumpfinhalts 
im Anschluss an die Figuren 4a und 46 zu erklaren, sei noch 
Folgendes gesagt. Ich behaupte nicht, dass der Ansatz gerade 
in dieser Form der einzig méyliche ware, oder gar, dass die Berech- 
nung des quadratischen Pyrainidenstumpfes notwendig gerade aus 
der agyptischen Tischlerei entsprang. Im Laufe der Jahrhunderte 
oder Jahrtausende mégen verschiedene Ansitze gemacht worden 
sein, die ihre Anregung auch in Stein- und Béschungsarbeiten 
finden konnten. Denkt nian sich in Figur 4a die Innenwande 
verlangert, so hat man in jeder Ecke die Zerlegung eines Wiirfels 
in drei kongruente Pyramiden. Zu derselben Wiirfelzelregung 
gelangt man durch die Aufgabe : Drei Balken von quadratischem 
Querschnitt in einer Ecke vollkommen symmetrisch so zusammen- 
zufiigen, dass jeder der Balken auf jedem der beiden anderen 
senkrecht steht. Auch die Aufgabe, einer Béschung mit 45° 
Neigung einen konvexen oder konkaven Knick von go® zu geben, 
fiihrt auf diese Wiirfelzerlegung. Nirmmce man aber die Erkenntnis 
dieser praktisch und dsthetisch so elementaren Wiirfelzerlegung 
an, so ist der Weg offen nicht nur zum Rauminhalt der quadrati- 
schen Pyra:nide (zunachst wieder von der Béschung 45°), die 
sich aus vier Teilpyramiden des Wiirfels bilden lasst, sondern 
auch zum Rauininhalt ihres Stumpfes nach der dem Hero gelaufigen 
Formel 


(42) JEA XVII, 1931, S. 158. Vgl. auch Neucesaver, Qu. u. St. B. I, 
S. 434- 
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Nach der neuesten Forschung (43) arbeiteten héchstwahrscheinlich 


schon die Babylonier um 2000 v. Chr. mit dieser Forinel. In 
Fig. 6u ist der Stumpf von der Béschung 45° zerlegt in den Quader 
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v' = h' (2%)? + $2597] 
Fic. 6 

1, die Prismen 2, 3, 4, 5, und die Pyramiden 6, 7, 8, 9. In Fig. 65 
sind jeweilig zu einem Quader zusammengelegt die Prismen 2 
und 3, die Prismen 4 und 5 und die Pyramiden 6, 7 und 8. So 

2 
erhalt man (Fig. 6b) einen Quader von der Grundflache =") 

2 
, ; a — by? 
und die Pyramide g von der Grundflache ( ) ; 
2 


Bei dem hohen Stand der babylonischen ,,Algebra‘‘ muss man 
freilich auch mit der Méglichkeit rechnen, dass die Babylonier 
im Stande waren, auf Grund ihnen gelaufiger algebraischer 
Identitaten die Formel, die uns der Moskauer Papyrus erhalten 
hat, auf die bei ihnen vermutete Form zu bringen, oder um- 
gekehrt. 

Der Kern des Ansatzes nach den Figuren 4a und 46 ist eine 
Zerlegung eines rdumlichen Gnomons. Denkt man sich durch 
den Mittelpunkt jedes dieser Hohlwiirfel Ebenen parallel zu den 
Wanden gelegt, so zerfallt jeder von ihnen in acht zerlegte Raum- 
gnomone. Dieser Zusammmenhang mit der Idee des Gnomons 


(43) Die Forschung stiitzt sich auf die freilich nicht ganz korrekt ausgefiihrte 
Rechnung in der Aufgabe CT IX, pl. 12, 41-49, die THuREAU-DANGIN behandelt 
hat in Revue d’ Assyriologie XXIX, 1932, S. 87-88. Schon NEuGEBAUVER (Qu. u. 
St. A I, S. 183) hatte bemerkt, dass hier ein Pyramidenstumpf nach genauer 
Formel berechnet ist. 

















48 P. LUCKEY 


erscheint mir wichtig. Die Idee des Gnomons ist eine der 
natiirlichsten und fruchtbarsten der alten Mathematik, und man 
iiberblickt einen guten Teil der Geschichte der alten Mathematik, 
wenn man das Prinzip der Gnomonzerlegungen in seinen ver- 
schiedenen Ausstrahlungen verfolgt. Die praktischen Ausgangs- 
punkte des Gnomongedankens sind so natiirlich wie méglich. 
Auf den einfachsten ebenen Gnomon fihrt z.B. die Aufgabe, 
eine quadratische Flache a* derart zu vergréssern, dass wieder 
ein Quadrat (a + x)* entsteht. In den Grundrissen einfachster 
Gebaude sind die Grundrisse der Mauern Gnomone. Die fiir 
die Inhaltsberechnungen des Baumeisters erforderlichen Gnomon- 
zerlegungen fiihren auf die geometrischen Einkleidungen alge- 
braischer Identitaten wie (a -+ 5)? = a® + 2ab + B. Von 
der mathematischen Fruchtbarkeit des Gnomonprinzips erhilt 
man einen Begriff, wenn man denkt an die Auflésung quadratischer 
Gleichungen durch Flachenanlegungen, an die angenaherte 
Quadratwurzelziehung, ferner an die Erzeugung ,,pythagoreischer 
Zahlen“, an die Bildung der Dreieckszahlen, Quadratzahlen, 
Fiinfeckszahlen, Pyramidalzahlen usw., an die Summierung der 
natiirlichen Zahlen und der Quadratzahlen. Schliesslich steckt 
im Gnomon, als ,,I[nkrement*‘ einer Funktion y betrachtet (man 
denke etwa an Jy = 2x. (4x) + (Ax)? und an die Integra- 
tionen des ARCHIMEDES) ja auch ein Keim zur Infinitesimalrech- 
nung und zur Potenzreihe. Die Werke des ARCHIMEDES zeigen, 
wie stark noch dieser reife Mathematiker, in Ermangelung der 
Buchstabenrechnung, sein Denken an die anschauliche Form der 
Gnomonvorstellung klammerte, oder wenigstens diese Anklam- 
merung fiir nétig hielt, um sich seinen Lesern verstindlich zu 
machen. 

Zum Schluss noch Bemerkungen allgemeinerer Art. Man hat 
wiederholt gemeint, dass die agyptische Mathematik vielleicht 
auf einer von uns nicht geahnten wissenschaftlichen Hohe stand, 
die uns nur infolge der Sparlichkeit der zufallig gefundenen 
Dokumente verborgen geblieben sei. Sicher sind die uns erhal- 
tenen mathematischen Schriften der Agypter nicht die besten, 
die es gegeben haben mag, und die Miangel liegen nicht nur 
bei den beschrankten Kopisten, sondern auch bei den Verfassern. 
Dass aber weit tiber den Inhalt dieser Schriften hinausgehend 
im Mittleren Reich eine tiefe Wissenschaft vorhanden war, ist 
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héchst unwahrscheinlich. Das miisste sich in den vorhandenen 
Dokumenten auch dann verraten, wenn diese als Biicher und 
Schriften fiir den Elementarunterricht gedacht waren; ausserdem 
miisste das auch auf den Gebieten zutage treten, in denen sich 
die Mathematik auswirkt: in der Technik jeder Art, auch in 
der Technik der Kunst. Bei aller fiir solche allgemeinen Urteile 
gebotenen Vorsicht kann man doch wohl sagen, dass unméglich 
die Mathematiker eines Volkes etwa die Geometrie der Zentral- 
perspektive besitzen kénnen, wahrend gleichzeitig seine Maler 
und Flachbildner nur _ geradansichtig-vorstellige Zeichnungen 
kennen. Selbst fiir ein Volk, das so starr an der Tradition in 
der Kunst festhielt, wie die Agypter, erscheint mir das nicht 
denkbar. Ebensowenig kénnten z.B. bei einer gut ausgebildeten 
Trigonometrie die Sonnenuhren so primitiv wie die agyptischen 
sein. Die Kulturaéusserungen auf verschiedenen. Gebieten sind 
eben in ihren Wurzeln miteinander verwachsen und bedingen 
sich bis zu einem gewissen Grade gegenseitig. Vor allem ist 
der Stand der sichtbaren Kulturausserungen in Technik und 
Kunst in Harmonie zu dem Stand der reinen Wissenschaften : 
Mathematik und Philosophie. 

Ich will nicht versuchen, die in der Uberschrift dieses Aufsatzes 
aufgeworfene Frage durch eine Definition zu beantworten. Indes- 
sen hoffe ich, wichtige Gesichtspunkte fiir die Lésung dieser 
Frage hervorgehoben zu haben und glaube um so eher auf dem 
richtigen Wege zu sein, als meine Gedanken grossenteils an die 
fiir die Beurteilung der agyptischen Kunst so fruchtbaren Ideen 
ScuArers ankniipfen. Agyptische Geometrie ist als vorgriechische 
Geometrie etwas anderes als unsere Geometrie, sie ist nicht ein 
geringeres elementares Quantum unserer Geometrie. Ein un- 
gleichseitiges Dreieck, fiir unsere Elementargeometrie ein héchst 
wichtiges Gebilde als Inbegriff aller Dreiecke, als Dreieck iiber- 
haupt, ist, wenn meine Ausfiihrungen das Richtige getroffen haben, 
fiir den agyptischen Geometer ein belangloses Ding. Ein gerader 
quadratischer Pyramidenstumpf, fiir uns ein recht trivialer Sonder- 
fall allgemeinerer Gebilde, mag fiir den Aagyptischen Geometer 
ein Glanzobjekt seiner schénen ,,Wissenschaft gewesen sein. 
Die Wert- und Lustbetonung ist anders verteilt. Gewisse 
methodische Begriffe und Forderungen, die uns selbstverstandlich 
sind, fehlen dem Agypter, und dafiir wirken andere Triebkrifte. 
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In diesem Sinne stimme ich zu, wenn NEUGEBAUER (44) davor 
warnt, unsere geistigen Kategorien auf die Ausserungen agyptischer 
Mathematik zu iibertragen. Andererseits darf man aber auch 
nicht in itibertriebenem SPENGLERtum sagen, dass diese agyptische 
,, Wissenschaft‘ etwas unserer Seele ganz fremdes und Heterogenes 
sei. Denn dann miisste sie uns ewig ein versiegeltes Buch bleiben. 
Dann hiatten auch die Griechen nicht bei den Agyptern in die 
Schule gehen kénnen. Auch NEUGEBAUER sagt, dass es nur eime 
Logik gibt. Aber dariiber hinaus wird man sagen kénnen, dass 
auch jene ,,translogischen“ Triebkrafte unserer nachfiihlenden Seele 
nicht véllig unzugianglich sind. Denn wir finden solche Trieb- 
krafte in den verschiedensten Formen und Ausbildungsstufen 
auch bei jetzt lebenden Menschen. Nicht nur die Kindesseele 
und die Seele sogenannter primitiver Vélker deckt sie uns auf; 
auch bei reifen und ,,gebildeten‘ Zeitgenossen begegnen sie 
uns. Ganz abgesehen davon, dass auch heute noch die Zahl 
der Astrologen, Mystiker, Propheten und Astheten nicht knapp 
ist, die die Betatigung ihrer translogischen Triebe in voller Uber- 
zeugung als ,,Wissenschaft ausgeben, eine Wissenschaft, mit der 
die massvolle, bescheidene ,,Wissenschaft‘ der Agypter oft den 
Vergleich gut aushilt, —- abgesehen davon, sage ich, gibt es 
auch heute noch viele, weder tiberschwangliche noch tiberspannte 
Menschen, welche sich auf Grund ihrer Naturanlage eine beach- 
tenswerte primitive vorgriechische Wissenschaft fiir ihren Haus- 
gebrauch zurechtmachen, die fiir den Betrachter oft reizvoll 
ist. Eine besonders dankbare Ausbeute bieten in dieser Hin- 
sicht die Dichter (45). Wir sehen diese translogischen Krifte 
auch in der griechischen und nachgriechischen Wissenschaft 
wirksam. Die Pythagoreer, bei denen auch die Zahlenmystik 


(44) O. NeucreBaver, Die Grundlagen der agyptischen Arithmetik. Bemer- 
kungen zu einem Buch dieses Titels von Dr. K. Voce. (Archiv f. Gesch. d. 
Math., d. Naturw. u. d. Techn., XIII, 1930, 92-99). 

(45) Als Beispiel nenne ich die eigentiimliche Vorstellung, die sich W1LHELM 
RAABE an einer Stelle der ,,Chronik der Sperlingsgasse’‘ iiber die Verteilung 
von Tag und Nacht auf die Erdkugel durch den Sonnenlauf oder die 
Erdumdrehung macht. Die kiinstlerisch schéne Schilderung enthilt einen krassen 
Verstoss gegen die naturwissenschaftliche Kontinuitaét des funktionalen Vorgangs, 
wie wir solche Diskontinuitéten in der Vorstellungswelt des Kindes finden und 
auch nach unseren obigen Ausfiihrungen bei den Agyptern. (Siehe Zeitschr. 
f. math, u. nat. Unterr., Lustige Ecke, 62, 1931, S. 432 und 63, 1932, S. 102.) 





WAS IST AGYPTISCHE GEOMETRIE ? 51 


zu beachten ist, wurden schon erwahnt, ebenso Plato und Kepler. 
Diese alle beweisen uns, dass jene translogischen Krafte, besonders 
wenn sie asthetischer Natur sind, mit hoher Wissenschaftlichkeit 
in unserem Sinne verbunden sein kénnen, wie wir das auch 
bei einzelnen Zeitgenossen beobachten. Ich erinnere an die 
Schénheitssucher unter den Kristallographen. Deswegen hiiten 
wir uns, tiber die Bedeutung solcher translogischer Antriebe auch 
fiir unsere Wissenschaft voreilig den Stab zu brechen. Letzten 
Endes kénnen uns jene Krafte ja auch nur von Interesse und 
verstindlich sein, weil sie, wenigstens im Keime, im uns selbst 
vorhanden sind. Denn wie der Tragédiendichter, wenn er einen 
Mérder oder einen Geizhals schildert, in sich selbst einen Keim 
jener verwerflichen Triebe haben muss, der natiirlich durch 
andere, starkere Triebe gehemmt ist, so miissen auch in uns, 
wenn anders wir Anteil an den Motiven vorgriechischer Wissen- 
schaft nehmen, Keime dieser Triebe stecken. Insbesondere wird 
man Aufschliisse erhoffen diirfen, wenn man sich in die vor- 
wissenschaftlichen und wissenschaftlichen Gedanken und Vor- 
lieben der eigenen Kindheit zuriickversetzt. Denn wie fiir die 
Entwicklung des Leibes, so gilt auch fiir die des Geistes ein 
,biogenetisches Grundgesetz‘‘, das hier wie dort mit allen Vor- 
behalten und unter Beriicksichtigung aller Unterschiede anzu- 
wenden ist, die zwischen ontogenetischer und phylogenetischer 
Entwicklung bestehen (46). So kann umgekehrt die Beschafti- 
gung mit der Geschichte dltester Kultur auch dem Padagogen 
der Gegenwart Gewinn bringen. Bei der Einfiihrung in die 
Bruchrechnung kann er sich der Schwierigkeiten bewusst werden, 
die der Begriff des allgemeinen Bruches der Menschheit bereitet 
hat. 


(46) Wenn der Agypter z.B. das gleichschenklige Dreieck liegend zeichnet, 
der Knabe der Jetztzeit aber stehend, so diirfte beim Agypter schon ein aus 
langen ,,wissenschaftlichen’‘ Erfahrungen entsprungener Brauch reifer Menschen 
vorliegen. Die liegend gezeichnete Figur bedeutet nach der von Struve erkannten 
Regel eine ebene Figur, die stehend gezeichnete einen Kérper. 

Dass man hier aber iiberhaupt von liegenden und stehenden Figuren sprechen 
kann, ist wieder ein Beweis fiir unsere These, wonach es sich nur um Figuren 
von besonderer Gestalt handelt, die Gegenstinden der sinnlichen Kérperwelt 
nahestehen. Wie wollte der Agypter das ,,Viereck iiberhaupt“, fiir das er nach 
Srruves Meinung einen Fachausdruck besass, liegend zeichnen? Héchstens 
konnte er eine willkiirlich als ,,Basis‘‘ angenommene Seite senkrecht zeichnen. 
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Wenn so mancher seiner Schiiler, auch der héheren Stufen, 
immer wieder dazu neigt, statt eines beliebigen Dreiecks ein 
gleichschenkliges an die Tafel zu zeichnen, mag der Lehrer daran 
denken, dass sich hier eine Altere Schicht ,,wissenschaftlicher* 
Betatigung der Menschen Durchbruch sucht (47). 


Berlin-Dahlem. P. Luckey. 
(47) Den Herren Dr. Jos. E. HormMann in Noérdlingen, Prof. H. Ranke in 
Heidelberg, Prof. H. ScHAFER in Berlin danke ich fiir wertvolle kritische Bemer- 
kungen und Winke, die sie mir bei der Abfassung dieser Arbeit gaben. Nach 
deren Abschluss sah ich noch ein : Tu. E. Peer, Mathematics in Ancient Egypt. 
Reprinted from ,, The Bulletin of the John Rylghds Library“, Vol. 15, No. 2, 
July 1931, Manchester. ,,Der Verfasser glaubt, dass die Agypter die richtige 
Formel, halbe Grundlinie mal Héhe, fiir das ungleichseitige Dreieck gefunden 
hatten, obwohl es ihm zweifelhaft ist, ob aus dem uns zur Verfiigung stehenden 
Material ein streng logischer Beweis hierfiir gegeben werden kann “‘ (S. 24). 
Ubrigens spricht Peer (S. 27-28) gegen Struve ahnlich wie ich oben unter (16) 
von der Méglichkeit, dass mit der ,,Ldnge‘* der Dreiecke in M7 und M17 die 
Hohe eines nicht rechtwinkligen Dreiecks gemeint ist. 

Nach Abschluss der vorliegenden Arbeit erschienen folgende Verdéffent- 
lichungen : H. Wascuow, Archiv f. Orientforschung, 8, 215. K. VoGeL, Arch. 
f. Orientf., 8, 220. O. Neucesaver, Qu. u. St., 2, 347. 





Roger Bacon as Professor. 
A student's notes 


M.S. 16089 of the Bibliothéque Nationale at Paris consists 
of a number of miscellaneous tracts. One of them contains what 
are most probably the lecture notes of a student at the University 
of Paris who attended the lectures of ROGER BACON on Mathematics. 
The manuscript is in a roughly formed thirteenth-century hand 
with a number of errors and omissions, due probably to carelessness 
or inability to get down all the teacher was dictating. It contains 
a note on measures, giving the length of digits, palms, feet, paces, 
and perches in barley corns, and the technical names of the sides 
of a right-angled triangle. A second note on arithmetical problems 
—Cautele or Astucie Algorismi—follows. They are problems such 
as to share 12 apples among 12 horsemen, footmen, and girls, 
so that each horseman has two, each girl a half, and each footman 
a quarter. How many of each class are there? The answers 
are given, but not the solutions. The two lectures here printed 
come next, and are followed by some calculations founded on 
the well-known treatise of SAcRoBosco on the Sphere. 

The first lecture is headed Reprobaciones Rogeri Baconis from 
its explicit. The title may be taken as equal to ‘ criticisms’ 
or ‘ re-statements.’ The subject matter is the accuracy of EucLID’s 
definitions. BACON valued the propositions of EucLip as state- 
ments of fact, not as exercises in correct reasoning, but he insists 
on clear thinking in the definition of his terms and anticipates 
some modern criticisms of them. The first subject treated is 
continuous quantity, beginning with the definition of a line. A 
finite line demands a definition of a point. The next consideration 
is of a superficies and of extension. ‘Then comes three-dimensional 
quantity—a body—, and lastly the divisibility of quantity. The 
next point considered is whether an angle is a species of quantity 
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or a figure, and a consideration of figures superficial or corporeal ; 
and lastly a note on ‘locus,’ a question arising in the Physics 
of ARISTOTLE. 

The second lecture on the uses of mathematics is important 
as showing that in the Opus Majus Bacon incorporated a quantity 
of previously written matter. Our student begins badly by 
mis-stating BACON’s views as to the conflict between free will 
and the stars, and he uses some words which falsify his first 
reference to BACON’s Greek grammar. The reference to the verse 
giving the difference between mathesis and mathésis occurs often 
in Bacon. His Metaphysics was also in existence at this time. 
After magic the next subject treated of is Arithmetic; Casstoporus 
is quoted after Boetius, IstpoRE is also mentioned. Music is 
mentioned. Mathematics is necessary to the study of logic and 
music. Geometry is specially useful. The Posterior Analytics 
cannot be understood without it. A mention of HERMANNUS 
ALEMANNUS the translator is made. The next subject treated 
is verse and rhythm, quoting Horace, and the lecture closes 
with a note on definitions. 

A new lecture probably begins p.16 with a note on simultaneity 
and continuity. The difference between ‘ positions ’ and dimen- 
sions in space is treated of at some length, and the lecture notes 
close with considerations on infinity, and on planes and curves, etc. 
The note taker has found himself unable to keep up with the 
lecturer and leaves half his sentences as ‘ etc.’ probably trusting 
to his memory. 

(Savage Club London.) ROBERT STEELE. 


<REPROBACIONES ROGERI BACONIS 


Quantitas (1) vero secundum quid, aliud dicitur equale vel 
inequale. Hec descripicio sufficit pro quantitate in communi, 
nec alii rei habet in mente sequenti. Dicamus prius que pertinent 
ad quantitatem continuam, ideo quod in usu mathematici prior 


(1) Hic sunt descripciones quantitatis et suarum specierum, et descripciones 
sunt Euc.ipe false assignate, quamvis sit hic proprium mathematice set communes 
sunt casus rithmi; in quibus debet probaciones mathematicas videre vulgus 
mathematicorum sciencia caret. (in marg.) 
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est continua quantitas. Diffinicio puncti non potest dari nisi 
prius describatur lineam continuam ut habeamus lineam finitam 
cujus termini sunt puncta. Est autem et linea quantitas continua 
permanens, habens posicionem unam sine latitudine et profundi- 
tate, que secundum veram consideracionem non est « longitudo 
sine latitudine, cujus extremitates sunt duo puncta », licet velit 
hoc Euc.ipes; quoniam linea non est longitudo, eo quod longitudo 
est posicio sive dimensio, et hec non sunt quantitates set denomi- 
nant eas, ut linea posita in longum et dimensionata est longa, 
et ideo non posui linea de quantitatibus per inherenciam essencia- 
lem, set per denominacionem, et sunt proprietates quantitatum, 
nec deffiniunt propria vocabula sui generis et differencie quod 
in recto posset de ea parte secundum quod jam finita est. Con- 
tinua linea curva non habet proprie longitudinem, set posicionem 
in girum, set cui esset ibi proprie longitudo esset rectitudo, set 
nihil rectitudinis (f. 92, b. 2) est in ea. 

Item linea, unde finita est, habet extremitates et puncta, et 
quamvis omnis linea sit finita, nec possit esse nec intellegi infinita, 
ut dicit ARISTOTELEs secundo Methaphysica et tertio Physicorum, 
linea tamen habet extremitates in eo quod est finita, non autem 
in quantum est linea, et ideo ad evidenciam distans debet apponi 
finitum, quando volumus dare linee puncta in extremitates. 

Continuum bene concedit ARISTOTELES locis predictis nos 
possumus ymaginari in infinitum, et AVICENNA secundo Metha- 
phisice vult quod quantitas non unde quantitas debet dici finita 
necessario, et ARISTOTELES hoc vult sexto Physicorum ; et philosophi 
ante eum usi sunt infinito et ponerunt ipsum esse in actu, ut 
mundum infinitum; et alii spacitum vacuum esse extra celum 
infinitum, et ideo advocant planiciam distans linee per puncta 
debet apponi finitum ne ymaginacio nos perturbet. Et mathe- 
maticus accipit lineam quantum ipse vult infinitum, ut ARISTOTELES 
vult tercio Physicorum, et patet exquisitius mathematico. Set 
ante lineam finitam oportet punctum cognosci, quod in ejus 
definicio cadit. 

Punctus vero non debet describere per hoc quod « est cujus 
pars non est », licet hoc dicat EuCLIDEs, quoniam hoc contingit 
unitati et multis aliis, set est terminus linee finite, et e contrario. 
Curva linea est que ubique in girum equaliter declinat a rectitudine; 
linea curva convexa, que nata est circumscribi; concava est nata 
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circumscribere. Set tamen eadem linea est simul et semel per 
diversos respectus concava et convexa, scilicet, ut nata est continere 
vel contineri, quia linea non habet profundum quod facit conca- 
vitatem distare a convexitate; unde non sunt diverse species linee, 
set una est curva que diversas habet posiciones secundum diversas 
comparaciones et raciones. 

Superficies est quantitas continua permanens, habens duas 
posiciones sine profundo, et ideo, sicut dictum est de linea, cum 
dicitur quod « superficies est que longitudinem et latitudinem 
tantum habet, cujus terminus sunt linee », licet hoc velit EUCLIDEs, 
minus bene dicitur, quia superficies, unde finita, habet lineas 
in suis extremitatibus. Et nota: non omnes superficies habent 
longitudinem set solum plana; curva enim non habent longitudinem 
proprie loquendo, set habent posicionem dupliciter secundum 
latum et circuitum, et plana secundum latum et longum. Super- 
ficies igitur in universali est quantitas continua habens duas 
posiciones sine profundo. Plana enim superficies non est ab una 
linea ad aliam extensio in extremitates suas eas sustinens, licet 
hoc dicat Euclides, set est quantitas continua permanens secundum 
longitudinem et latitudinem. 

Extensio enim est posicio que non ponitur faciliter de aliqua 
specie quantitatis, et plana superficies, unde finita est, habet 
extremitates circa distanciam nondum assignata: vel potest dici 
quod superficies plana est in qua possibile <est> protrahi ab 
omni puncto ad omnem punctum lineam rectam. Superficies 
concava est quantitas continua habens duas posiciones sine pro- 
fundo, que potest pertransiri, vel cujus termini sunt linee. 

Recta vero superficies non dicitur set plana, quia idem est 
rectum in lineis quod planum in superficiebus, set rectum sumitur 
quod habet longitudinem sine latitudine et profunditate, ut 
contingit linee, quoniam si rectum in omni sensu accipiatur, 
contingit superficiei, ut patebit. Set hoc non est in communi 
sermone, ut quando absolute loquimur de recto oportet enim 
arctari hoc nomen per aliquod determinale quando superficiei 
vel aliis conveniat. 

Curva superficies que latitudinem sine profundo habet intelligitur 
(f. 93, a. 1) equaliter et ubique. Concava superficies est que 
latitudinem sine profundo in girum ubique habet aptam continere. 
Convexa superficies est que latitudinem in girum habet ubique 
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aptam contineri; quod cum non est profunditas insuper est, ideo 
una superficies secundum essenciam per diversos aspectus con- 
cavitatem et convexitatem habet, ut dictum est de linea. 

Tertia species quantitatis continue est annectanda; facta enim 
est mensio de triplici dimensione et quadruplici posicione; set 
non est assignata aliter tercia, dimensio nec etiam posicio secundum 
profundum, et ideo ne suspendatur animus, dicendum est quod 
corpus est quantitas continua permanens que trinam habet posi- 
cionem:; nec debet addi « cujus termini sunt superficies » quia 
solum corpus, unde finitum est nature, est habere superficies. 
Et non difinitur corpus per dimensionem, quia AVICENNA secundo 
Methaphysice (2) hic reprobat, et licet sententia sua sit nimis 
dura, qua vult corpus unde corpus non habere dimensionum 
distincionem, quia in spera non sunt distincta, set possumus 
incipere ubique volumus et postponere dimensionem linee et 
deinde alias; tamen quia calumpnia de hoc non oportet quod 
corpus difinitur per distincionem dimensionum in actu, et loquor 
de quantitate sicut oportet suum sermonem, non solum intelligi 
de corporali substancia set de quantitate, set racio quam ponimus 
non habet hujus calumpniam, et ideo volui diffinire corpus per 
posicionem. 

Corpus curvum <est> quod undique in girum habet superficies 
inclinatas equaliter. Corpus concavum est quod habet concavam 
superficiem interiorem. Corpus convexum est quod _habet 
superficiem exteriorem convexam et interiorem concavam. Non 
debui diffinire planum in corporibus, licet aliquo sensu corpus 
dici posset planum, quia ante racionem et modos anguli non potest 
cognosci. Corpus planum habet enim angulum, nec est vere 
unum quoniam habet similes superficies ex quibus non fit super- 
ficies una. 

Potui autem describere curvum ante planum in corporibus, 
quia in illa naturaliter primo est curvum, quoniam primum corpus 
nec habet superficiem unam curvam et convexam exterius et 
interius concavam. Unde aliter in corporibus est quam in lineis 
et superficiebus, quia rectum precedit (3) curvum in lineis, et 
planum precedit curvum in superficiebus, set in corporibus est 
e contrario. 


(2) II, pars. 3, c. 1. 
(3) Procedit MS. 
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Quomodo autem continuum est divisibile in infinitum, et hoc 
est in semper divisibilia. Linea non componitur ex punctis set 
ex lineis, nec superficies ex aliquibus indivisibilibus, nec corpus 
ex atthomis que dicuntur corpora indivisibilia, nec etiam superficies 
ex lineis, nec corpus ex superficiebus nec lineis, set linea omnis 
componitur ex lineis, et superficies ex superficiebus, et corpus 
ex corporibus. 

De angulis dicemus aliquod notabiliter. Angulus secundum 
AVICENNAM tertio Methaphysice (4) sue est superficies vel corpus, 
nam quidam angulus est superficialis et hic angulus est superficies, 
quidam vero corporalis et hic est corpus. Angulus in communi 
est spacium contentum inter plures lineas in puncto aliquo con- 
currentes, quarum applicacio est indirecta. Angulus vero super- 
ficialis sive planus est spacium contentum inter duas lineas con- 
currentes in unum punctum, quarum applicacio in una superficie 
est indirecta, quia, cum directe componitur una linea alii non 
sit angulus, set recta linea una. Angulus vero corporalis sive 
solidum est contentus adminus in tres lineas concurrentes in punc- 
tum, quarum applicacio non est directa nec in una superficie set 
in corpore, ut patet in corporibus angularibus, quomodo (f. 93, a. 2) 
autem difinitur aliter angulus corporalis post ex undecimo Eucuipis. 
Et quoniam angulus superficialis est superficies, quia habet longum 
et latum, licet non ex omni parte clausum, et angulus corporalis 
est corpus quod habet longum, latum, et profundum, ideo impropie 
dicit EucLipes quod angulus est alterius contactus, nisi hic con- 
tactus erit indivisibilis secundum longum et latum et profundum, 
eo quod sit in puncto, et ideo difinivi angulum per quantitatem 
spacii divisibilis. Ideo ANaricus in libro Elementorum Geometri- 
corum (5) disputat utrum angulus sit species quantitatis nec ne, 
set non solvit. 

Figura vero dicitur quasi curva vel curvis clauditur undique, 
ut quantitas contenta infra tres vel quatuor lineas, et secundum 
hoc angulus non est figura, licet sit superficies vel corpus. Si 
tamen figura dicatur quamvis non undique claudatur, tunc angulus 
est figura. 

Angulus planus <aliud)> est rectus, et est is qui ex casu linee 
recte super aliam nascens suo compari coequitur, et sic difinitur 


(4) III, cap. 4. 
(5) Ed. Currze (in Evuciip, op. omn. vi, T&UBNER), 














ROGER BACON AS PROFESSOR 59 


sine linea perpendiculari, quod est melius quam considerando 
difiniciones sicut facit EucLipgs, qui rectam lineam cum perpendi- 
culari difinit. Angulus planus aliud est obliquus, et hujusmodi 
angulus est obtusus, et ille est major recto. 

Post noticiam anguli noscatur linea connota, nam _ illa habet 
angulos rectos, ut vult Philosophus quinto Methaphysice, unde 
non est una nature, set composita ex duabus rectis, vel ex duabus 
curvis, vel ex curva et recta, etc. 

Figurarum superficialium que undique clauduntur quedam 
clauditur linea una, que vero vocatur circulus, in cujus centro 
punctus est, et ad circumferenciam sunt equales : quidam vero 
duabus, ut semicirculus, qui ex medietate circumferencie et linea 
ejus extremibus que vocatur ‘ corda’ continetur. Dicitur etiam 
aliqua superficies linea curva in cujus tamen medio non contingit 
sumere punctum a quo esset linee ducte ad lineam continentem 
semper equales, et hic est quasi anularis figure (6). Si in piramide 
reducatur, erit tetragonus longus vel altera parte longior. 

Corporalium figurarum quedam habent unam_ superficiem 
omnino, ut spera, quedam unam quidammodo set non simpliciter, 
ut corpus ovale et lenticulare, quedam duas superficies habent, 
ut porcio spere et semi-spera et piramus cujus rotunda basis 
graciliatur in rotundum, quedam ex tribus superficiebus, ut 
colupmna rotunda cujus sunt extremitates due circulares superficies 
inter quas corpus rotundum continetur. Quedam habent quatuor 
vel quinque, ut in piramidali laterata et colupmnali. Hoc sit 
dictum ad majorem dictorum evidenciam. 

Post hoc oportet loqui mathematicum de quantitate continuo 
permanente extranea; ea sunt tempus et locus. Hec sunt extra 
rem localem et temporalem locus et locata, ut accidens in subjecto 
suo, Cum comparatur ad rem extra. Non enim habet esse univer- 
saliter nisi per comparacionem ad aliquid extra substanciam 
locantis, et dicitur quantitas extranea, unde in astrologia et astro- 
nomia multum de hiis tractatur, quod cum aliis partibus quantitatis 
differitur. 

Nota quod non possit superficies cognosci nisi cognoscitur locus, 
et e contrario; quoniam si superficies estimetur cognita per hoc 
quod est terminus corporis habentis duos dimensiones vel posi- 


(6) Analis MS. 
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ciones sine profundo, cavillator (f. 93, b. 1) dicit quod hoc non 
videtur verum, quoniam locus potest esse alia species quantitatis, 
et est terminus corporis habens duas dimensiones vel posiciones 
tantum. Unde non videtur esse talis in quantum difinitur, 
quoniam alia species participat illam differenciam, tunc necesse 
est via cum diffinit locum cum specie,ut videat in qua communicant 
et in qua differunt. Et dicimus quod locus habet multa significata 
equivoce, et secundum suum esse potissimum est ubi superficies 
omnino concava <est)>, quantitatis habens comparacionem equalem 
ad profundum corporis concentri, et eundem respectum immuta- 
bilem ad terminos mundi; et secundum hoc locus non est alia 
species quam superficies, set habet tria accidentales; superficies 
concavitatis, et comparationem essentialem ad profundum con- 
cavitatis, et immutabilitatem in hoc ad terminos mundi. Et 
sicut partes mundi et celi omnes, preter ultimum et quatuor 
elementa, habent loca sua, quia superficies concava aque est locus 
terre naturalis, et precipue in illo loco ubi se conjungens etc., 
per ordinem; set celum ultimum non locatur secundum hanc 
concurrenciam, potissimam in aliis, licet reperiatur tamen plus 
in istis, etc. In concavitatem uniformem quod addit per com- 
paracionem ad profundum corporis contenti. Hanc non exigit 
tamen superficies nisi esset illa profunditas, nec esset locacio, 
oportet enim latera et partes loci distare per profundum formalis 
contenti, licet dixerunt antiqui quod sic vacuum intercepit, quod 
in philosophia reprobatur. Expliciunt reprobaciones ROGERI 
BACONIS. 


<DE UTILITATE MATHEMATICE.> 


Rocerus. Nec mirandum est quod in diversis scienciis multa 
tangant eadem, nam omnes sciencie sunt adinvicem connexe, 
et certum est eas in pluribus convenire, id est, mathematica. 
De hoc quedam est pars philosophie, et altissima illa inter mathe- 
maticas reputatur, hec est, illa que imponit necessitatem libero 
arbitrio, ut homo natus in tali constellacione sit castus necessario, 
et alius sit luxuriosus in alia constellacione natus; et sic de omnibus 
actibus docet quod a virtute stellarum necessitas sit in futura, 
ut nihil valeat racio aut consilium nec gracia Dei, nec temptacio 
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diaboli noceat homini in hac vita, et hec mathematica dicitur 
a « mantos » vel « mantia », quod est divinacio, ut in tractatu meo 
Grece Gramatice (7) explicavi. Set mathematica vera que cognoscat 
quantitatem et ejus speciem neutrum sciens nisi quod in hiis que 
de celo renovantur ut sunt eclipses et motus stellarum et hujusmodi 
potest omnino certificare, et potest ac debet racionem judicare; 
set de certificacione inferiorum rerum omnium, et de judicio 
infallibilli cum omnes et maxime communia humana, speculacio 
sua non presciit, veruntamen certificat celestia que sunt cause 
istorum inferiorum naturalium, et occasiones humanorum, per 
que potest homo peritus in rebus mundi et temperatus in judiciis 
quamplurima veraciter et laudabiliter judicare : et hec mathematica 
scribitur cum aspiratum, et dicitur a « mathesi », quod est disciplina, 
et habet mediam productam, ut in mea Gramatica Greca (8) 
exposui, licet totum vulgus Latinorum credat quod media sit 
correpta, secundum quod sint versus (g) sic : 

Scire facit mathesis set divinare mathesis 

Nota, qualis homo est justus sapiens talis in vitam est rectum, 
approbatur Aristoteles secundo Methaphysice (10), himis dificile 
aut impossibile ab errore recedere in consuetudinem. 

Quamvis enim recitandum actoribus qui dederunt nobis sapien- 
ciam, tamen quia nichil est perfectum in humanis invencionibus, 
omnis enim res negligitur dum ejus laus et utilitas ignoretur, 
ostendi enim in Methaphysica mea per modos universales quod 
nulla scientia nec quod <nulla> ars potest suam ignoranciam 
in aliis percipere, nisi fuerit hic preclarissime instructus, nec 
res hujus mundi sciri possunt, nec utilitatem corporis nec rerum 
habere potest homo nisi hujus sciencie magnalibus sit imbutus, 
et circa primum sic procedo. 

Incipiens (11) a BoeTio in prologo Arismetice (12) sue « mathe- 
matice quatuor partibus si careat inquisitor verum minime invenire 
potest », et iterum (13), « sine hac speculacione veritatis nulli 


(7) Ed. Noran, Camb., 1902. 

(8) NOLAN, p. 117. 

(9) Noxan, p. 118. 

(10) Cf. ii, cap. 3, t. 14. 

(11) Cf. Op. Maj., I, p. 98. 

(12) TeuBNeR, ed. Frrepian, I, 1. 
(13) Ibid., p. 9. 
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recte sapiendum est, » et ad huc dicit (14), « qui spernit has semitas 
sapiencie ei denuncio, » (f. 93, b. 2) et iterum ait (15), « constat 
quisquis hec pretermiserit omnem sciencie perdidisse doctrinam ». 
Quod etiam omnium antiquorum confirmat sentencia dicens (16) 
« inter omnes prisce auctoritatis (id est antique auctoritatis) viros 
qui Pictagora duce puriore mentis racione viguerunt, constare 
manifestum est; nec quemquam in philosophie disciplinis ad 
cumulum perfectionis evadere, nisi cui talis prudencie nobilitas 
quadrivie investigatur ». 

Item (17) cum sint tres partes essentiales philosophie, ut dicit 
Philosophus in sexto Methaphysice, scilicet, Mathematica, Naturalis, 
et Methaphysica, non parum valet Mathematica ad reliquorum 
modorum duorum scienciarum comprehensionem, ut docet 
THOLEMUs primo capitulo Almagesti, unde Boetius in fine 
Arismetice (18) docet mathematicas <medietates) cum series in 
rebus (19) civilibus invenire. 

Partes accidentales philosophie sunt Logica, Gramatica, Retho- 
rica, et adhoc adicere multum valet Mathematica; quod patet 
per ea que dicit ALPHARABIUS in libro De Scientiis, et ARISTOTELES 
in libro suo De Argumentis Poeticis, et omnes actores Musice 
qui complete tractant eam hoc edocent evidenter. 

Quare Cassioporus (20) in prefacione De Artibus et De Disci- 
plinis Scolarium (21) sic ait, « mathematicam Latino sermone 
possumus doctrinalem appelare. » quo nomine licet omnia doc- 
trinalia dicere valeamus, quemquem (22) docentur, hec tamen 
sibi commune vocabulum propter suam excellenciam proprio 
vendicavit. Et in tractatu Mathematice sic dicit (23) « discipline 
sunt que nunquam opinionibus decepte fallunt, et ideo tali nomine 
nuncupantur », et infert (24) « has dum frequenti meditacioni 
revolvimus, sensum acuunt, limumque ignorancie abstrahunt ». 

(14) Ibid., p. 9. 

(15) Ibid., p. 9. 

(16) Ibid., p. 7. 

(17) Op. maj., 1, 99. 

(18) Loe. cit., I, 45. 

(19) Omnibus MS. 

(20) Ystporus MS. 

(21) Micne, Pat. Lat., 70. 

(22) Queque MS. 


(23) Jbid., col. 1203. 
(24) Ibid., col. 1204. 
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Pro laude Geometrie dicit etiam; (25) « si fas est dicere, sancta 
divinitas quando creature sue diversas species formulasque dederit, 
quando cursus stellarum potencia veneranda distribuit, et statutis 
lineis facit currere que moventur, certaque sede que sunt fixa 
constituit. Quidquid bene disponitur aut completur, potest 
discipline hujus quantitatibus appellari ». Nam omnis creatura 
sensibilis sentenciam conficiat figura anime propria, sive pro 
motu, sive pro quiete, sive pro quacunque alia conditione et opera- 
cione, et secundum eleganciam ac cujuslibet rei privilegio con- 
surgit. 

Pro laude Arimetice dicit (26) : « Tolle numeros sive propor- 
cionem a rebus et omnia ignorancia ceca complectitur, nec potest 
differe a brutis animalibus qui numeri ignorans quantitatem ». 
Et Ysiporus (27) in tractatu De Arismetica in eandem scienciam 
eisdem verbis fere subjungit : « Adime seculo compotum, et cuncta 
ceca ignorancia complectitur, nec possunt differe a ceteris anima- 
libus qui calculi non intelligit racionem ». 

Pro laudibus et utilitatibus Astronomie dicit Cassloporus (28) : 
« Astronomia si casta et moderata mente perquirimus, sensus 
nostros, ut veteres dicunt, magna claritate perfundit. Quale 
enim est ad celos animo subire, et totam illam machinam supernam 
indagabili ratione discurrere, et inspectiva mentis subtilitate ex 
aliqua parte colligere, quod tante magnitudinis archana velaverunt », 
Et subjungit, « ex quibus, ut mihi videtur, climata noscere, horarum 
spacia comprehendere, lune cursum pro inquisitione pascali, ne 
simplices aliqua confusione turbentur, qua ratione fiant, advertere 
non videtur absurdum ». « Est alia quoque de talibus non despi- 
cienda commoditas, si oportunitatem navigacionis, si tempus 
arancium, si estatis caniculam, si autumpni suspectos imbres inde 
discamus ». 

Musice laudes inducit in via et studio Theologie, et in multis 
et quatinus sciencia ipsius ejus utilitates infert sermonem ejus 
ultimum, et enim, ut breviter cunota complectar, quidquid in 
supernis sit tractatum (f. 94, 1. 1) rebus geritur ad hanc disciplinam 
non refertur exepta gratissima, ergo nimis utilisque cognicio que 


(25) Ibid., col. 1213. Cf. Op. maj., I, 180. 
(26) Ibid., col. 1208. 

(27) Istpore, Etym., iii, 4, 4. 

(28) Miene, P. L., 70, col. 1218. 
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sensum nostrum ad superna erigit, et aures pro modulacione 
permulcet. Multas autem auctoritates sanctorum obmitto de 
laudibus harum scienciarum. 

Item, laudes Mathematice et utilitates oriuntur ex consideracione 
eorum que in singulis scienciis de mathematicis requiruntur, set 
sciencialia (29) et logica precedunt mathematicam in ordine, et 
non debeo probare aliquid nisi eis qui possunt intelligere racione 
probandi, ideo, his que estimant scire Logicam et Grammaticam 
sine scire naturalia et mathematicalia et alia, sunt non. Volo 
probare quod non potest homo docere Logicam nisi sit optime 
in mathematicis imbutus, et tacebo hic de aliis, nisi nihi obiciatur 
quod utor eis in docendo que non possunt sciri ante Mathe- 
maticam; quoniam mathematicus docens potest descendere ad 
logicalia et grammaticalia, quia in eis instructus est. Si igitur 
vis Gramaticam veraciter docere, tunc certum est quod iila se 
habet ad Musicam sicut Carpentatoria ad Geometriam, et sicut 
quecunque Mathematica ad partem philosophie cujus est dare 
causas et racionem de hiis que in natura eis subjecta sunt ; causarum 
noticia particularis, nam ad solam Musicam pertinet dare causas 
vocum humanarum secundum omnes suas proprietates abstractas. 
Similiter, quedam musica protracta, quedam metrica, quedam 
rithmica, etc. Unde grammatici istius temporis qui nesciunt 
causas et raciones metrorum et rithmorum et accentium et colarum 
et causa et peryodos, componunt ritmos et metros a casu. Sic 
Logica, quantum ad principium medium et finem, sine Mathe- 
matica sciri <non) potest, quia quantitas doceri est; liber Predi- 
camentorum doceri non potest sine Mathematica neque cognosci, 
et omnia que ei sunt annexa, ut situs, ubi, habitus, quando. 

Nam posicio, que vocatur situs, est ordinata respectu loci 
alicujus, ut sedere, jacere, stare, et AVERROES (30) quinto Metha- 
physice predicamentum posicionis sive ‘ubi’ non utitur sine 
comparacione, dico, ad ubi; et major pars qualitatis continet 
proprietates et passiones quantitatum habitus quorum Geometria 
et Arismetica constituitur; et omnes sunt in quarto predicamento 
quantitatis, et hec sunt proprietates linearum et angulorum, 
superficierum, et corporum et omnium figurarum et numerorum, 


(29) Sola, MS. 
(30) In Arist. Met. V, comm. 24. 
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quibus ARISTOTELES qualitates in quantitatibus, ut rectum, curvum, 
figura, efiguratio, et omnia que catagorie quantitatis in mathema- 
ticis assignaverunt. 

Amplius igitur de Geometria est consideracione in puncto 
universaliter, et proprietas quantitatis relate, ut super proporciones 
proporcionatas et medietates Geometrice et Arismetice et Musice; 
et super species majoris inequalitatis et minoris, et cetere proprie- 
tates relate quantitati, que in mathematicis pertractantur. 

Amplius, nec accio nec passio possunt sine lineis angulis et 
variis figuracionibus cognoscere, quia ARISTOTELES dicit, quinto 
Physicorum, quod natura operatur brevissimam que potest; 
linea recta est brevissima, et ideo secundum eam est accio nature. 
Et hoc vult Philosophus secundo Celi et Mundi ; dicit quod grave 
cadit deorsum ad angulos rectos, et sic est determinatum operacione 
naturali, nam illa linea prior est que cadit ad angulos rectos quam 
ea (que) cadit ad angulos obliquos. 

Amplius; a quolibet puncto agentis superficiei venerit virtus 
ad quodlibet pacientis punctum. Hec autem est figura piramidalis, 
cujus basis est in agente et conus in paciente, et sub illo cono 
virtus a quolibet puncto agentis unitur forcius ad paciens sic. 

De predicamentis accidencium nihil cognoscimus sine ea, nec 
substancia cognoscitur, quia spirituales substancie non cognoscimus 
per philosophiam nisi per corporalia, et maxime per corpora 
celestia, ut Philosophus dicit undecimo Methaphysice, Nec inferio- 
res cognoscimus sine superioribus, quia cause inferiorum sunt 
ille, et celestia non cogniscimus nisi per quantitatem, sicut patet 
de Astronomia (f. 94, a. 2) libris; demonstracionum medium 
est eorum Logice influens, in ceteras partes non scientur nisi 
optimus sit mathematicus, nec loquor quantum ad exempla 
mathematica, quia he sunt signa omnibus scienciis, etc. Nam 
exemplum ARISTOTELIS (31), de addicione gnomonis ad quadratum 
minus ut fiat majus, non potest sciri ante vicesimam proposicionem 
sexti libri; et quod dyameter est assimiter non potest sciri ante 
ultimam partem septime proposicionis decimi libri ; nec quadratura 

circuli scietur ante secundam proposicionem duodecimi libri; et 
sic de aliis exemplis tam in numeris quam in figuris, et astronomicis 
et musicis, que in omnibus scientiis inducuntur. 


(31) Cf. Op. Maj., I, p. 103. 
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Dico ergo quod liber Posteriorum sine Arismetica et Geometria 
non scietur. Communia, que sunt diffiniciones et proposiciones 
et peticiones et supposiciones simpliciter, et aliter et maxime 
et dignitates, sciri non possunt in libro Posteriorum, eo quod 
ibi ratio ponitur; ideo oportet quod doctor sciat addiscere de 
de scienciis ubi explicantur per ordinem omnia illa; hec autem 
est in Geometria et Arismetica JORDANIS, etc. 

Nec potest purus logicus scire quid est quod per nomen dicitur 
in hiis, quia in illo libro non datur racio nominum, set confunditur 
et ocultatur, precipue propter malam translacionem que multum 
impedit, nec ARISTOTELEM expressit. Unde sicut liber PorPHyYRII 
ad Predicamenta, sic Geometria ad librum Posteriorum preambulat, 
aut quod sciat introducere lector, quia sola mathematica vere 
est demonstrativa secundum demonstracionem positivam, de 
qua est liber Postertorum. Et ubique fit demonstracio hoc est 
per beneficium mathematice, sicut in Perspectiva et in aliis scientiis. 

Item, Philosophus ostendit quod potest discernere in supposi- 
cionem, et ponit diferenciam inter ea. Atque supposicio debet 
esse vel non-esse, et est proposicio affirmativa vel negativa, difinicio 
tamen non sic, nec est hoc quantum ad modum loquendi in 
mathematicis nec in principiis suis, set oportet demonstrare quod 
difinicio mathematica sit proposicio affirmativa vel negativa, ut 
patet in omnibus mathematicis; et oportet quod difinicio sit 
supposicio, ut ostendi in Methaphysica, et quod non sit probacio. 
Demonstrata non videntur, scilicet, supposicio et peticio et con- 
ceptum, quorum nomina tamen nec exponuntur in dicto libro, 
nec realis racio assignatur. Qui igitur Posteriora docet, nisi sciat 
naturam demonstracionis philosophiam non exponit, quem sciet 
quod diffinitum aliquando est demonstrabilis commune et ali- 
quando physicum, et ubi logicus purus habebit de hoc exempla 
nisi in mathematicis. 

Item, multa non potest purus logicus, ut deberet in libro Poste- 
riorum demonstrare, ut exigit racio bene. Virtus libri Postertorum 
ab eo non percipitur, nisi qui fuerit instructus in mathematicis. 

Item, cognitio ejus valet ad librum De Argumento Poetico quam 
fecit ARISTOTELEs in Greco, sicut ostendit HERMANNUS ALEMANNUS 
translator (32), qui se excusat quod textum ARISTOTELIS quem 


(32) Cf. Op. Maj., I, p. 101. 
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tecit de arte poetico non potuit transferre, quia ingnoravit Greca 
metra quibus utitur ARISTOTELES in hoc libro. Tamen iste liber 
translatus est in Arabicum de Greco, licet in Latinum non sit 
conversus textus ARISTOTELIS, set ALPHARABIUS exponit nobis 
intencionem illius argumenti, et AVICENNA et ALGAZEL et OVE- 
ROIS (33), unde oportet ponere geometrice argumentum poeticum. 
Et quod Logica, de hoc constat librum qui ad solam Logicam 
pertinet autorum composicio et doctrina; et hoc monstravi in 
Methaphysica quod hoc genus argumenti est necessarium in 
Logica, et quod argumentem hoc est utilius omni argumento, 
conferatur in anime salutem, et confert circa virtutes, [circa 
vicia,] circa felicitatem, circa vicia, ut deleantur. Et illud argu- 
mentum est proprium, ut in textu Moralis Philosophie, et in 
usu ejus, et similiter in theologicis proprietatibus et doctrinis, 
et plus potest tale argumentum movere sine omni comparacione 
quam demonstracio quantumcunque potissima habeatur. 

Et exposui de eo tractatum in logicalibus, et ostendi quod 
exponit ALPHARABIUS (34). Hoc argumentum utilissimum est in 
sermonibus pulchris (f. 94, b. 1) et in fine decoris, ut rapiatur 
subito animus in amorem virtutis et felicitatis, et in odium vicii 
et pene perpetue que sibi respondet; et ideo sermones poetici 
qui sunt completi in pulcritudine et efficacia movendi debent 
exornari Cum venustate (35) loquendi prosaice, et astricti omni 
lege metri et rithmi, sicut scriptura sacra in lingua primitiva, 
que Hebraica est. Et Bortius in Consolatione Philosophie et 
Atanus De Consolatione Nature et poetria Oractt in litera De 
Officio Divino, ut decore et suadente sermonis animus fortiter 
et subito moveatur. Nam 

aut prodesse et iterum volont aut delectare poete (36) 

Omne tulit punctum qui miscuit utile dulci (37) 
quive deliciis arrident seriam mixtam jocis. Hoc autem perfecte 
docetur, scilicet, composicio hujus argumenti per omnem sermonis 
prosaici [sermonis] eloquenciam, et per omnia metrorum et 
rithmorum genera, set cuncta hec pertinent ad Musicam, et 


(33) AVERROES. 

(34) Cf. Op. Maj., I, 100. 
(35) Vetustate MS. 

(36) Ars, Poet., 333. 

(37) Ibid. 343. 
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melius liquebit infra, unde libri loyce sic non possunt doceri 
sine beneficio Musice, nec intellegi; cujus est causas et rationes 
per se et metrorum et rithmorum dare, et adhuc facit quod transla- 
tor Latinus non transtulit nobis librum quia non intellexit, ut 
dicit in volumine Metheororum (38), raciones de quibus ARisTo- 
TELES loquitur habundanter; non ergo poterit transferri nisi per 
hominem qui metrorum et rithmorum causas moverit. Mani- 
festum <est> quod nec potest hic liber intelligi ut videtur causis 
istis nec ab aliquo doceri; et hic liber est finalis Logice, quia 
ultimum genus argumenti perdocet, quod, scilicet, ad ultimum 
bonum hominis, scilicet, virtutis et felicitatis, excitat vehementer. 

Alia enim argumenta inducta movent ad opinionem, ut Dyalecti- 
cum, vel ad scienciam ut Demonstrat<iv)um, vel ad credendum 
ut Rethoricum, set illud ad faciendum inducit, et ordinat ad 
bonum hominis completum. Et sunt quatuor argumenta, de 
quibus est Logica ut libri ARISTOTELIs docent, finis meliorum 
eis que sunt ad finem, et imponit necessitatem illis, ut ARISTOTELES 
docet; et. ideo hoc argumentum est dignius aliis, et qui illud 
nescit non poterit aliquid scire ut oportet, quia utilitas eorum 
que sunt ad finem non est nisi respectu ejus finis. Logice non 
potest sine Mathematica scire, sicut nec medium nec principium. 

Nota, difinicio sumitur large modo pro descripcione in mathe- 
maticis quandoque, quia mathematicus non curat observare 
proprietatum difiniciones. Hoc magis ad methaphysicum per- 
tineat, vocabulorum differenciarum specificarum que differencie 
conveniunt in pluribus non sunt imposita, et ideo circumloquimur 
per descripciones, ut possumus et debemus, et diffiniciones 
hujusmodi ponende sunt alibi, quoniam oportet presciri quid 
est quod dicitur per naturalis, nihil enim aliter potest sciri nisi 
loquimur hic de difinicione nominis que dicitur nominis interpre- 
tacio, ut ‘ homo’ dicitur ‘ factus ab humo,’ set magis de difinicione 
reali cum qua tamen satis difinicio nominis innotescat. 


* 

* * 
Dico igitur quod ‘ simul ’ vel est secundum locum vel secundum 
duracionem, et loquimur de sola temporis duracione. Simul 


autem loco secundum indivisionem ejusdem loci vel numeris, 
ut substancia et accidens, et corpus et anima que sunt in eodem 


(38) Vide Op. Maj. I, p. tor note. 
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loco, vel secundum concomitanciam duorum locorum sine medio, 
ut duo corpora inter que nullum est medium, habent due loca 
simul. 

Simul duracione similiter, vel sunt aliqua per indivisionem 
ejusdem mensure durancium, ut duo motus qui sunt in eadem 
hora temporis, duracione simul vel concomitanciam duarum 
mensurarum duracioni ejusdem speciei sibi invicem succedencium, 
quarum neutra sit pars alterius vel ambe ejusdem, ut due distincte 
hore sibi invicem succedentes, ut hora prima et secunda, et si 
in hora prima esset aliquis motus unus et non alius, at ille (f. 94, 
b. 2) cessaret omnino et statim alius motus renovaretur in hora 
secunda, etc., illi duo motus essent simul duracione per con- 
comitanciam duarum mensurarum durandi ejusdem speciei sine 
medio, qui nec essent penitus ejusdem duracionis nec altera pars 
alterius. Et si motus celi et omnes motus simul concomitantes 
starent, et statim alius motus nasceretur sine tempore medio, 
quod bene est possibile, ille motus et motus celi precedens essent 
simul tempore secundum dictam signacionem consimilis dubi- 
tacionis. 

Tertio modo est simul duracione per concomitanciam duarum 
divisionum diversarum secundum speciem, ut cum dicatur deus 
et motus celi simul sunt. Hoc non est quia esse eorum mensuretur 
eadem duracione, quia esse dei mensuretur eternitate, et motus 

celi) tempore, que omnino sunt diverse mensure. 

Terminus est cujus est finis vel principium, et hoc est ultimum 
etc. Vel extremitates contigua sunt, quorum termini vel ultima 
sunt simul per concomitanciam duorum locorum vel duarum 
duracionum sine medio, vel duo loca et dua locata sine medio 
juxta se posita; et duo tempora distincta, ut dictum est, consimili 
minute successive, quorum unum non est pars alterius, nec ambo 
partes ejusdem vel earundem, et motus mensurati illis temporibus 
sunt contigui. Concomitancia sunt quorum ultima sunt unum, 
ut due verge unius continuantur ad unum terminum, quando, 
vere scinduntur adinvicem habebunt terminos diversos. 

Item, continuum est cujus termini copulantur ad terminum 


communem. 

Item, aliquid [non] continuum est divisibile in semper divisibilia 
ut nunquam venitur ad indivisibile, et cum virga dividatur vel 
corda vel aliquid tale potest dividi in duas medietates, et quelibet 
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medietas in duo media, et sic semper fiat divisio in divisibilia, 
et nunquam pervenitur ad indivisibilia. 

Discretum vero est cujus partes non copulantur ad communem 
terminum, ut partes tocius aggregati, ut in cumulo lapidum vel 
cinerum vel pulveris. Permanens est, quod simul duracione vel 
indivisionem ejusdem dimensionis secundum numerum totaliter 
esse potest, ut esse dei est permanens quod est in eternitate, et 
eternitas est tota simul. Successivum est, cujus parte posteriore 
adveniente non manet precedens, ut partes motus et temporis. 
Dimensio est deducio rei secundum longum, latum, vel profundum, 
et ideo patet dimensiones primo proprie dicta, vel est in quarto 
categorie quantitatis, et sic est ordinacio partium alicujus in suo 
toto, vel subjecto, non distincta hic et ibi secundum longum 
latum et profundum, vel certius, ut contingit figure in lapide, 
hic unam partem hic ibi aliam secundum dictas vias. 

Quoniam igitur tres sunt dimensiones tantum, secundum 
ARISTOTELEM et omnes, et quatuor posiciones, non omnis posicio 
est dimensio, omnis tamen dimensio est posicio, quia ad posicionem 
requiritur permanencia, ut dicit ARISTOTELES in Predicamentis, 
et ideo in successivis est dimensio non tamen posicio. Motus 
enim habet dimensionem secundum dimensiones speciei, et tempus 
secundum omnem rem motus, set quia non permanent nec huc 
erit stabile set in continuo fluxu et mutacione, ideo non habent 
posicionem ; non enim contingit significari ubi una pars poneretur 
nec alia. 

Posicio que est in predicamento situs parcium respectu corporalis 
ordinacio in toto vel in subjecto respectu loci, ut jacere vel subter 
et aspectum et leve et hujusmodi. Et aliis modis non est posicio 
proprie, licet per equivocacionis motum habent suum prout ordine 
parcium in toto, et precipue respectus quantitatis, ut dicatur 
ordinacio parcium hujusmodi et parcium motus et temporis et 
omnium, set hic non est in usu philosophie. 

Infinitum est quod pertransiri non potest, et, secundum ARISTO- 
TELEM in tercio Physicorum, infinitum est cujus partem accipientibus 
semper remansit aliquid attendendum, sicut si virga extenditur 
in infinitum continget (f. 95, a. 1) semper accisio ad ultima, id 
quod acceptum est, et nunquam posset pertransiri, et sic dicitur 
quod continuum est divisibile in infinitum. 

Infinita sunt non tot quot non plura, sicut ARISTOTELES secunda 
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De Generatione, et que pertransiri non possunt. Finitum est 
quod pertransiri potest, finita autem que comprehendi possunt. 

Rectum est multis modis partibus equare, nec potest diffiniri 
in aliquo figurato qui omnibus modis quanto vero communis 
accipi potest in uno figurato. Estimo quod sic describi potest; 
rectum est quod totaliter caret obliquitate, et sic contingit non 
solum lineis set quibusdam angulis, racio enim facile esset dare. 
Aliquid commune lineis et angulo recto et hujusmodi ubi caret 
eam omnis obliquitatis. Multa enim sunt quorum partes diffinitas 
non habent nomina propria, et ideo describuntur per paronoma- 
siam, et he sunt res nobiliores propter quorum vocem differencie 
et propria earum nomina non habent, ut per paronomasiam unum 
relativorum per alterum difinitur. 

Planum uno modo idem est quod superficies, sicut ARISTOTELES 
et Greci ceteri utuntur pluries, set nunc interistas distincciones 
ponunt communium. Dico quod planum habens longum et latum 
circa omnes partes extenditur in rectum. 

Curvum est quod a plano et recto totaliter declinat. Concavum 
est circumscribere, convexum quod natum est circumscribi et 
non circumscribere. Jam sunt multum necesse etc. 

















Leonhard Euler's 
Elastic Curves 


(De Curvis Elasticis, Additamentum I to his 
Methodus Inveniendi Lineas Curvas Maximi Minimive 
Proprietate Gaudentes, Lausanne and Geneva, 1744). 


Translated and Annotated 
by 
W. A. Ovpratuer, C. A. Extis, and D. M. Brown 


PREFACE 


In the fall of 1920 Mr. Cuartes A. ELLIs, at that time Professor 
of Structural Engineering in the University of Illinois, called 
my attention to the famous appendix on elastic curves by 
LEONHARD Ever, which he felt might well be made available 
in an English translation to those students of structural engineering 
who were interested in the classical treatises which constitute 
landmarks in the history of this ever increasingly important 
branch of scientific and technical achievement. He secured 
photostats of that copy of the original publication which was 
owned by the New York Public Library, and together we spent 
many delightful evenings working over the translation, and 
correcting the occasional errors of printing and calculation which 
such a first edition inevitably contained. We also examined and 
translated a considerable number of the notes in Dr. H. LINSEN- 
BARTH’s admirable translation and commentary (Leipzig, 1910). 
The Ms. was practically completed when Mr. ELLis left the 
University in order to enter active business in Chicago. For 
some time the various drafts and annotations lay in my files, 
until early in 1932, when I was fortunate enough to secure the 











- METHODUS 


INVENIENDI 


' LINEAS CURVAS 


Maximi Minimive proprietate gaudentes 5 
SIVE 


SOLUTIO 


PROBLEMATIS ISOPERIMETRICI 
LATISSIMO SENSU ACCEPTL 


AUCTORE 
LEONHARDO EULEROs 


Profeffore Regio, €§ Academia Imperialis Scientia 


rum PETROPOLITANE S0CI0. 





Daumelet Scale 


LAUSANNEZA & GENEVA, 
Apud MaRCUM-MICHAELEM BousQueET & Sodoy 








| MDCCXLIV. “7 





) 
: 
) 
4 








sity Bea. 























Tabula Lil. 














P 

t+ Fig-& 

tp J e 
bed 














Adddamenium . 























Dd 








Qa 






































Tabula LV. 














B 










































































































































































LEONHARD EULER’S ELASTIC CURVES 73 


very competent assistance of Mr. DonaLp M. Brown, formerly 
a student of Engineering, but at present an assistant in the 
Department of Mathematics of the University of Illinois, who 
undertook to revise the translation, together with Dr. LInsEN- 
BARTH’s notes, to check all the equations and calculations, 
and occasionally to express the mathematical formulas in the 
more modern and generally current notation. It is to be hoped 
that the combination of an engineer, a classicist, and a mathe- 
matician in translating EULER’s monograph may have reduced 
somewhat the number of errors which any one of the three 
unaided might easily have made. 


Urbana, Illinois, April 27, 1932. 


W. A. OLDFATHER. 


ADDITIONAL Note By DonaLp M. Brown 


Such factual errors and mistakes as were made by EUvLER, 
and have been pointed out by others, have been corrected in the 
body of the text, the errors themselves being indicated in the 
notes. An exception to this is the error pointed out in note 31, 
where the correction would involve the incorporation of several 
sections of the body of the text into the notes. In this case, 
since the error involved was not great enough to make any essential 
difference in the calculations, the text was included as translated, 
and the correct values have been inserted within square brackets 
immediately following the incorrect values at all places where 
errors had been made. With the exception of the error indicated 
in note 23, all the errors were pointed out by H. LINSENBARTH 
in his German translation of the text in ‘‘ Ostwald’s Klassiker 
der exakten Wissenschaften,” vol. 175 (Leipzig, 1910). In fact, 
all the notes, correctional, explanatory, and introductory, have 
been incorporated as translated, but several of the correctional 
notes have been modified to conform to the plan mentioned 
above of correcting the text, and indicating the errors themselves 
in the notes. 


LINSENBARTH’s admirable translation was used throughout as 
a check, and since this work includes numerous cross references 
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with the text which are not found in the original, such references 
have been inserted within square brackets. 

The facsimiles of the title page and of the figures are from 
the Harvard Library copy; they are reduced to about two-thirds 
of the original size ; Figs. 26, 27, and 28 belong to Additamentum II, 
De motu projectorum in medio non resistente. 

Nothing has been omitted in this translation. 


D. M. Brown. 


INTRODUCTION 


‘It is of the utmost importance,’ writes Professor G. A. 
MILLER (1), “‘ that those students who desire a deep mathematical 
insight should accustom themselves early to go directly to the 
original developments,—at least in those cases where the original 
developments are direct, and are found in a language which does 
not impose too great difficulties.” The statement might be 
equally applicable to the same kind of student of engineering, 
and it is for such students of mathematics and of engineering 
that the present translation from the original Latin into English 
is intended. 

LEONHARD EULER (1707-1783), probably the most versatile, 
certainly quite the most prolific mathematician of all time (2), 
needs no commendation from us. CONDORCET, in his celebrated 
Eloge (3), after remarking that “all the celebrated mathematicians 
of today are his pupils,” quite justly lists him as “one of the 


(1) Historical Introduction to Mathematical Literature (New York, 1916) 74. 

(2) By early in 1783, 530 studies of his had been published ; by 1826 the number 
had increased to 771. In 1844 a great-grandson discovered still further material 
in manuscript. (G. pu Pasquier : Léonard Euler et ses amis (Paris, 1927) 116). 
His complete bibliography, by G. ENestrOm : Verzeichnis der Schriften Leonhard 
Eulers (Leipzig, 1910 and 1913), lists 866 separate items, together with a_ volu- 
minous correspondence. The Leonhard Euler-Gesellschaft, a society organized 
for the sole purpose of publishing his works in proper modern form, produced 
its first volume in 1911, and down to date has brought out some 20 volumes. 
The completed undertaking will require 69 quarto volumes, of which 55 are 
assigned to Mathematics, Mechanics, and Astronomy, the remainder to Physics 
and Varia. 

(3) Published in Les Lettres de L. Euler a une Princesse d’ Allemagne (Paris, 1842), 
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very greatest and most extraordinary men that nature has ever 
produced.” 

The treatise also to which the present study is merely an appendix 
(Methodus Inveniendi Lineas Curvas) is called by Du PasQuiER 
‘‘one of the finest monuments of the genius of EULER,” who, 
he continues, “ founded the calculus of variations which has 
become, in the twentieth century, one of the most efficient of 
the means of investigation employed by mathematicians and 
physicists. ‘The recent theories of EINSTEIN and the applications 
of the principle of relativity have greatly increased the importance 
of the calculus of variations which EULER created”’ (op. cit., 50-51). 

The special interest for engineering in the present little paper, 
lies in the fact that it is the first systematic treatment of elastic 
curves, laying the foundation for subsequent studies, and of course 
most immediately for the celebrated ‘Euler formula,’ “ which ex- 
presses the critical load at which a slender column buckles.” (4) 

Referring to the Additamentum I, TODHUNTER and PEARSON 
say, ‘ Euler distinguishes the various species of curves included 
under the general differential equation... 
dy oo i tee [p. 82 of this translation.] 

V a*— (a + Bx + yx)? 

The whole discussion is worthy of this great master of 
analysis ;” (5) Again, ‘‘ From page 282 [p. 121 of this translation] 
to the end EuLer devotes his attention to the oscillations of an 
elastic lamina; the investigation is somewhat obscure for the science 
of dynamics had not yet been placed on the firm foundation of 
D’Alembert’s Principle: Nevertheless, the results obtained by 
EuLER will be found in substantial agreement with those in 
Potsson’s Traité de Mécanique, Vol. Il, pages 368-392. The 
important equations (a) and (a’) on PoIsson’s pages 377 and 387 
respectively agree with corresponding equations on EULER’s ” 
[pages 297 and 287 = pages 135 and 125 respectively of this 
translation] (6). 


(4) H. M. Westercarp : One Hundred and Fifty Years Advance in Structural 
Analysis. Transactions American Society of Civil Engineers 94 (1930) 228. Com- 
pare also remarks by S. TIMOSHENKO (ibid. 241). 

(5) TopHuNTER and Pearson : A History of the .Theory of Elasticity and of 
the Strength of Materials. Cambridge, University Press, 1886, p. 36. 

(6) Op. cit., p. 38. 
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Referring to Euxer’s Sur la force des colonnes, Mémoires de 
l Académie de Berlin, Tom. XIII, 1759, pages 252-282, TTODHUNTER 
and Pearson (7) say, ‘‘ This is one of EULER’s most important 
contributions to the theory of elasticity. 

The problem with which this memoir is concerned, is the 
discovery of the least force which will suffice to give the least 
curvature to a column, when applied at one extremity parallel 
to its axis, the other extremity being fixed. EULER finds that 


Ek* 
the force must be at least 7? 3 where a is the length of the 


column and Ek? is the ‘ moment of the spring,’ or the ‘ moment 
of stiffness of the column’...””. The volume from which this 
is quoted is intended to be a chronological development of the 
theory of elasticity, but the authors obviously overlooked the fact 
that the problem stated is precisely the one considered in section 37, 
pages 267-268 of the original Additamentum I [pages 102-103 of 
this translation]. Hence the present work is the first known 
source of the famous ‘ EULER formula’ mentioned above. 

It might, in conclusion, be observed that the problem of elastic 
curves and the buckling of long thin struts under thrust was first 


worked out by EuLEr (8). 
W. A. OLDFATHER and D. M. Brown. 


CONCERNING ELASTIC CURVES 
L. EULER 


1. All the greatest mathematicians have long since recognized 
that the method presented in this book is not only extremely 
useful in analysis, but that it also contributes greatly to the 
solution of physical problems. For since the fabric of the universe 
is most perfect, and is the work of a most wise Creator, nothing 
whatsoever takes place in the universe in which some relation 
of maximum and minimum does not appear. Wherefore there 


(7) Op. cit., p. 39. 
(8) Love: The Mathematical Theory of Elasticity. Cambridge, University 


Press, Third Edition, 1920. Footnotes p. 407 and p. 411. See also Introduction, 


Pp. 3. 
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is absolutely no doubt that every effect in the universe can be 
explained as satisfactorily from final causes, by the aid of the 
method of maxima and minima, as it can from the effective causes 
themselves. Now there exist on every hand such notable instances 
of this fact, that, in order to prove its truth, we have no need at 
all of a number of examples; nay rather one’s task should be this, 
namely, in any field of Natural Science whatsoever to study 
that quantity which takes on a maximum or a minimum value, 
an occupation that seems to belong to philosophy rather than 
to mathematics. Since, therefore, two methods of studying 
effects in Nature lie open to us, one by means of effective causes, 
which is commonly called the direct method, the other by means 
of final causes, the mathematician uses each with equal success. 
Of course, when the effective causes are too obscure, but the 
final causes are more readily ascertained, the problem is commonly 
solved by the indirect method; on the contrary, however, the 
direct method is employed whenever it is possible to determine 
the effect from the effective causes. But one ought to make a 
special effort to see that both ways of approach to the solution 
of the problem be laid open; for thus not only is one solution 
greatly strengthened by the other, but, more than that, from the 
agreement between the two solutions we secure the very highest 
satisfaction. Thus the curvature of a rope er of a chain in 
suspension has been discovered by both methods; first, a priori, 
from the attractions of gravity; and second, by the method of 
maxima and minima, since it was recognized that a rope of that 
kind ought to assume a curvature whose center of gravity was 
at the lowest point. Similarly, the curvature of rays passing 
through a transparent medium of varying density has been 
determined both a priori, and also from the principle that they 
ought to arrive at a given point in the shortest time. 

Other similar examples have been brought forward in large 
numbers by the most eminent BERNOULLIs and others, who have 
made very great contributions both to the method of a@ priori 
solution, and to the knowledge of effective causes. Although, 
therefore, thanks to these so numerous and striking instances, 
there can be no doubt that in the case of all curved lines which 
appear in the solution of physical-mathematical problems, there 
enters in the character of some maximum or minimum; still this 
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very maximum or minimum is frequently very hard to recognize, 
although one might have reached a solution a priort. Thus, 
although the figure which a curved elastic ribbon assumes has 
long since been known, nevertheless no one has observed as yet 
how this curve can be studied by the method of maxima and 
minima, that is to say, by means of final causes. Wherefore, 
seeing that the most illustrious and, in this sublime fashion of 
studying nature, most perspicacious man, DANIEL BERNOULLI, had 
pointed out to me that he could express in a single formula, 
which he calls the potential force, the whole force which inheres 
in a curved elastic ribbon, and that this expression must be a 
minimum in the elastic curve '), and since by this discovery 
my method of maxima and minima as set forth in this book has 
had new light cast upon it in a marvelous fashion, and its most 
extensive application is thoroughly established, I cannot let pass 
this most desired opportunity without making clearer the appli- 
cation of my method at the same time that | publish this 
remarkable characteristic of the elastic curve discovered by the 
celebrated BERNOULLI. For that characteristic contains within 
itself differentials of the second order in such a fashion that 
the methods hitherto published of solving the isoperimetric 
problem are not capable of disclosing it. 


ON THE CURVATURE OF UNIFORM ELastic RIBBONS 


2. Let the elastic ribbon AB (Fic. 1) be curved in any direction 
whatsoever; let the arc AM s, and the radius of curvature 
MR R ; furthermore, according to BERNOULLI, let the potential 
force contained in the portion AM of the ribbon be designated 


by the expression es If the ribbon be of uniform cross 


section and elasticity, and if it be straight when in its natural 
position, *) the character of the curve AM will be such that 


, ds . ow 
in this case the expression _ smn absolute minimum. 


But since the differentials of the second order appear in the 
radius of curvature R, in order to determine a curve of this 
character we shall need four conditions, and this is precisely the 


| 
| 
| 
| 
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subject of our investigation. For since through the given ends 
A and B, an infinite number of elastic ribbons of the same length | 
can be bent, the problem will not have been solved unless, in 
addition to the two points A and B, two other points, or what 
amounts to the same thing, the position of the tangents at the 
points A and B be given at the same time. For given an elastic 
ribbon which is longer than this distance between A and B, it 
can be curved not only in such a way that it is contained between 
the ends A and B, but also in such a way that its tangents have 
a given direction through these points. _Wherefore the problem 
of finding the curvature of an elastic ribbon, which is to be solved 
by this method, must be expressed thus : 

That among all curves of the same length, which not only 
pass through the points A and B, but also are tangent to given 
straight lines at these points, that curve be determined in which 


ds . — 
the value of R is a minimum. 


3. Because the solution is to be referred to rectangular coordi- 
nates, let any straight line AD be taken as an axis, the abscissa 
AP = x, (Fic. 2) and the ordinate PM = y; then, according 
to this method, letting dy = pdx, and dp = qdx, the element 
of the curve Mm will be ds = dx V 1 + p®. Since the curves 
from among which the curve sought has to be discovered are 
to be isoperimetric, in the first place, the expression dx V 1 + p* 
will have to be considered; this, compared with the general 

ee 
dx fi + p’. 
dx (1 + p’) 
’ i 
(1 = Pa)’ _ R, the expression j“ which must be a minimum, 


expression { Zdx, gives the differential value 


Secondly, since the radius of curvature is 


2 
is transformed into | ih .. Let this be compared with 
7 (1 + pa)? 


2 
the general expression Zdx, and this gives Z = q 


° (1 + ps)” 
and letting dZ = Mdx + Ndy + Pdp + Qdq, then M = a, 
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— coe? 
Nee P= —SE_, to = ——™_. Therelore the 
(r+ p*} (1 + p?)* 
; ; g dx 
differential value to be derived from the expression 
J + pry 
dP d 
will be — + 4 And so for the curve sought we shall 
dx dx 
have the equation : 
d p dP d*O 
a = 


dx /1+p? dx dx 
which, multiplied by dx and integrated, gives 


ete 
Vi+p" dx 
Let this equation be multiplied by gdx = dp. 
apdp 
Ving + Pap = Pap — od0 


Since M = o, and N = oa, then dZ Pdp + Qdq, or Pdp = 


dZ — Qdq. 
Substituting this value for Pdp gives 


= p> = a — Oe — al 
Vi+p — a — 0 
Integrating : 
aVitp? + pp+y = Z—Q¢q 
Now since 
2 
o- a and O = a 
(1+p*)’ (1+p*)’ 
2 _— a ¢ 
a Vi+p ! Bp + + Mi (1 + p®)* 


Taking the arbitrary constants negatively, 


dp 
q = (1+) J é Vi+p? + Bp + ~ dx 


whence 


d 4 
+ —_— 3 — 
(1+p*) * Vitp?+ Bp+y 
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Then, since dy = pdx, 
F pdp 
(1-+p*)' a Vi+p? + Bp t+y 


These two equations would be sufficient for constructing a curve 
by means of quadratures. 





dy 


4. Neither of these equations regarded thus in general can 
be integrated, but they can be combined in a certain fashion 
so that the sum can be integrated. For, since 


Jt Vite + Bb ty dp (B — »p) 
d2 Sa 


vite (+p) [a vite +apty 








then 2 Ja VI +p?-+Bpt+y 
(r+p%)) 


Since the position of the axis is arbitrary, the constant 5 can 
be left out without any loss in generality. Moreover, the axis 


= Bx — yy + 8. 


, Bx — yy 
can be so changed that the abscissa will become X = -————, 
VP + ¥ 
; , yx + By 
and the ordinate will become Y = ~~-—————.) Also y can 
: VP+y¥ 


be safely made equal to zero, because nothing prevents the new 
abscissa from being expressed by x. For this reason we will 
get the following equation for the elastic curve : 


2 a vitp* + Bp = Be (+24), 
which, after squaring becomes 4a V 1 + p? + 4fp=f2x2V 1+?p. 


; m 
To introduce homogeneity, let a = E , and B = ae 


then na2p = (nx? — ma*) V 1 + p%, 
whence n?a*p? = (n*x? — ma?*)? (1 + p?), 
and therefore 


P= 


Vn? at — (n® x* — ma*)* 


By changing the constants, and either by increasing or diminishing 
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the abscissa x by a given constant, *) the following general 
equation for the elastic curve will be secured : 
(a + Bx + yx?) dx 
dy = | 
Vai — (a + Bx + yx*)?’ 


from which 
a*dx 


V at —(a + Bx + yx’? ’ 
From these equations, the agreement of this discovered curve 
with the elastic curve already determined is perfectly clear. 


ds 


5. In order that this agreement be placed more clearly before 
the reader, I shall investigate also a priori the nature of the 
elastic curve. Although this has been done already in a most 
excellent fashion by that very great man, JAcoB BERNOULLI, 
nevertheless, since this favorable occasion has been offered, 
I shall add certain things about the character of elastic curves 
and their different kinds and figures which I see have been either 
neglected by other men, or else have been but lightly touched 
upon. 

Let the elastic ribbon AB (Fic. 3) be fixed in a wall or solid 
pavement at B in such a fashion that the extremity B is not only 
held firmly, but also the position of the tangent at B is fixed. 
Now at A let the ribbon have fastened to it the rigid rod AC, 
to which let there be applied normally the force CD rg 
whereby the ribbon is brought into the curved position BMA. 
Let this straight line AC be considered as produced for an axis, 
and, having assumed that AC c, let the abscissa AP Xx, 
and the ordinate PM y. If now the ribbon at M should 
suddenly lose all elasticity and become perfectly flexible, it would 
assuredly be turned by the force P, the inflexion being caused 
by the moment of the force P — P (ce + x). The reason why 
this inflexion does not actually follow, therefore, is that the 
elasticity depends, in the first place, upon the character of the 
material of which the ribbon is composed and which I assume 
always to be the same; but in the second place the elasticity 
depends, at the same time, upon the curvature of the ribbon at 
the point M, in such a way that it is inversely proportional to 
the radius of curvature at M. Therefore let the radius of curvature 
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3 
at M be R (ds) ; here ds = +/dx? + dy*, and dx remains 
dxd*y 


2 : 
constant; and let = express the elastic force of the ribbon at M, 


which stands in equilibrium with the moment of the external 


force P(c + x), in such a manner that 
Ek? Ek*dxd*y 
This equation, multiplied by dx, becomes integrable, and the 
integral will be 
— Ek*dy 
Vdxt + dy” 


4 


P ($x? + cx + f) = 


whence 

— Pdx (3x* +. cx + f) 
V E*k! — P? (4x? + cx + f)*® 

This equation agrees absolutely with that which I have just 
secured through the method of maxima and minima from 
Bernoulli’s principle. 


dy = 


6. From the comparison of this equation with the one found 
before, it will be possible to determine the force which is required 
to produce the given curvature of the ribbon, since the curvature 
is contained in the discovered genera! equation. In other words, 
let the elastic ribbon have the shape AMB, the nature of which 
is expressed by the equation 

(a + Bx + yx?) dx 
dy = 
Va* — (a + Bx + yx)? 
and let Ek? express the absolute elasticity of this ribbon in such 
a manner, indeed, that Ek® at any point you please, divided by 
the radius of curvature, represents the true elastic force. 
To institute a comparison, let the numerator and denominator 


_ Ek? 
be each multiplied by —_, so that we have 


Ek? dx (a + Bx + yx?) 


a 
dy == - 
/ BE — E*k! (a + Bx + yx)? 
a 


4 
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Therefore 


Ek? Ek? Ek? 
ieee. ate: a oo. 
a* a* a2? 
= 2. 
and hence the external force CD = ws the length 
a 
AC =c= B , and the constant f= .. 
2y 2y 


7. In order, therefore, that the elastic ribbon AB, fixed in 
the wall at one end B, be curved into the shape AMB, the character 
of which is expressed by the following equation : 

» (a + Bx + yx?) dx 
dy = ———— 
Vat — (a + Bx + yx?) 
it is necessary that the ribbon be drawn in the direction CD 


normal to the axis AP (assuming that the distance AC = B ), 
2y 


e - 
by the force CD = — ao 


This force will act, of course, 
a 


in an opposite direction from that shown in the figure, if y be 
- ke. . 
a positive quantity. Because — * equivalent to the moment 


9 


— i .. ;, 
of the external force, the expression —, will be equivalent to 
a 


; , Ek? 
the weight, or to a pure force, which force, —» for that reason, 
a 


will be determined by the elasticity of the ribbon. Let this 
force be F; then the deflecting force CD will be to this force F 
as — 2y is to 1, for y will be an abstract number. 


8. Now in addition, the force required to keep the portion 
BM of the ribbon in its position, if the portion AM should be 
entirely cut off, can be determined from this. When this portion 
AM is cut off, the elastic ribbon becomes a rigid rod MT [Fic. 3] 
without any flexure at all, and this is so connected with the 
ribbon that it always makes a tangent at the point M, no matter 
how the ribbon may be bent. If we assume this, it is clear from 
what precedes that to preserve the curvature BM, it is necessary 
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that the rod MT at the point N be drawn in the direction ND 

by a force which equals — a the direction ND will be 
a 

normal to the axis AP, and likewise the interval 4C will be equal 


to B . And thus the distance MN will be 


2y 
© oP = OFT Ear. 
dx dx 2y 2y dx 
Then 
ds a* 


dx e at—(a+px+ya*? 
2Ek*y 
a 


But if this force ND, which equals — -—.~, be resolved into 


two components, NQ normal to the tangent MT, and NT along 


MT, the normal force NQ = —22*Y. med and the tangential 
a Ss 
force NT = — —_— Yo 
a ds 


g. But now if the part BM be cut off, leaving the part AM, 
which is drawn as before in the direction CD by the force 

2Ek*y 
<— 
which is understood to be connected with the rigid tangent 
rod MN, will have to be drawn, at the point N, by a force also 


, in order to preserve the curvature AM, the extremity M, 


2Ek*y : a eal , . 
equal to » » but in the direction opposite to that which 
a 


we have discovered in the preceding case. For the forces which 
will have to be applied to both extremeties of the curved ribbon 
constantly oppose each other, and consequently must be equal 
and opposite. For otherwise the whole ribbon would be moved, 
and to restrain this movement, a force would be necessary to 
cause equilibrium between these forces. Hence the forces to 
be applied at any portion of the part which has been cut off can 
be determined; these forces will preserve the curvature already 
induced. 
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10. Let AM (Fic. 4) be an elastic ribbon, to which, at A 
and M are attached rigid rods AD and MN, and to which in 
opposite directions DE and NR there have been applied equal 
forces DE and NR, which, being in equilibrium, induce the 
curvature AM in the ribbon. For this curvature an equation 
will be sought. First, therefore, let there be taken as an axis 
the straight line AP passing through the point A, and normal 
to the direction ER of the external force. Let the absolute 
elasticity of the ribbon be Ek?; and let the sine of the angle CAD 
which the tangent forms with the axis at A, and which has been 
given, equal m, and the cosine equal n, so that m® + n? I. 
Furthermore, let the distance AC c, and the bending force 
DE = NR = P. Letting the abscissa AP = x, and the ordinate 
PM = y, the character of the curve will be expressed by the 


following equation : 
— Pdx (ix* + cx + f) 


dy 

. VE*k* — P? (jx? + cx + fp 
But since the direction of the tangent at A is given, when x 0, 
dy m h m — Pf m d — Pf 
Sao a -/ Et! —P?f? VJ mS ER 
Therefore the constant f is determined, so that f zx al 


and hence the whole curve is thereby determined. 


11. ‘To produce, therefore, the curvature of the ribbon AM, 
expressed by the foregoing equation, the force DE P must 
be applied to the tangent AD, at the point D, in such a way 


that AD “ , and in a direction parallel to the ordinate PM. 
n 


Let this force DE be resolved into two rectangular components 
Dd and Df (Fic. 5), normal to one another, the force Dd — Pn, 
and the force Df Pm. Now in order that the consideration 
of the straight line AD may be eliminated from the computation, 
in place of the force Dd at the given points A and B (assuming 
that AB = h), two forces Aa = pand Bb = q can be substituted, 


likewise normal to the rod AB, if we let Ph = Pn.BD = nP(-—h), 


a 
n 
and g = p + mP. In the next place, because it makes no differ- 
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ence at which point of the rod AB the tangential force Df = mP 
be applied, let it be applied at the point A, where AF = mP. 
Now let the force AF = r in such a way that the ribbon MA 
is acted upon by the three forces Aa = p, Bb = g, and AF = r. 
We shall investigate how the curvature is affected by them. 


. . r ; , 
12. First, since mP = r, P = ~, which value, substituted 
m 
: ; pomp cr nhr nr 
in the former equations, will give ph = — ,andgq=p+ —; 
m m m 


hence ” =! —? from which equation first the position of the 


m r 
axis AP becomes known; for tan CAD = “ r 
q — 
Hence 
r q-? 
m , anda = — ; 
Vr + (q-2) Vr + (q—?) 
h 
Secondly, from the equation hp = SS ier mo hq + hp, 
m m m 
mhq hq 
it follows that c = ,ore = , and 
r Vv r+ (q—p) 
P= Vr +(q—p). 
Now since 
re — mEk* — — Ek*r 
ee 
then 
x? ne eer hqx ES = Ek?r 
2 2 F+epr Ft er 


from which the following equation of the curve sought will be 
obtained : 


r [ Ek*r 
x 
VPs (¢-) 


J pw | ~~ lain eel Va (ap) 
GeR* — — —ix Vr 4+ (g-p)* 
Vet(GpP aid J 


— hgqx — } x* V rt + (q-p)? | 


dy 
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Now this equation is very convenient for the most common method 
of bending ribbons when they are held either by forceps or two 
fingers, one of which presses in a direction Aa, the other in the 
direction Bb, while, at the same time, the ribbon can be stretched 
in the direction AF. 


13. If the tangential force AF = r should disappear, the axis 
AP will fall upon the tangent AF produced, and 
dy At las + 4 (4-0) #4 
OV Bie — hgx +4 (arp) 
But if the normal forces p and g should be equal, the axis AP 
will be normal to the tangent AF, because nm = o, and we shall 
have the following equation for the curve : 
2 dx (Ek® — hqx — 3 rx*) 
4 V 2 Ek® (hgx + 4 rx*) — (hgx + 3 rx®)? 
Hence if also r = o in such a way that the ribbon at the 
points A and B be subjected to equal and opposite forces Aa 
and Bb, the character of the curve will be expressed by 
dx (Ek? — hqx) 
. V hq (2Ek*x — hgx*)’ 
which, when integrated, gives 


YF ne — hqx* 
> iene : 
hq 


This is the equation of a circle, and therefore, in this case, the 
ribbon is bent into the arc of a circle, the radius of which will 
Ek? 


be —. 
hq 


THE ENUMERATION OF ELASTIC CURVES 


14. Since therefore we observe that not only is the circle 
included in the class of elastic curves, but more than that, there 
is an infinite variety of these elastic curves, it will be worth while 
to enumerate all the different kinds included in this class of curves. 
For in this way not only will the character of these curves be 
more profoundly perceived, but also, in any case whatsoever 
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offered, it will be possible to decide from the mere figure into 
what class the curve formed ought to be put. We shall also list 
here the different kinds of curves in the same way in which the 
kinds of algebraic curves included in a given order are commonly 
enumerated °). 


15. The general equation for elastic curves is 
(a + Bx + yx") dx 
Vat — (a + Bx + yey’ 
which, if the origin of the abscissas be moved on the axis through 
2 
B , and if a* be written for s (or making y = 1), 
2y 
takes the simpler form 


dy = 


the distance 


(a + x*) dx 
Va —(a+a 
But because at — (a + x*)? = (a? — a — x?) (a + a + 2&?), 
let a2? — a = c*, so that a = a? — c*, and the equation will be 
transformed into 


dy = 


(a* — c° + x*) dx 
a SS . 
V (c? — x?) (2a? — c? + x?) 

Let the character of the curve AMC (Fic. 6) be expressed 
by this equation, and the abscissa AP = x, and the ordinate 
PM y. Therefore, since 8B = o [see Fic. 3, Sec. 6], the 
direction of the force which bends the elastic ribbon will be 
normal to the axis AP at the point A, and therefore AD will 


represent the direction of the acting force. This force will 
Ek* a 

equal ; , Where Ek* expresses the absolute elasticity. 
a 


dy a—c ' , 
16. If x = o, then = ———=. This expression 
dx cV 2a — 2 
gives the tangent of the angle which the curve AM makes with 


2... 2 
the axis AP at A, the sine of which angle will equal “ —_‘ 


Wherefore, if a2 = o , the ribbon will be normal to the axis AP 
at the point A, and will have no curvature, because the curving 
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2ER* .. , 
force —_ disappears. Therefore, in the case where a 0, 
a 


the natural shape of the ribbon appears, that is, a straight line. 
This, then, constitutes the first class of elastic curves, which 
the straight line AB produced in both directions to infinity will 
represent. 


17. Before enumerating the remaining classes, it will be 
convenient to make certain observations in general about the 
figure of the elastic curve. Now it is understood that the angle 
PAM [Fic. 6] which the curve makes with the axis AP at A, 


decreases as the quantity a? becomes smaller, that is, the more 
2ER* . “oe 
the curving force —— is applied. And if a’ should become 
a 


equal to c*, then the axis AP will be tangent to the curve at 4; 
but if a? < c*, then the curve AM, which hitherto ran downwards 


{as in Fic. 6], will now turn upwards until [as in Fic. 7] the 
2 


, ‘ _ a . 
point is reached where a? , in which case the tangent of the 
2 


curve will fall upon the straight line Ab. But if a? < 3c, then 
the angle PAM will be absolutely imaginary, and therefore no 
portion of the curve will exist at A. These different cases will 
constitute a variety of classes. 


18. Furthermore from the equation it is understood (because 
if x and y are both made negative, the form of the equation is 
not changed) that the curve on both sides of A has similar and 
equal branches AMC and Amc alternately disposed, in such a 
way that A is the point of contraflexure ; whence, the portion 
AMC of the curve being known at the same time, its continuation 
Amc beyond A will be known, in as much as the latter is similar 
and equal to the former. Thus, letting Ap — AP, pm will also 
equal PM. Now in receding from A, the curve on both sides 
is bent back further from the axis, until the abscissa AE Cc, 
the ordinate EC will be tangent to the curve; for if x = c, then 


d ; : 
~ co. It is clear that the abscissa x cannot increase beyond 
x 
. dy , 
AE c, for otherwise would become imaginary. Hence 


dx 





a a aa ES 


- 


- 
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the whole curve will be contained between the extreme ordinates 
EC and ec, beyond which limits it cannot pass. Now therefore 
we have, so far, the two branches AC and Ac of the curve extending 
on both sides from A to the limits. 


19. Let us see, then, under what conditions the curve may 
pass beyond C and c. To this end let us take the straight 
line CD parallel to AE as an axis, and let these new co-ordinates 
CQ = tand QM = u; then x + t = AE = CD = ¢, and 
y + u = CE = AD = 5b, whence x = c —t, andy = b—u, 
or dy — du, and dx = — dt. Substituting these values, 
there will arise an equation for the curve in terms of the new 
co-ordinates CO = t and QM = 4u; this equation will be 

(a® — 2ct + f#*) dt 


av t (2c — t) (2a? — 2ct + #*) 
Here it is clear, in the first place, that if ¢ be taken as infinitely 


du 


a*dt t 
small, then du ,andu =a . The latter equa- 
2a ~/ ct c 


tion indicates that the curve beyond C begins to advance towards 
N in a way similar to that in which it extends from C to M °). 
Now the ambiguity of the radical sign in the denominator of 
the equation shows admirably that the ordinate u can be taken 
negatively as well as positively; whence it is manifest that the 
straight line CD is a diameter of the curve, and moreover, that 
the arc CNB will be similar and equal to the are CMA. 


20. Now in a similar way the straight line cd produced 
through ¢ on the other side of and parallel to the axis AE will 
be a diameter of the curve; because the branch Acb is similar 
and equal to the branch ACB. Therefore at the points B and 6 
there will also be points of contraflexure as at A; whence the curve 
will extend further in a similar fashion. Therefore the curve 
will have an infinite number of diameters CD, cd, etc., mutually 
distant from one another by the same interval Dd, and parallel 
to one another; and because of this, the curve will consist of an 
infinite number of parts similar and equal to one another; and 
therefore the whole curve will be known if only a single portion 
AMC be known. 
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21. Because the point of contraflexure is at A, the radius 
of curvature will be infinitely great at that point, which is clear 
from the nature of the curve. For since the curve at A is drawn 


2 
by the force = in the direction AD, at any point M, if the 


a 
radius of curvature be set equal to R, because of the nature of 
= Ek? : 3 

the elasticity, the force will be — pe , whence R = a 
a* R 2x 

Therefore at the point A (x = 0) the radius of curvature is 


infinite; but because AE = Ae = c at the points C and ¢, the 
, - . 
radius of curvature will equal — ; in other words, at these places, 
2c 


the farthest distant from the straight line BAb, the curvature is 
greatest ”). 


22. Now although for the point C it is known that the abscissa 
is AE = c, nevertheless the distance EC cannot be determined 
except by the integration of the equation 

(a* — c* + x*) dx 

V (c — x) (2a® — 2 + x?) 
For if after the integration, x be made equal to c, the value of y 
will give the distance CE, which taken twice will give the distance 
AB, or the interval Dd lying between the diameters. Similarly, 
integration will be necessary to determine the length of the curved 
ribbon AC. For since, if the arc AM = s, 


dy = 


a* dx 
ds = , and 
V (c? —x*) (2a* — c? + x*) 
its integral, evaluated at x = c, will give the length of the 


curve AC 8), 


23. Now since these formulas do not admit of integration, 
let us try to express conveniently by approximation the values 
of the interval AD and of the arc AC. To this end, let 
V c& — x2 = z, whence 


(a®—2*) dx 
=,and AM =s= f 


J xV2a2—2? 


PM a* dx 
spi. Sas 2V2a2—2? 


Expressed as a series, 
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I I 1 2? 1.3 24 I 2 
~ + (8S eee Rae 
av2 + 


a ' 48'a*' 4.8.12 a 
a ss. tar . tak’ Ss 
I¢ Tet geet haa’ at +) ” 
and 


(E+ 23 13 # 1.3.5 37 )d 
a =f 4 a “wt a 48.12" a’ _— 2 


24. Since we desire these integrals only for the case x = c, 
in which z = 0, they can be expressed conveniently by the aid 
of the circumference of the circle. For assuming that the ratio 
of the diameter to the circumference is as 1 is to 7, 


dx € dx 7 
f re i) Ve—xt 2 


Now in the same way the following integrals will be determined °) 


c 1 ne ¢ 1.3 7 
i zdx = eats [ dx = .—c 
e 0 2 -/0o 2.4 2 


V 2a2@— 2? 


whence 


By the aid of these integrals we have 


7a z* ¢ ek ll on 7 3° — c8 
AC :- I+ ‘ 2 ° 74 ecan 
2V2 fF of Ff VP Fe 26? 8a® 
and 
AD - 7a __ = 3 ¢ a 5c 379° g 76 
2V2 22 12a? 2742 34at 27476?" 5 Sat 


If accordingly AE = cand AD = 6 be given, from these equations 
the constant a and the length of the curve AC will be determined. 
Conversely also, from the given length of this curve AC, and 
from the constant a by which the external force is determined, 
it will be possible to find the distances AD and CD. 
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First CLass 


25. Since we have so determined the first class that, in the 
general equation 
(a? — c? + x*) dx 


dy = 
V (c? — x*) (2a — c2 + x?) 


a . . ee 
¢ = 0, or —= ©, a straight line represents the natural condition 
Cc ‘ 


of the ribbon; and to this same first class let us refer also those 
cases for which ¢ is an infinitely small quantity, in such a way 
that in comparison with a it can be regarded as on the point of 
vanishing. However, because x cannot be greater than c, likewise 
x in comparison with a will be on the point of vanishing, and 
therefore the following equation will result : 


4 adx 
tint V 2 (c? — x*) 
. . a . x . . 
The integral of this is y or arc sin which is the equation 
2 


for a trochoid curve infinitely elongated 1). Now AD will become 
7a 

equal to V2’ from which the length of the curve differs only 
2V2 


infinitesimally, because the angle DAM is infinitely small. Let 
the length of the ribbon ACB = 2f, and its absolute elasticity 


7a 
be Ek?. Because f , the force requisite to produce 


2V2 


this infinitely small curvature of the ribbon will be of a finite 
; : Ek? x? ; , ‘ 
magnitude, and will equal .-; that is to say, if the extremeties A 
4 


and B be fastened together with a string AB, the string will 
2 a2 
necessarily be stretched by the force - > af 
f* 4 
SECOND CLAss 


26. Let the case in which c¢ is contained’ between the limits 
o and a, constitute the second class. In these cases the angle 
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DAM will be less than a right angle; for the sine of the angle 
Due a 
PAM, or the cosine of the angle DAM = - ber . Therefore 
a 


in this case the form of the curve will be similar to that which 


, e ; 
Fic. 6 represents. Since ¢ < a, therefore >< 2; but since 
2a 


2 7a 8f? 
oa assuredly AC = f > es whence a2 < ai 
wherefore the force whereby the extremeties A and B of the 
ribbon are drawn together, by the aid of the string AB, will 
be greater than in the preceding case, that is the force will be 
ER? 7? 

a 


greater than 


Tuirp CLass 


27. In the third class I consider the unique case in which 
c = a, because in this case the axis AP is tangent to the curve 
at the point A. This class has the special name of the rectangular 
elastic curve. In this case 


q x? dx 4é a*dx 

= » andds = ————— 

a Vat — xt V at — xt 

and hence 

yea en 7a a Po . oe 3° 1 1%, 99.58 ry : 
2V2 2 2) ot. 4g? 4g 22.42. 8 

and 


AD = b=——— (: 2, 3. os SE ec eS —-) 
2V 2 2711.2 27.4% 3-4 27.42.62 5.8 j 

Now although from this neither 6 nor f can be accurately 
expressed in terms of a, yet I have elsewhere pointed out that 
there is a remarkable relation between these two quantities ). 
In other words I have shown that 4bf = za?®, or the rectangle 
formed by AD and AC will equal the area of a circle the diameter 
of which is AE. Now it will be found by introducing calculus 


that f cited roximately, so that a = 12f ; hence the force 
6 2 sl 57 
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by which the extremities A and B must be drawn toward each 


, Ek* 25 oral 
other will equal pr ~ am. A closer approximation gives 
2 


a 
f = 1.1803206 ~ , hence 
2V 2 


< - h 6, and 
= = , whence“ = 1.311006, an 
4f_ —_1.1803206V'2 a ’ ’ 


b 
b 

= 0.59896 3). 
a 


FourtTH CLass 


28. If c > a, the fourth class will arise (Fic. 7), the ribbon 
opening out horizontally until AD = 6 > o. This second 
limit of ¢ will be defined by the equation 


2 1 a = 63% 4®§ 34 2 
In this class therefore, since c > a, the curve at A will rise 


above the axis AE, and will form the angle PAM, the sine of 
:_¢ 
which will equal c : “. Now we shall soon see that this 
a 
angle PAM is less than 40° -41’; since if it reaches this value, 
the interval AD disappears, a case which I refer to the fifth class. 
Hence in the fourth class are included the curves in which the 


2 


e . ; o ' 
value — 1s contained between the limits 1 and 1.651868. Now 


the form of these curves is understood from the figure, provided 
2 


; c 
only that it be observed that the closer — approaches the latter 
a 


limit 1.651868, the shorter the interval AD will become, and the 
closer the end points A and B will be brought to each other. 
Therefore it can happen that the humps of the ribbon m and R 
and likewise M and r are not merely mutually tangent, but even 
intersect, and intersections of this kind will be repeated inde- 
finitely until all the diameters DC and dc coincide and merge 
with the axis AE. 


LEONHARD EULER’S ELASTIC CURVES 97 


FirtH C.ass 


29. If this happens, the fifth class (Fic. 8) will arise, the 
character of which will be expressed by the equation between 
the co-ordinates AP = x and PM = y, 

(a® — c® + x*) dx 
7 V (2 — x) (2a—e + x2)’ 
the following relation existing between a and c¢, viz., that the 

2 


interval AD = b6 = o. Let _~ = 28, and then wv must be 
2a 


dy 


defined by the following equation : 
130 dS i 


2.4 2.2.4.4 "2.2. 4. 4. 6. 6 

Let there be sought first, by methods familiar to everyone, or 
else by mere trial, the limits between which the true value of v 
is contained, and these limits will be found to be v = 0.824, 
and wv 0.828. But if now both of these values be substituted 


in the equation, from the two errors which are certain to arise, 
2 


it will finally be concluded that v = 0.825934 = : ’ whence 
2a 


- = 1. 651868, and = ~ a 0.651868; and since this expression 
a a’ 

equals the sine of the angle PAM, it will be found from the 
tables that the angle PAM = 40° -41'; and therefore twice this, 
or the angle MAN, will equal 81° -22’.. Wherefore, if the extre- 
mities of the elastic ribbon be brought toward each other until 
they touch, they will form the curve AMCNA *), [Fic. 8] and 
the two extremities will form at A an angle = 81° -22’. 


SixTH CLass 


30. If the two extremities A and B of the ribbon, after they 
have been brought together, should be drawn apart in opposite 
directions by an increased force, there will arise the curve of 
the shape AMCNB (Fic. 9) which constitutes the sixth class. 





in ee 


«_ 22s 
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Therefore in the curves belonging to this class, he > 0.825934; 
2a* 


ce : ' 
but — <i. For if c? = 2a?, there will arise the seventh class, 
2a 
to be explained in a moment. In these curves the angle PAM 
which the curve makes with the axis at A is greater than 40° -41’, 
2 2 


, , : ee @ a 
but less than a right angle; for since its sine is , » because 
eg 


c? < 2a’, the sine is necessarily less than 1, and hence the 
angle PAM cannot become a right angle unless c? 2a’. 


SEVENTH CLASS 


31. Now let c? = 2a, in which case the seventh class is 
constituted, and the character of the curve will be expressed by 
the equation 


2 (a? — x*) dx 

. *V/2a?*—x* 
from which it is gathered that the branches A and B of the curve 
(Fic. 10) are extended indefinitely, in such a way that the straight 
line AB becomes the asymptote of the curve. Therefore each 
branch AMC and BNC will become infinite, as is understood 
from the series discovered above for the arc AC; for 


AC = —— ( CT A! I ie -) 
2V2 2° .+ 7.4. ¢ 
the sum of which series is infinite. If therefore the length of 
the ribbon AC be finite and equal to f, it is necessary that a — 0, 
and hence also CD c o; therefore the ribbon after it has 


been curved to a knot, in this case will be extended again in a 
straight line, for which an infinite force will be needed. But if 
the ribbon be infinitely long, it will form a knotted curve 
converging to the asymptote AB, CD being equal to c. Now 
the equation for this curve can be integrated by the aid of 
logarithms, for 
YH VI—x# — log ° Peas, 
2 x 

taking the abscissa x on the diameter DC in such a way that 
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DQ = x and QM = y; for the ordinate y disappears when 
x = CD = c; also at the knot O the ordinate disappears. 
To find this point let us put 


27 a—x =~ 
bY we . = log c+ ve Su, 
c x 
x Sh 
Let ¢ be the angle whose cosine is - and whose sine is Vereee , 
c 


then 2 sin ¢ = log tan (45° + ¢). 
2 


The logarithm must be taken from a table of natural logarithms. 
If a table of this kind be lacking, let there be taken from a table 
of common logarithms the logarithm of the tangent of the angle 


(45° + $) from the characteristic of which let 10 be subtracted, 
2 


and let the remainder be w; by so doing 

2 sin ¢ 2.30258509 w 14), 

Taking common logarithms once more, we have 

log 2 + log sin ¢ = log w + 0.3622156886, 

or log sin ¢ = log w + 0.0611856930. 

By trying this artifice, a value of the angle ¢ very close to the 
true value will soon be secured; whence by the rule of the false 
value the true value of the angle ¢ will be determined, and from 
it the abscissa x = DO. Now in this way the angle ¢ is found 


, ” . x 
to be 73° -14' -12"", whence it results that 0.2884191, and 
c 


0.9575042. But the angle QOM is 26 — go® 


56° -28’ -24"’, and therefore the angle MON = 112° -56' -48”. 
Therefore, since in the fifth class the angle at the knot was 
81° -22’, in the sixth class the angle MON at the knot will be 
contained between the limits 81° -22’ and 112° -56’ -48”. In the 
fourth class, if the knot appears, its angle will be less than 81° -22’. 


EIGHTH CLAss 


2 2 
y ‘ ‘ 6 6 arise Ce = , 
32. Now let c? > 2a*, and c? = 2a” + g*;since a? = —— & 
2 
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the equation of the curve will be 
(x? — § c? — 4 g*) dx 
V (2 — x8) (x* — g*) 

By this equation the eighth class is expressed (Fic. 11), and 
if the straight line dDd represents the direction of the external 
force, then x = DQ, and y = QM. First therefore, it is clear 
that the ordinate y cannot be real unless x > g; but x cannot 
exceed the straight line DC = c, whence, putting DF = g, 
the whole curve will be contained between the straight lines 
parallel to dd drawn through the points C and F, and these lines 
will be tangent to the curve. Now it is indifferent which one 
of the straight lines c and g be the greater, provided only that they 
be unequal; for the equation is not changed if the straight lines c 
and g be interchanged. Furthermore this curve will also have 
an infinite number of diameters parallel to one another DC, 
de, dc, etc., and also straight lines which are drawn through 
the individual points G and H, likewise normal to dDd "). 
But nowhere along the whole curve will there be a point of 
contraflexure, and therefore the continual curvature will progress 
in both directions indefinitely, as the figure shows; and the angles 
MON, mon, etc., which are made at the knots will be greater 
than 112° -56’ -48”. 


dy = 


NINTH CLAss 


33. Since in the eighth class are contained not only the cases 
in which g* < c*, but also those in which g? > c?, there remains 
but the one case in which c = g; in which case, because CF 0, 
the curve is reduced, vanishing into space. But on the other 
hand, if we take ¢ and g both as infinite, but in such a way that 
their difference is finite, the curve will occupy a finite space. 
Therefore, to find this curve, let g = c — 2h, and x = c —h—t, 


and, because c coo , but the quantities A and ¢ are finite, 
2 g Pe 2 

+ = c? — 2 ch, and x* — me =—2¢ct; 
2 2 2 2 


Then c? — x? 2c (A + t), and x* — g? 2c (h — t), from 
which the following equation 
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tdt 


VR 2 
for the circle will result. Therefore the elastic band in this case 





dy = 


will be curved into a circle, as we have already observed above. 


Wherefore the circle will constitute the ninth and last class. 


34. Now that we have enumerated the classes, it will be easy, 
in any given case, to determine to which class the curve belongs. 
Let the elastic ribbon be fixed in the wall at G (Fic. 12), and 
from the end A let there be hung the weight P, by which the 
ribbon is curved into the shape GA. Let the tangent AT be 
drawn, and the whole decision will have to be sought from the 
angle TAP. For if this angle be acute, the curve will belong 
to the second class; but if it be a right angle, the curve will 
belong to the third class, and it will be an elastic rectangular 
curve. But if the angle TAP be obtuse, yet less than 130° -41’, 
the curve will belong to the fifth class; if, however, the angle TAP 
be greater than 130° -41’, the curve will belong to the sixth class. 
Now it would belong to the seventh class if the angle should 
be equal to two right angles, but that cannot happen. This class, 
therefore, together with the following classes, cannot be produced 
by hanging a weight directly to the ribbon. 


35. Now in order that it may appear how the remaining 
classes can be produced by curving the ribbon, let a rigid rod AC 
be firmly fastened at A, the end of the ribbon fixed at B (Fic 3), 
and let the weight P, which draws in the direction CD, be 
appended at C. Let the interval AC be h, the absolute elasticity 
of the ribbon be Ek?, and the sine of the angle MAP which the 
ribbon makes with the horizontal at A be m. All this being 
stipulated, if we let the abscissa AP = t, and the ordinate 
PM y, the following equation will be found for the curve 
dt (m E k® — Pht — x Pt*) 

V E2 k*— (m E k® — Pht —} Pty 
Now let CP = x = h + t, whereby the equation is reduced to 


the form which we have used in the division of the classes, viz., 
dx (m E k® + + Ph? — 4 P x*) 


V E? kt — (m Ek? + 3 Ph® — } Px*)? 


I. dy 


II. dy 
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which, compared with the form 
dx (a* —c* + x?) 
oT Vv (8 — 2) (24? — 2 + xt)’ 
dx (a? — c? + x?) 


Jf at — (a? ae ie x?)? 


2 


. ” 


or Ill. dy = 


will give 4Pa? — Ek?, or a? > ; and $ Pc? — Pa? -- m Ek? 


+ 4Ph*; therefore 
2(1 +m) ER 


1 f2 
P 


e = 


36. Therefore the curve will belong to the second class if 
ame. 4 — 2mEk* 
p +h<oor P< he ‘ 
Hence unless the angle PAM be negative, the force P will have 
to be negative, and the rod at C will have to be drawn upwards. 
— 2mEk* 
el 
The fourth class will appear if 2mEk® + Ph? > o, but at the 
same time 2mEk*? + Ph®? < 2aEk*, a being equal to 0.651868. 
2(a m) Ek? 


The curvature will belong to the third class if P 


But if P , then the curve will belong to the fifth 
class. If, however, Ph? > 2(a m)Ek*, but at the same time 
Ph? < 2(1 — m)Ek*, the curve is to be referred to the sixth class. 


The seventh class will arise if Ph? 2(1 — m)Ek*. The eigth 
class will be obtained if Ph? > 2(1 m)Ek*?. Wherefore if the 


angle PAM be a right angle, because 1 — m o, the curve 
will always belong to the eighth class. Finally, the ninth class 
will arise if h coo , as I have already observed above. 


STRENGTH OF COLUMNS 


37. That which has been observed above about the first 
class can help us judge of the strength of columns. For let 
the column AB (Fic. 13), sustaining the load P, be placed 
vertically upon the base A. If the column be so constituted 
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that it cannot slip, nothing else need be feared from the weight P, 
if it be not excessively great, except the bending of the column; 
therefore in this case the column can be considered as elastic. 
Let the absolute elasticity of the column be Ek?, and let its height 
AB = 2f = a. As we have seen above in section 25, the force 
necessary to bend this column even in the least degree is 


72 Ek? Ms fa _ ER. 
4f> a 
Ex*k? 
Therefore, unless the load P to be borne be greater than wa 
a 


there will be absolutely no fear of bending; on the other hand, 
if the weight P be greater, the column will be unable to resist 
bending. Now when the elasticity of the column and likewise 
its thickness remain the same, the weight P which it can carry 
without danger will be inversely proportional to the square root 
of the height of the column; and a column twice as high will 
be able to bear only one-fourth of the load. This principle can, 
therefore, be applied in the case of wooden columns, since they 
are subject to bending. 


DETERMINATION OF THE ABSOLUTE ELASTICITY BY EXPERIMENT 


38. Now in order that the force and the bending of any 
elastic ribbon whatsoever may be determined a priori, it is necessary 
that the absolute elasticity which we have hitherto expressed 
by Ek*, be known. This can be conveniently determined by a 
single experiment. Let the uniform elastic ribbon, the absolute 
elasticity of which is to be investigated, be fixed at one end F, 
in a solid wall GK (Fic. 14), in such a way that it is held 
horizontally, for here we may neglect the weight of the ribbon. 
To the other end H let there be hung any weight P by which 
the ribbon is curved to the position AF. Let the length of the 
ribbon AF HF f, the horizontal distance AG = g, and 
the vertical distance GF h, all of which values will be known 
by experiment. Now let this curve be compared with the general 
equation 


(c?—a*®—x") dx 


V (c2—x?) ( 2a*—c? + x)’ 


dy - 
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in which, if a and c have been determined by f, g, and h, the 


Ek? sie 
curving force P will equal 2 a Therefore the absolute elasticity 


Ek? = 4 Pa’. 


‘ ; d 
39. Because now the tangent at F is horizontal, = 0, 
x 


and therefore x = V c? — a*. Hence AG = g = V c? — a’, 
and a? = c? — g*; and therefore 
(g°—x*) dx 

V (c2—x®) (c2—2g?+ x2)’ 
and if we let x = g here, y will have to be equal to GF = h, or 
s = AF = f; whence 

(c?—g*) dx 

V (c2—x*) (c2—2g?+- x?) 

Now if the weight P be taken as very small, so that the ribbon 
be depressed only a very little, then ¢ will become a very great 
quantity, and therefore 

I (c*—2c*g? + 292—x") 3 
V (c2—x*) (c?—2g*+-x?) 
ae a OE ae WL 


— 5 fe ae oe t “hey "ale 2 
ce cA 2c c' S 2c 2c 


ds 


and therefore by integration we have approximately 
(—g*)x (ee )g*x 3° —g*)gtx (cg) g*x® 


ce ct 2c 30° 
(c?—g*) gx | (c?—g*)x 3(c?—-g*)g*x° 
c ¥. 10¢® 1oc® 
and 
b gx , gx P 3g%x gix! du gx3 | gx? “ 3g'x° 
c ac * 32 308 <8 10oc® Ss 108 
es ot Oe nt eA. © OO, 
3c? 3c' 2c* 5c® 5c8 14¢° 14¢8 
Now letting x = g, we have 
5 293 29° 
f-2e+ 48 7) and h Je of 


’ 
15c* 


3c" 2 
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Therefore if the straight line FG = h be called into use 


2g° 
2 
c 3h 
2g°—3gh 
and a? = g ( = 
3h 
Whence the absolute elasticity is secured as 
Pg? (2g — 3h) 
o on 
- 6h 


This value will differ hardly at all from the true value, provided 
that a not too great curvature of the ribbon be caused. 


40. Now this absolute elasticity Ek? will depend in the first 
place upon the character of the material out of which the ribbon 
has been made; whence one material is said to have more 
elasticity than another. Also, in the second place, it so depends 
upon the breadth of the ribbon that the expression Ek? ought 
everywhere to be proportional to the breadth, other things being 
equal. But thirdly, the thickness of the ribbon contributes a 
great deal to determining the value of Ek?, which seems to be 
composed in such a way that, other things being equal, Ek? is 
proportional to the square of the thickness. Therefore, taken 
all together, the expression Ek* will have a total ratio composed 
of the ratio of the elasticity of the material, the breadth of the 
ribbon, and the square of the thickness. Hence by experiments 
in which it is possible to measure the width and thickness, the 
elasticity of all materials can be compared one with another 
and determined. 


CURVATURE OF ELASTIC RIBBONS OF VARIABLE CROsS SECTION 


41. As hitherto I have taken the absolute elasticity Ek? as 
constant throughout the whole length of the ribbon the curvature 
of which I have determined, so the solution can also be made 
by the same method if the quantity Ek? be taken as a variable 
in any manner. In other words, if the absolute elasticity of 
the ribbon AM (Fic. 2) be any function S of the are AM = s, 
and if the radius of curvature at M be R, the curve AM, which 
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the ribbon takes on, will be so constituted that among all other 


Sd 
curves of the same length, [ze is a minimum. This case 


will therefore be solved by the second general formula 1%). 
Let dy - pdx, dp = qdx, and dS Tds. Among all curves 


in which f as V 1 + p* is of the same magnitude, that curve is 


: , 4 Sq?dx 
to be determined in which ; 
J (1 + pr)’ 
is a minimum. The first formula, fas Vv 1+ p*, gives for a 
A ‘ 


differential value d 


Vi+p 


Sqd ‘ 
The second formula f = ., compared with [ Zax, will 
ft 2 +97 
Sq? 
give Z= z -* 
(x + p'y 


Now if we let dZ = LdII + Mdx + Ndy + Pdp + Qdq, where 
I J [Z]dx, then d[Z] [M]dx + [N]dy + [P]dp, and 


*Td 
ida = —_*—., 
(1 + p?)’ 
qT : 
whence L —-, and dil = ds =dx V1 + p*. 
(1 + py 
p 
Therefore [Z] = V 1 + p®,[M] = 0, [N] = 0, and [P] 
Vi-+p*. 
S¢* 
But then M o, N o, and also P = “3 5 a , and 
ie > 
2Sq gdS 
O= —. , so that dZ = ~ + Pdp + Qdq. 
(1 + p*)’ (1 + p*)’ 
: » GT > @dS 
42. Now let Ldx = { —— = { = 
: fe . ee 
and let H be the value of this integral when x a. The 
consideration of the constant a will soon disappear again from 


g dS 


the calculation. Therefore V = H — F pee whence 
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the differential expression will become — md — ‘ [P]V + 2 
Wherefore from these two differential values, the following 
equation for the curve sought will arise : 
d p dP d ZO 
“dx V1i+?7 Tee's TY — ae 


This, being integrated, gives 





ap : dQ 
ae Sell Poe eas | 
or 
ap a Hp ” Pp gas 4 p_® 
V1 ee Vit+p VitpJ(it+pyP dx 
The constant H can be absorbed into the arbitrary constant a, 


whereby the constant a disappears from the calculation. On this 
account, the following equation will “ws 
ap dQ g? dS 
+B ts p2\3" 
Vi-+ Pp? dx Tp nt 


43. Let this equation be multiplied by dp = gdx, and there 


will result 


a pdp Bd Pap dO gdS 
V1 Lp? ' 1 q Te (1+p?)* 
Now since af: fT g pe geae 
INOW since 4 ; ’ 
(pgs: nay h oe 
then Pdp — dZ — Od eS 
en _ — =. 
1 (+ py 
If this value is substituted, the following integrable equation will 
result : 
a pdp g dS 
+ Bd dZ — qdQ — Qdq — ; 
Tier te qdQ Odq (1 + p?)’ 
pdp q? 4S 


—vi+p J) t+ py’ 


the integral of which is 


g ds 
aVi+p?+Bpty= Z— Oo —vit Pl SS 
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ipqetsipened Sq ?, ' @dS 
oraVi+p?+Bp+y= ae Vit+p? G+p)F 
In order to eliminate the integral sign, divide the equation by 
Vict p? and differentiate again, obtaining 


Pa | ee, SE ee Ee 
(r+p7)' (rtp (+P (+p (rt pt” 
2)3 

which, multiplied by < = aves 

Bdp  y pdp nN qaS+Sdq 3 Spqdp 

2q 2q (r+ pi (1+) 

The integral of this, because dp = gdx, and dy = pdx, will be 
Sq 


++ om Te ae Fas 


+ 2)! 
But — tee is the radius of curvature R; whence, by doubling 


the constants 8 and y, the following equation will arise : 


Ss 
R =a-+ Bx — yy. 


This equation agrees admirably with that which the second or 
direct method supplies. For let a + Bx — yy express the 
moment of the bending power, taking any line you please as 
an axis ), to which moment the absolute elasticity S, divided 
by the radius of curvature R must be absolutely equal. Thus, 
therefore, not only has the character of the elastic curve observed 
by the celebrated BERNOULLI been most abundantly demonstrated, 
but also the very great utility of my somewhat difficult formulas 
has been established in this example. 


44. If, therefore, the curve be given which a variable elastic 
ribbon, acted upon by the force CD = P (Fic. 3) forms, the 
absolute elasticity of the ribbon at any point can be found. 
For, taking the straight line CP, which is normal to the direction 
of the force, as an axis, and putting CP = x, PM = y, the arc 
of the curve AM = s, and the radius of curvature at M equal 
to R, because the moment of the force with reference to the 
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S 
point M is Px, then R 


at the point M, is PRx. Hence, since the radius of curvature R 
is known at every point when the curve is given, the absolute 
elasticity at any point becomes known. ‘Therefore, if the material 
of the ribbon together with its thickness be everywhere the same, 
but the width is variable, because the absolute elasticity is 
proportional to the width, the width of the ribbon at every point 
is learned from the form of the curve. 


= Px, and therefore the absolute elasticity S, 


45. Let the triangular tonguelet fAf (Fic. 15) be cut out 
of an elastic ribbon of uniform thickness. Since the width mm 
at any section M is proportional to the length AM, if we let 
AM = s, the absolute elasticity at M will be proportional to s. 
Let the absolute elasticity be Eks, and to the ribbon fastened 
at the end ff horizontally in a wall let there be hung, at the point A, 
the weight P, by which the median straight line AF is bent into 
the curve FmA (Fic. 14), the character of which curve is sought. 
Now on the horizontal axis let the abscissa Ap = x, the ordinate 


Eks 
pm y, and the arc Am = s; then Px = R” in which R 


denotes the radius of curvature at m. Let this equation be 





multiplied by dx, and because R = — ded®y’ assuming dx as 
— — Eksdx* d*y 
constant, we have Px.dx a3 
Pxdx —— sdx*.d*y 
oi ~ * ST 
: d sd*y sdyd*s sdx*.d*y 
But since ds sdy = _ — dy = ds3 + dy, 
dyd* 
and because d?s5 = *, then 
‘ sdx*d*y_ _—sdy 
ds ds 
Whence by integration, 
Px* — sdy 
ras a 7 
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2 Ek 
46. Let dy = pdx, so that ds =dxV 1 + p®,and P =¢; 


x sp 
then a + y— , and therefore 

c Vf I + ? 

aVit+p . #V1+ 7 de ae 
Pp cp p 
This, differentiated, gives 
— adp 4 aedeVitp _ x® dp dyV i+ p 
pPpvi+ cp pv i + p p 
Je . at . —y4p 
pPvi+ p wa pvi1+ p 


2pxdx (1 + p?) x 
cdp 
Let dp be taken as constant and differentiate; then 
2 pxd*x (:+p") 2 pdx? (1+p*) 2xdx(1+3p") 2xdx 
r i , 
cdp cdp c c 


Hence a — y results. 


— pdx 


or 
cdxdp + 2xd*x (1 + p”) + 2dx* (1 + p*) + Opxdx — o. 
A further solution of this equation is impossible. The most 
simple equation for the curve is the following: 
yds — sdy Px 
ds 2Ek’ 


for when x = 0, both y and s must vanish, and the constant a 0. 


THe CURVATURE OF ELASTIC RIBBONS WHICH IN THEIR 
NATURAL STATE ARE Not STRAIGHT 





47. In the previous discussion the curvature of a ribbon, 
whether uniformly elastic or not, is determined if it be subjected 
to a single force, and, which is especially to be noted, if the ribbon 
be naturally straight. But if the ribbon in its natural state be 
already curved, then it will certainly take on a different curvature 
due to the acting force. To find this, one must know its natural 
shape in addition to its elasticity and the acting force. Let, 
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therefore, the elastic ribbon Bma (Fic. 16) be naturally curved; 
let the elasticity of it be everywhere the same, viz. Ek*, and let 
it be curved by the force P into the shape BMA. Through the 
point A let there be drawn the straight line CAP normal to the 
direction of the acting force, and let this line be taken as the 
axis; let also the distance AC = c, the abscissa AP = x, the 
ordinate PM = y; and the moment of the acting force at the 
point M be equal to P(c + x). 


48. Furthermore let the radius of curvature of the curve 
sought be equal to R at the point M; let the arc am in the natural 
state be AM = s, and let the radius of curvature at the point m 
be r; this radius, because the curve amB is known, will be given 
by the arc s. At M, therefore, because the curvature is greater, 
the radius of curvature R is less than 7, and the excess of the 
elementary angle over the angle in the natural state will be 


d ds 
z — —, which excess will be the effect produced by the acting 
r 


i 3 
force. Wherefore p(c + x) Ek? ( — ) which, since r is 
r 


given by s, will be the equation of the curve sought; and this 
considered thus cannot be reduced to one of the previously 
described classes. 


49. Therefore let us assume that the ribbon has a circular 
shape amB in its natural state; r will be the radius @ of that 


I 
circle, whence P(c + x) = ER? Ge ): Let this equation be 
a 


multiplied by dx and integrated ; then [see sec. 5 towards the end] 


P..g@ -. ) — dy x 
Ek? G aS ater 


2 


will arise, which, if ¢c — be written for c, will go over into 


Pa 


P «4# eee 
Ek? G tert+f)= ds’ 


This is the same equation that we discovered above for the ribbon 
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which was straight in its natural condition [sec. 5]. Let, therefore, 
the ribbon which is circular in its natural condition be curved 
into the same curves which are produced for the ribbon that 
is straight in its natural state ; of course, the place of the application 
of the force, or the distance AC = c will have to vary for each 
case according to the given law. Therefore the same nine classes 
of curves will appear for the figures which the ribbon that is 
circular in its natural state can produce, and these we have 
enumerated above. For the circular ribbon, if the distance AC 
be taken as infinite, can be drawn first into a straight line 
[see class 9]; then any force whatever applied in addition will 
produce the same effect as if it were applied alone to the elastic 
ribbon which was straight in its natural state. 


50. Now let us assume that, whatever be the natural shape 
of the ribbon, the point C is infinitely distant, in such a way 
that the moment of the acting force be everywhere the same, 

I 


b’ then 


and let the moment, when divided by Ek® be taken as 


I I I I I I 


h  ?PesE R ee 
H ds S$ > ds 
ence q% b “| ’ 


* ds 
is the amplitude of the arc AM, just as / , expresses the 


amplitude of the arc am, precisely as the celebrated JOHN BeEr- 
NOULLI is accustomed to use the term amplitude in his superb 


; $ ds 
treatise De motu reptorio *.) Let therefore b + be the arc 


in the circle whose radius equals 1, which, because r is given 
by s, will also be a known function of s. Hence the rectangular 
co-ordinates x and y will be found in such a way that 


4 : $ "ds 4 - s ds 
x | $ sin (, { {7a y | s cos (; | fr) 


whence the curve sought can be constructed by quadratures. 


51. Hence the figure amB (Fic. 17), which the ribbon must 
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have in its natural state, can be determined, so that by the 
force P, acting in the direction AP, it can be unfolded into the 
straight line AMB. For letting AM = s, the moment of the 
force acting at the point M will equal Ps, and the radius of 


I 
curvature at M will be infinite by hypothesis, or R~* Now 


the arc am in its natural state being equal to s, and the radius 
of curvature at m being taken as 7, because this curve is convex 
to the axis AB, the quantity r must be made negative. Hence 


ER* ies 3 
Ps , or rs = a, which is the equation of the curve amB. 
r 


3 . 
-, or the amplitude 
2a 


\| 


— ds 
52. ‘Therefore, since —-= ~., then { 
r @ JT 


of the arc am will vary as the square of the arc itself. Hence 
the rectangular co-ordinates x and y for the curve amB will be 


2 2 
so defined that x = ds sin * , and y = f ds cos ~... 
. 2a* 2a" 

$2 


In other words, in a circle whose radius is 1, the arc _ will 
have to be cut off, the sine and cosine of which must be taken 
to determine the co-ordinates. Now from the fact that the 
radius of curvature constantly decreases the greater the arc am = s 
is taken, it is manifest that the curve cannot become infinite, 
even if the arc s be infinite. Therefore the curve will belong 
to the class of spirals, in such a way that after an infinite number 
of windings it will roll up at a certain definite point as a center, 
which point seems very difficult to find from this construction. 
Analysis therefore must be considered to gain no slight advantage 
if anyone should discover a method by the aid of which at ieast 


an approximate value can be assigned for the integrals { ds 

_ & -, : = s 

sin, and | ds cos —_,, in the case where s is taken as infinite. 
2a" ‘ 2a 


This seems to be a not unworthy problem upon which mathe- 
maticians may exercise their powers **). 








| 
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53- Let 2a* 5?, and since 
‘Ls of 52 56 slo sl 
a ee rl) es Oe |). ee 
s* 54 38 gl2 


and cos fe 1— 2! bt ~ 4! bs — pipe toe 


the co-ordinates x and y of the curve sought can be conveniently 
expressed by infinite series; for 
7 gl g15 
36% 3!76° * star b! =o! a5 BM 
eo s? g'8 
and s— - 
y ais bt! glo b® 61136" 


TF cece, 


from which rapidly converging series, unless the arc s be assumed 
to be very great, the approximate values of the co-ordinates x 
and y can be determined sufficiently closely. But what values x 
and y acquire if the arc s be taken as infinitely great, can in no 
way be determined from these series. 


54. Therefore, since putting s co makes a very great 
difficulty, aid can be brought to the inconvenience by the following 
3° bdv 
method. Let po then s — b V 0, and ds whence 
2Vv 
b fd . b (dv 
S=- , sin v, and y ,- cosv. And now I declare 
2J/V0 sJ Ve 
that the values for x and y when s « will be discovered by 
the following integral formulas : 
b i d I J I 
x v r + — 
4s Vv Viar+u V2nr+e 
I . 
+ .... } sing, 
V37+0 
4 b [ a I I I 
and y v , — 1 
os Vv Vato V2nr+0 
I 
— - cose BOOS OD 
Vv 37 +0 


if after integration v be taken as equal to 7, where 7 denotes an 
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angle equal to two right angles. In this way, therefore, the 
placing of s co is indeed avoided ; but on the other hand, 
the infinite series 
I I : I I 

Vv Var+o V2ar+o V30r+0 
is introduced into the calculation, and since the sum of this series 
is as yet unknown, the resolution of the knot is still subject to 
a great difficulty. 


os 


THE CURVATURE OF AN Exastic RIBBON AT INDIVIDUAL 
Points UNDER THE ACTION OF ANY Forces WHATSOEVER 


55. It will be convenient also to study the curvature produced 
in an elastic ribbon by several forces, or indeed by an infinite 
number of forces, by the same method already given for studying 
the curvature of any elastic ribbon whatsoever if it be acted 
upon by a single force at a given point. But since it is not yet 
established just what expression in these cases is going to be 
either a maximum or a minimum, I shall use merely the direct 
method, in order that from the solution itself it may perchance 
be possible to discover that property which is either a maximum 
or a minimum. Therefore let the elastic ribbon that is straight 
in its natural state be brought into the position AmM (Fic. 18), 
first by the finite forces P and Q acting in the directions CE 
and CF normal to each other, and then by the infinitely small 
forces applied to the single elements mp of the ribbon, and 
acting in the directions mp and mq parallel to CE and CF; all 
this being stipulated, the character of the curve produced in 
the ribbon AmM is required. 


56. Let the straight line FCA produced be taken as an axis, 
and let AC c, the abscissa AP x, the ordinate PM = y, 
the arc of the curve AM s, and the radius of curvature at M 
be R; let the absolute constant of the elasticity of the ribbon 
be Ek?; and the sum of the moments arising from all the acting 


l Ek* 
moments with respect to the point M must be equal to 


R° 
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Now in the first place, from the finite force P acting in the 
direction CE there arises the moment P(c + x), acting in that 
direction in which the elastic forces are equilibrated. The moment 
Oy, arising from the other force Q, tends in the opposite direction, 
from which, due to the finite forces P and Q taken together, 
there arises the moment P(c + x) — Qy. Now let there be 
considered any intermediate element mp, and let its corresponding 
abscissa Ap = €, and the ordinate pm = 7; let the force acting 
upon the element mp in the direction mp be dp, and the force 
acting in the direction mq be dq; then the moment of these 
forces about M will be (x — ¢) dp — (y — n) dq. 


57. ‘Therefore to find the sum of all the moments, the point M, 
and consequently x and y, must be, for the time being, considered 
as constants, while only the co-ordinates ¢ and 7 with the 
forces dp and dg are regarded as variable. Therefore the sum 
of the moments arising from the forces acting upon the arc Am 
will equal 

xp — J dp — yp + J ndq, 
where p expresses the sum of all the forces acting upon the 
arc AM applied in the direction parallel to pm, and q expresses 
the sum of all the forces acting upon the arc AM applied in the 
direction parallel to Ap. But f (dp = Cp — J pd, 
and fndqg= ng — J qn, 
whence the sum of the moments arising from the forces applied 
to the arc AM will be (x — f)p + f pdt — (y — n)q — Sqdn. 
Now let the point m move to M; then ¢ x, 1 y, a dx, 
and dn = dy; whence the sum of all the moments taken throughout 
the whole length of the arc AM will equal f pdx — Jf qdy. 
Wherefore, for the curve sought, the following equation will 
be obtained : 


= = P(e + x) —Qy + f pdx — } qdy. 


Here p expresses the sum of all the vertical forces, or those 
acting in the direction of the ordinates MP, and q expresses 
the sum of all the horizontal forces, or those acting in the 
direction of MQ parallel to AP, throughout the whole arc AM. 
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58. If the expressions { pax and f gdy cannot be integrated, 


the equations found by differentiation will have to be freed from 
these integral expressions, whence the following equation will 
be had : 

= Pdx — Qdy + pdx — qdy. 


2 


But if neither p nor g can be expressed in a finite number of 
terms, inasmuch as they already express the sums of an infinite 
number of forces infinitely small, then by a further differentiation, 
the finite values p and q will have to be eliminated, so that there 
remain only dp and dq, with the differentials of the second order 
d*p and dq. 

Now there will arise, after the first differentiation, 


dR dy dy 
— Ek*d = dp — +q)d ~- dq. 
R*dx > —(2 + 9) dx dx q 


Let = = mw, and, when the equation has been differentiated 
x 


again, we get 


dR 
d p: 

_ pa =. 6 2 ie + 

w dw dw 


This equation contains differentials of the fourth order. 


59. In place of the vertical and horizontal forces p and q, 
let two forces be applied to the ribbon—the one normal, MN = dv, 
and the other tangential, MT = dt [Fic. 18]. Hence 


dp dxdv | dy sad ond d= dxdt dy do 
ds ds ds ds 
and because dy wdx, and ds dx V1 + w?, 
dv w at dt w dv 
then dp = and dq = onnaditiade 


Vi+w? : Vi+w? V 1+? V1+w? 
When these values are substituted in the last equation of the 
preceding paragraph, the following equation will result : 

dR 
— Ek? d R* dx — dt i 2wdv PE =. 
dv Vito V1+e? ae 
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This equation becomes integrable when multiplied by V1 + w?. 


For the sake of brevity, let z = = : 
R®dx 
then 
Y on ee dv (1 + w?) _ __ ER pasat “. 
du dw 
ws I 

V ) ee w? 2R | 

dw RdxVi+w® 2FR 
But since R = — GC +e7 dx, then dw = — (i +o) dx, and | 

dw R 


by substituting the value of dw we shall have, because dx V1 + w? 
= ds, 


eee... = — Ee a s.. 4 dR ] | 
ds 2R ds R? ds 
Therefore by transposing, the following equation will arise : | 
R dv R dR 


I 
vig “aah Yl ea i Ral 


Ek? should vanish, the ribbon would be transformed into a 
perfectly flexible filament; and hence all the curves which a 
perfectly flexible filament can form when acted upon by any 
forces whatsoever are included in these equations. Thus 
if a filament be merely drawn downwards by its own weight, : 


60. Now in the first place, it is clear that if the elastic force | 


then g = o, and p will express the weight of the string AM, 


and therefore, by the first equation of section 58, p = =O=-a 
J 


constant, and P = o, which is the general equation for catenary 
curves of every kind. Now if a perfectly flexible filament be 
acted upon at various points by forces, the directions of which 
[Fic. 18] are normal to the curve itself, in such a way that, at | 


the point M, the filament be drawn in the direction MN by a 


: Rdv 
force dv, then, because t = 0, it follows that 4s = A,a constant. 
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This is the general property of trough-shaped curves, and of 
all curves in which acting forces of this kind appear. 


ON THE CURVATURE PRODUCED IN AN ELAasTiIc RIBBON 
BY ITS OWN WEIGHT 


61. I return now to elastic ribbons about which there is 
offered the following investigation, which is especially worthy of 
note, viz., the kind of a figure an elastic ribbon takes on when 
curved by its own weight. Let AmM [Fic. 18] be the curve 
which is sought, and because only vertical forces due to gravity 
are acting upon it, P = 0, Q 0, q = 0, and p will express 
the weight of the ribbon AM, wherefore, if F be the weight of 
a ribbon of length a, because the ribbon is assumed to be 


uniform, p Fs. whence the character of the curve will be 
a 
expressed by the following equation [from sec. 58] : 
— Ek*dR Fs dx 
R? a 
Let the amplitude of the curve be [ee = u; then R = a 
y u 


and dx = ds sin u; whence, assuming the element ds as a constant, 


the following equation will be found : 
< Eak® du 
s ds sin u — . = 0 


F ds 
which, as far as appears at first glance, cannot be reduced further. 


62. Now especially worthy of note is the curve which a fluid 
of considerable depth produces in an elastic ribbon (FIG. 19). 
Let AMB be the figure sought, and letting AP = x, PM = y, 
and AM s, the element Mm will be drawn in the normal 
direction MN by a force proportional to ds; whence dv = nds, 
and dt — 0. Hence the vertical force dp = ndx, and the horizontal 
force dg — — ndy; whence p = nx, and q = — ny; and therefore 
the equation [of section 57] becomes 


Ek? , . 
ss P (c + x) — Qy + anx* + ny’. 
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The co-ordinates x and y can be increased or diminished by 
constant quantities in such a way that the equation for the curve 
takes on the following form : 


B 
ee oe iP Nl | 
y R 


Now if this equation be multiplied by xdx + ydy, and if we 
put dy = wdx, it becomes integrable, for 
(= + ydy f x + yw y—wx ydx —- xdy 
— — dw 
R P (1 + w*)’ V i+w? ds 
Because of this, by changing the constant after integration, we 


shall have | 


dx — xd 
(+9) = Ave ty) + BOTT 1 


Let V x? 4 y z, and y = uz; whence x sV1—w; 


"du 2*du? 
therefore ydx — xdy = — , and ds dz* + 
V1 — uv? I—u? 
Therefore by placing 
du Nr 4 —C Bz*dr 
T, then 2* — A2* — - ’ 
V1—w V dz? + 2? dr 
and hence 
du dz (#4 — Az? —C) | 
dr = -- 


Therefore this curve, if A o and C = oa, will be algebraic, 
for we shall have the following equation 

du 2? dz 327 dz 
Vi—uv VB—2 3Va 2* | 


which, being integrated, gives 


dr 


, I — 
arc sin u are sin -., 
3 a’ 
3 3 
z Vv y | 
= 3u — 4u® 3Y __ ss : | 
a z = 
whence 32° 3a° y2* — 4a® y*. 
Or, since 2? = x? + y?, (x? + y?)® = 3a%x*y — ay, or 


x6 + 3 xy? 4 3 xy! i y 3 a®x*y — a®y* - 
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ON THE OSCILLATING MOorTIONS OF ELastic RIBBONS 


63. Now from all this the oscillating motion of elastic curves 
brought into motion in any manner whatsoever can be determined. 
The illustrious DANIEL BERNOULLI first began to investigate this 
assuredly most important topic, and some years ago sent me the 
problem of determining the oscillations of an elastic ribbon 
fastened at one end in a solid wall, the solution of which I have 
published in “ Commentarii Petropolitani’”’ Vol. VII, (1740). 
Since that time, not only has it been my good fortune to treat 
the problem in a more convenient fashion, but also, through 
consultation with the celebrated BERNOULLI, a number of other 
questions and considerations have been added, the elucidation 
of which, because of the relation of the subject matter, I shall 
here add. Now when the vibratory motion is sufficiently rapid, 
a musical tone is given by the vibrating ribbon, the pitch of 
which, and its relation to other tones, will be determined by 
these principles, with the aid of the theory of tones. And since 
the character of tones is very readily subject to experiment, by 
that fact the agreement of calculation with truth can be investigated, 
and the theory can be confirmed. In this fashion our knowledge 
of the nature of elastic bodies will be enlarged in no small 
measure. 


64. Now it must first be noted that here our study is directed 
only to very small oscillations; and the interval through which 
the ribbon passes in oscillating is, as it were, infinitely small. 
But the utility and the application is not at all diminished by this 
limitation; for not only would oscillations be deprived of isochro- 
nism if they should take place through large spaces, but more than 
that, the formation of distinct tones, and that is what we are 
here primarily considering, requires very small oscillations. 
I therefore consider here, in the first place, a uniform elastic 
ribbon, naturally straight, one end of which is firmly fixed at B 
(Fic. 20) in an immovable pavement, in such a way that the 
ribbon, when left to itself, has the upright position BA. Let 
the length of this ribbon be AB = a, and its absolute elasticity 
at each point be Ek?; its true weight we either neglect, or else 
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we cause it to be fixed in such a fashion that its position cannot 
be disturbed by gravity. 


ON THE OSCILLATIONS OF AN ELASTIC RIBBON FIXED 
AT ONE END IN A WALL 


65. Now this ribbon, acted on by any force whatsoever, 
performs very short vibrations passing through very small intervals 
Aa on either side of its natural position BA. Let BMa be any 
position whatsoever which the ribbon occupies while oscillating. 
Since this is only an infinitely short distance from its natural 
position BPA, the straight lines MP and Aa will at the same 
time represent the paths which the points M and a traverse, 
or rather these straight lines, when compared to the true paths, 
will differ from them by an infinitely small amount. Now to 
determine the oscillatory motion, it is absolutely necessary to 
know the character of the curve BMa which the ribbon takes 
on during oscillation. Therefore let AP x, PM y, the 
arc aM = s, the radius of curvature at M be R, and the very 
small interval Aa 6b; also, from the conditions mentioned, 
the arc s will be approximately equal to the abscissa x, and 
accordingly dx can be taken for ds; for in comparison with dx, 
dy will be on the point of vanishing. And since, by assuming 
dx as constant, the general expression for the radius of curvature 


is, in the present case R ax* for the curve BMa turns 
dxd*y d*y 

its convex side to the axis BA; and because the ribbon has been 
firmly fixed in a wall at B, the straight line AM will be tangent 


to the curve at B. 


66. All this being stipulated, in order to determine not only 
the character of the curve BMa, but also its oscillatory motion, 
let f be the length of a simple isochronous pendulum; for not 
only the nature of the case, but also the calculations to be 
instituted will show that the very small oscillations are isochronous. 
The acceleration by which the point M of the ribbon is drawn 


toward P will be Pa _Yy . Wherefore, if the mass of the whole 
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ribbon be taken as M, which is expressed by the weight, the 
. Mdx ; 
mass of the element Mm = ds = dx is ; whence the moving 
a 

Mydx 

af ° 
and thus the forces by which the individual particles are actually 
brought into motion will be known, not only from the curve BMa, 
but also from the length f of the simple isochronous pendulum. 
But, since the ribbon is, as a matter of fact, incited to motion 
by the elastic force, when this is known, and the nature of the 


curve is known, the length of the simple isochronous pendulum 
will also be determined by them. 


force drawing the element Mm in the direction MP is 


67. Therefore, since the ribbon is moved exactly as if there 
had been applied to each element Mm of it, in the direction MP, 


Myd 


forces equalin ~~" it follows that, if to the single elements Mm 
q g - g 


of the ribbon, equal forces eu should be applied in the opposite 
a 


direction Mz, the ribbon in the position BMa would be in a 
state of equilibrium. Hence the ribbon while oscillating will 
undergo the same curvature which it would take on when at 
rest, if at the individual points M it should be acted upon by 


the forces oe - in the direction Mz. 
a 
Therefore by the rule discovered above in section 56 [and 57], 
let all these forces applied throughout the arc aM be collected, and 


a 
in the place of p. Wherefore, since the remaining forces P, Q, 
and q which appeared there [sec. 56] are on the point of vanishing, 
the character of the curve will be expressed by the equation 


there will appear the sum yj / ydx, which must be substituted 


Ek? [ 

- dx, 
.” + 

2 M 
whence we shall secure oi en fas J ydx. 
| Raf. 
. k? d? M 
But since R = S , then , a [ ax j yds. 
d*y dx? af . 
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ER? @y M 


Diff tiating, d dx, 
ifferentiating det af x f ydx 
and by differentiating again, the following differential equation 
of the fourth order will appear : Ek? dy My = 
a 


68. By this equation, therefore, the character of the curves 
BMa is expressed, and from that, if it be adapted to the case 
presented, the length f will be determined. That being known, 
the oscillatory motion itself will become known. But first the 
equation must be integrated, and since it belongs to the class of 
differential equations of the higher orders, the general integration 
of which I have shown in Vol. VII of the “ Miscell. Berol.,” 
the following integral equation will be found by substituting, 


for the sake of brevity, c* for a 


y = Ae‘ + Be t Csin ae Dcos a where e denotes a 
c c 
number the hyperbolic logarithm of which is 1, and sin * and 
c 


x ‘ . 8 x 
cos — are assumed to denote the sine and cosine of the arc — in 
c c 


a circle, the radius of which is 1. But then A, B, C and D are 
four arbitrary constants introduced by four integrations, which 
must be determined by adapting the calculus to the present case. 


69. Now the determination of the constants will be insitituted 
in the following fashion. First, when x 0, y b; hence the 
following equation will arise: 5 A + B+ D. Secondly, 
since <2 fas fydx, and f pdx o for x o, hence 

x2 


d2 ’ 
when x = 0, o. But 
dx* 
d*y A? B— C x D x 
e - sin —--, cos : 
dx* c @ ° e c ce c 
whence the second equation appears, namely A + B— D 0. 


3 d*y .. 
Thirdly, since <2 { ydx, then when x = 0, a disappears, 
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and ay = Ae a ee +. Dsin E whence the third 
dx*® c c 


equation A — B — C = oappears. Fourthly, ifx = a, y = 0, 
and Ae: + Be-. + Csin ° + Dis « 6, Fifthly, because AB 
c c 


, d 
is tangent to the curve at the point B, when x = a, = = @, 
x 
; . cl a oo 
whence the fifth equation Ae — Be + Ccos- —Dsin- = 0 
c c 


appears. From these five equations the four constants A, B, C, 
and D will be determined; and that on which the hinge of the 


4/ Bp2 
matter turns, the value of c = J — will be found, from which 


the length of the simple isochronous pendulum will be secured, 
whereby the durations of the oscillations will become known. 


70. From the second and third equation, the constants C and D 
will be expressed in terms of A and B thusly: C = A — B, 
and D = A + B. These values, substituted in the fourth and 
fifth equations, will give 


Ae “ Be-= + (A — B) sin ~ + (A + B) cos <= 0, and 
c 


c 
a _@ a , a 
Ae — Be:« + (A — B) cos —(A + B) sin = 0, from 
c c 
which we secure 
_4 = a 4 a ae 
—e. + sin — cos e:.-+ cos —_+ sin — 
A c c c c 
— = , 
: — £ a ‘ a . a 
B e + sin —+ cos — e€ -+ cos --— sin 
c c c c 
whence the following equation will be obtained : 
a a 2a a 
= ad a a a 
2+(e +e <)cos — = 0, ore‘ cos —+ 2e © + cos =0. 
c c c 
— 
—I1+sin 


This gives e 7 ies 


a 
cos 
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, =. - ; > 
However, since e* is a positive quantity, then cos— will be nega- 
, isis . 
tive, and the angle — will be greater than a right angle. 
c 


71. From the last equation it is seen that an infinite number 
a Pree : see's 
of angles : will satisfy it, due to which angles an infinite number 


of diverse modes of oscillations of the same ribbon arise. For 
the curve can cut the axis AB at one or more points before it 
touches the axis at B; from this fact there is an infinite number 
of modes of oscillations equally possible. Since we are here 
primarily considering the case in which B is the first point when 
the ribbon crosses the axis AB, this case will be satisfied by a very 


a 

small angle : satisfying the discovered equation. Since this 
. . a 7 . . 

angle is greater than a right angle, let tena + ¢, in which ¢ 


. . . a 
is less than a right angle. Hence, because sin — = cos ¢, and 
c 


a 


a : : ‘ 
a, Fe ¢, we shall obtain the double equatione « = 
1+ cos ¢ 

sin > 
a a 
which gives either e« = tang¢,ore« = cot 3 ¢. 


The second equation will give the smaller value for the angle 4, 
and will be adapted to the case proposed. 


72. The following possible modes of oscillation will be found 


if the angle @ is greater than two right angles and less than 
c 


three right angles. Let a ce —¢. Then sin ah an 
c c 


2 
a , 
cos ¢, and cos — sin ¢, whence 
c 
a I Cc Ss a a 
e< £ 60 FE. ore ° tan $4, or e: cot } ¢. 


sin d 
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In a similar way, other modes of oscillation will be found by 
5 7 a 77 
=57% 44,5 =7" _ ¢; oe. 
2 c 2 


From all these, if the hyperbolic logarithms be taken, there 
will arise the following equations : 


1. ~ + $= log cot 44 II. ~ + $ = log tant ¢ 


Leill 
letting 
c 


1. 3” —¢ = log cot} ¢ IV. al om log tan} ¢ 
2 2 

v. >” + = log cot 3¢ VI. 2" + $ = log tan $4 
2 


Vil. 7” —$ =logcot} VIII.” —¢ = log tan} 
2 2 
etc. 
Now the third of these equations agrees with the second, for 
let $d = —— 4 0, then cot 4 d = tan 4 0, whence the third 
2 


; 7 ane 
equation passes over into = 6 = log tan 4 @, which is the 
2 


second equation. In the same way the fourth equation agrees 

with the first; the fifth and the eighth agree; likewise the sixth 
agrees with the seventh, etc. Wherefore only the following 
| different equations will appear : 


I. +4 =logcoth¢ Il. 7 + $= logtant¢ 
2 2 

111. 57 + ¢ = log cot $¢ IV. >” + ¢ = log tan} ¢ 
2 2 


v. 7 4 $ = log cot} ¢ VI.” + ¢ = log tant ¢ 
2 2 


etc. 


73. Now the hyperbolic logarithm of any tangent or cotangent 
of an angle is found by taking the tabular [common] logarithm 
| and subtracting ten from it *), and multiplying the remainder 

by 2.302585092994. In order to shorten the labor, it will be 
| convenient to use logarithms again. Let u be the hyperbolic 
logarithm of the tangent or cotangent of the angle $ ¢ which is 
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sought. From the tables let the [common] logarithm of the same 
tangent or cotangent be taken, and let this value, diminished by 
ten *), be v. Therefore, since u=2.302585092994 v, we shall get, 
by taking common logarithms, log u log v + 0.3622156886. 


; ; nt 
This logarithm being found, since u = + ¢, we have log 
2 


u = log — + $). To evaluate this, the angle ¢ must be expressed 
2 
in radians, just as 7 is expressed in the same fashion, where 
7 = 3.1415926535, and hence eo 1.57079632679. Now the 
2 


angle ¢ will be expressed in the same way if it be changed to 
seconds, and if from the logarithm of this number there be 
subtracted constantly 5.3144251332 4); for thus the logarithm 
of ¢ will appear, from which, by going back to numbers, the 


. : ie ees 
value of ¢ is secured. Now for every kind of oscillation, — will 
c 


constantly equal u = + ¢. 


74. This advice having been given for instituting the calcula- 
tions by approximations, the value of the angle ¢ will be secured 
without difficulty for any kind of oscillation. For by assigning 
any values you please to ¢ and determining by calculation 
andl ¢, and log tan } ¢ or log cot } ¢, soon the approximate 
value of ¢ will be known. 

If now the limits of the angle ¢ be removed as far as you 
please, then closer limits will be found immediately, and from 
these the true value of ¢. Thus for the first equation 


¢_ 7 4 ¢ = log cot $4, I have secured the following limits 
c 2 
for the angle ¢: 17° -26’ and 17° -27’. From these, by the 


following calculation, the true value of ¢ itself will be obtained. 


d = 17° -26' -0” 17° -27' -o” 
in sec. : 62760" 62820” 
log 4-7976829349 4-7980979321 


subtract 5-3144251332 5.3144251332 
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log = 9.4832578017 — 10 9.4836727989 — 10 
¢ = 0.3042690662 0.3045599545 

$a = 1.5707963268 1.5707963268 
tr7+¢= oe 1.8750653930 1.8753562813 

c 

$¢ _ 8° -43' — go -43' -30" 

v = log cot $¢ = 0.8144034109 0.8139819342 

log v 9.9108395839 — 10 9.9106147660 — 10 
add 0.36221 56886 0.36221 56886 

log u 0.2730552725 0.2728304546 

um * 1.8752331540 1 .8742626675 

c 
difference + 1677610 — 10936138 


From these errors of the two limits is is concluded that 


d 17° -26’ -7.98”", and $ 7 + ¢ = ~ = 107° -26' -7.98"’. 
c 


But since 
d 62767.98” 
log 4-7977381525 
subtract 5-3144251332 
log ¢ 9.4833130193 — io 
therefore ¢ 0.3043077545 
add ” 1.5707963268 
2 
d + © wie = 18751040813 
2 €¢ 


This being found, then : tan $ ¢ 0.1533390624 *). 


Therefore the ratio of the constants A and B is found. From 
which also the ratio of the remaining constants will be known 
in relation to them. 


75. There still remains the first equation b = A+ B + D. 
This equation, since D A + B, becomes 6 = 2A + 2B, and 
therefore A + B = }$ Bb. 


Since therefore : = tan $ ¢, B (1 + tan $ ¢) = 3 4, and 
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b b 


B= 





2+2tan}¢ 2(1 + tan}¢) 
Whence from tan $ ¢ = 0.1533390624 the several constants of 
the equation will be determined in the following fashion : 


A tan} ¢ 0.1533390624 

6 = =6.2(1+tan$ 4)  —2.3066781248 

B I I .0000000000 
b 2 (1 + tan $ ¢) g 2.3066781248 
Cc —1+tan3¢ —o.8466609376 
7 es (1 + tan $ ¢) 2.3066781248 
D 1+tand¢ «1.1 § 33390624 
6 2(1+tan}¢) 2.3066781248 


These being found, the character of the curve aMB which 
the ribbon takes during oscillation will be expressed by the 
following equation : 

y A * B * . x D x 

b b ob b e 6 c 


76. As to the velocity of the oscillations, it will become 


known from the equation “= 1.8751040813. For the sake of 
c 
brevity, put m = 1.8751040813, so that a nc; and since 
Ek*af 


a 


where og expresses the specific gravity of the ribbon 
a 


and Ek*® the absolute elasticity, by the method which I have 
ai M 
n* Ek? a 
from which the length of a simple isochronous pendulum will 
vary directly as the fourth power of the length of the ribbon, 
directly as the specific gravity, and inversely as the absolute 
elasticity. Let g be the length of a simple pendulum oscillating 
in a single second in such a way that g = 3.16625 Rhenish feet. 
Since the durations of the oscillations of the pendulums are 
proportional to the square roots of the lengths of the pendulums, 
the time of one oscillation made by our elastic ribbon will be 


used hitherto, at = n* Ek? 4 and on that account f 


a? 
vi seconds as ¥ a. i Whence the number of oscilla- 
& 


g ER a 
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tions produced in one second will be 

n® a 

a a g Ek* uM 
This number expresses the pitch of the tone which the ribbon 
produces. Therefore the sound produced by different elastic 
ribbons fastened at one end in a wall, will be proportional to 
the square root of the absolute elasticity, inversely proportional 
to the square root of the specific gravity, and inversely proportional 
to the square of the length. Wherefore if two elastic ribbons 
differ only in length, their tones are inversely proportional to 
the square of the lengths; in other words, a ribbon twice as long 
will give forth a tone two octaves lower. Now a tense chord 
twice as long gives forth a tone only one octave lower, if the 
tension remains the same. From this it is clear that the tones 


of elastic ribbons follow a very different ratio from that of the 
tones in tense chords *). 


77. As to the character of the curve aMB continued beyond 
the ends a and B, it is clear, in the first place, that the curve 
beyond a advances in such a way that it is continually diverging 
from the axis BA. For taking x as a negative quantity, 

y = Be: + Ae — Csin ~ + Deos~. 

c c 
Now here, all the limits are positive, because only the coefficient 
C previously had a negative value [sec. 75]; whence while x 
increases, y must also increase, because the number B is greater 


= 
x 
than A, and so the term Be prevails. Now as soon as has 


x 


reached even a moderate value, then the term Be © increases in 
such a degree that the remaining terms, in comparison with it, 
disappear, as it were. For this reason, because the radius of 
curvature of the curve at B does not equal infinity, for 
E k* 

R 
a point of contraflexure, and will advance further on the same 
side of the axis AB, and by increasing the abscissa x beyond 


M 
f { dx § y dx and hence the curve at B will not have 
aq. 


BA = a, the first term Ae < soon becomes so great that the 
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remaining terms can be regarded as zero in comparison with it. 


78. Therefore this is the first mode of oscillation among those 
innumerable ones to which the same ribbon may adapt itself. 
The second mode, represented in Fic. 21, whereby the ribbon 
fixed at B crosses the axis AB at one point O, will be deduced 


, a I 37 
from the equation a + ¢ = log tan } ¢ or —¢= 
c 2 2 


log cot} ¢. Here, by means of certain experiments, I have disco- 
vered that the angle is contained between the following limits : 
1° -2’ -40” and 1° -3’ -o’”. From this as above the true value 


of ¢ itself will be secured. 


db ss 1° -2’ -40” 1° -3'-0” 
in sec. 3760" 3780" 
log 3-5751878450 3-5774917998 
subtract = 5.3144251332 53144251332 
log 8.2607627118 — 10  8.2630666666 — 10 
d 0.0182289944 0.0183259571 
7 
= = 4.7123889804 4-7123889804 
37 a 
ere 2 46941599860 — 4.6940630233 
$¢ 31-20” 31’ -30” 
log cot $4 = 2.0402552577 2.0379511745 
log v 0.309684505 5 0.3091937748 
add 0.36221 56886 0.36221 56886 
log u 0.6719001941 0.6714094634 
u 4-6978613391 4.6925559924 
a 
46941599860 4.6940630233 
error + 37013531 — 15070309 


From these errors the true value of the angle ¢ is found to be 


19 -2' -54.213", and : 268° -57' -5.787"". Since therefore 
c 


é = 3774-213" 
log = 3.5768264061 
subtract 5-3144251332 
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log ¢ 8.2624012729 — 10 
dp = 0.0182979009 
7 
3. = 4.7123889804 
a 
$= 4-6940910795 


Therefore the tone of a ribbon oscillating in the first case will 
be to the tone of the same ribbon vibrating in this case as the 
square of 1.8751040813 is to the square of 4.6940910795, or as 
1 to 6.266891, or, in least integers, as 4 is to 25, or as 1 is to 6 4 

15 
Whence the latter tone will be just about 2 octaves plus a fifth 
plus a half tone higher than the former **). 


79. For the following cases of oscillations of the same ribbon, 
in which the ribbon cuts the axis AB at two or more points while 
oscillating, the angle ¢ becomes much smaller; thus for the third 
case the following equation is secured : 


+ ¢- log cot} ¢ = “*. 
c 


57 


T . ~— + i) 
Pherefore, since e * = cot $ ¢, because ¢ is an extermely 
small angle, 
5 Sm 2 : 
> +9 d d 
si eR tb tote t ovo) 
2 6 
L 42 
1—t¢ 2 d 
and cot eS. pee, 
0 S ¢ 1 db as ¢3 db 6 
Hence approximately, 
Sm . =~ 
e : - , or d 2e 2 ; 
dp 
or more closely 
y a 5 2 
dp —<q ™), whence a+ —z, 
1 + $ e2 c 2 2+¢2 


The latter term is extremely small. In a similar manner for the 
fourth case of oscillations, approximately 
an yr 


a 7 . 
= 7 2e ” 


2 
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Since these second terms are on the point of vanishing, the values 


of : will be al , etc., which will differ less from the true 
c 2 


values the farther they proceed. 


CONCERNING THE OSCILLATIONS OF A FREE ELAastic RIBBON 


80. Let us now consider an elastic ribbon fixed at no point, 
but free or lying upon an extremely smooth plane or, neglecting 
gravity, existing in a vacant space. Now it is readily apparent 
that a ribbon of this kind can receive an oscillatory motion, while 
the ribbon ach (Fic. 22), curving itself, passes alternately on 
one side and the other side of the position of rest AB. Therefore 
the oscillatory motion may be defined in the same way in which 
it was defined in the preceding case, provided only that the 
calculations be adapted to this case in the necessary manner. 
Therefore let ach be the curved shape of the ribbon which it 
assumes while oscillating, and ACB the shape of the same ribbon 
in the state of equilibrium through which it passes in each 
oscillation. As before, let the length of the ribbon AB = a, 
the absolute elasticity be Ek?, and the weight or mass equal to M. 
Then let the abscissa AP = x, the ordinate PM = y, the arc 
aM = s, which will correspond with the abscissa x in such a way 
that ds = dx; from this the radius of curvature at M will be 

dx* 

dy 
being stipulated, by instituting the same process of reasoning as 
before [sec. 66 and 67], we shall arrive at the same equation 


Further, let the first ordinate Aa = 6. All this 


Ek M a 2 Ek dy 
R a parre dx? 
E k? af 
81. Therefore, if we take M c’, where f, as before, 


expresses the length of a simple isochronous pendulum, we shall 
have, by integrating, the following equation for the curve : 
2 =" x x 
y = Ae + Be « + Csin + Deos 
c c 
This will be adapted to the present case as follows : 
First, when x = 0, y = 6,and hence b= A+ B+ D. Second. 
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; a d’y ay 
since dx § ydx, then = 0 when x =—0, whence 
dx? dx? 


ee sis 
arises A + B—D=o0. Thirdly, since -f ydx, 
d*y 


= o when x = o, whence A — B—Ce= oa. 


then 


a 
Fourthly, if x = a, f ydx, or “a must vanish, because f ydx 


expresses the sum of all the forces drawing the ribbon in a 
direction normal to the axis AB, and if this sum were not equal 
to zero, the ribbon itself would undergo a local motion contrary 
to the coneitions instituted; for this reason, therefore, 
- a 
Ae: — Be: eo + Dsin = 0. 
c c 
Fifth, since the ribbon is free at the end B, it cannot have any 


dy 


curvature there, and therefore _- = o when x = a, whence 
dx? 
i a : a a 
Ae‘ + Be‘ — Csin — Dcos — = o. 
c c 


By taking these five conditions into the computations, not only 

will the four constants A, B, C, and D be determined, but also 

the value of the fraction “ will be found; from which the length 
c 

of the simple isochronous pendulum f will become known. 


82. From the second and third of these equations, 
D A + B, and C = A — B, and these values, substituted 
in the equations eters, will give the following : 


a a 
Ae: — Be: — (A—B) cos + (A+B) sin —= 0, and 
c c 
“ 2 . a a 
Ae: + Be: — (A—B) sin — — (A+B) cos —= 0. 
c c 
From these it is found that 
, a _— — See a 
e. — cos — sin —e ‘ — sin —+ cos —, 
A c c c c 
B io. weoll - on a 
é« — cos + sin — e‘ — sin — cos 
c c c c 
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from which the following equation is secured : 


a = a ~ 1+ sin * 
2—e‘ cos —e* cos Oo, or e' , 
c c cos 


1 


Whence the following equations will be found : 


a 7 


I. -= —~— ¢@ = log tan} ¢ 

c 2 
which gives “ = o for the natural position of the ribbon *°), 

c 

Il. = ee d@ = log cot 4 ¢ 
c 2 

III. ¢ — 37 + $ = log cot 3 ¢ 
c 2 

IV. @_— 5” —_ ¢ = log cot 4 ¢ 
c 2 

¥. a = ™ 4+ ¢ = log ct 34 
c 2 

VI. © = ~~ —¢ = log cot hs 
c 2 

etc. 


83. These equations again indicate innumerable modes of 
oscillations. In the second of these the ribbon will cut the 
axis AB only once; in the third, twice; in the fourth, three times, 
in the fifth, four times, and so on. From this it is understood 
that the second, fourth, sixth, etc. modes are not adaptable to the 
present case. For since in these the number of intersections 
is uneven, the position of the ribbon, while oscillating in the second 
mode, would be such as Fic. 23 represents, in which mode, 
however small the sum of the forces acting throughout the whole 
ribbon tends to become, nevertheless the ribbon would acquire 
from them a rotary motion around the center point C, because 
the forces applied to each half aC and bC would combine to 
produce the same rotary motion in the ribbon. For this reason, 
since the rotary motion must be absolutely excluded, the shape 
of the ribbon which is taken on during oscillation ought to be 
of such a character that not only the sum of the acting forces 
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applied to the whole ribbon equals zero, but also that the sum 
of their moments tends to vanish; and this is obtained if the 
curve at the center point c (FIG. 22) be given a diameter cC. 
This takes place if the curve cuts the axis AB in two, in four, 
or in general, an even number of points; from which the 3rd, 
5th, 7th, etc., equations only, will give us satisfactory solutions **). 


84. This limitation will be found to be contained in the very 
statement of the problem if we admit only curves of the kind 
that have the straight line Cc as a diameter, that is, in which 
the value of y would be the same if (a — x) should be written 
in place of x. Therefore let us substitue (a — x) in place of x 
in the general equation, whence 


: -* —4 os — x ‘> 
y = Ae: e « + Be « e+ + Csin — cos— — Ccos — sin 
c c c c 
a x Se 
+ Deos cos + Dsin sin . 
c c c c 


Since this equation must agree with the equation 
z =2 _ x x 
y= Ae « + Be « + Cain + Dcos —, 
c c 
therefore 


1 


a a a 
Ae B,C (a + cos —-) = Dsin _ and C sin — =D (1— 
cos - ). 


The last two equations are identical. Since therefore =e 


B 


when this value is compared with the expression in section 82, 
there will appear 


a a =< a == 
e « — cos — sin =1I1—e < cos +e <« sin , or 
c c c c 
a _ , a 
’ I + cos + sin I + sin cos 
c c c 
a = = = ——— 
a _ a a a 
I + cos — sin cos I — sin 
c c c 
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85. Therefore ec = 
cos 


All this is contained in the equation previously found [sec. 82]. 
1 + sin“ 


e = cos * 


Merely one half of the cases shown above [end of sec. 82], in 
other words those which have uneven numbers, will state the 
present problem. Wherefore, since the first equation comprises 
the natural state of the ribbon, all the modes of oscillations will 
be comprised in the following equations : 


I. cut +d om beg ot a6 
c 2 

II. <a + ow beg cts 
c 2 

Ill. — as + = bee ot 36 
c 2 


etc. 
Therefore the first of these equations will give us the first and 
principal mode of oscillation, for which the value of the angle 
will be found by approximation, in a way similar to that used 
before. Now the limits of the angle ¢ are soon found to be 
1° -o’ -40” and 1° -1’ -o”’, from which, by the following calculation, 
the true value of ¢ is secured. 


p 1° -0’ -40” 19-10" 
in sec. 3640" 3660” 
log 3.561101 3836 3-5634810854 
subtract 5-3144251332 5-3144251332 
log ¢ 8.2466762504—10 8.2490559522 — 10 
¢ 0.0176472180 0.0177441807 
3" 4-7123889804 4-7123889804 
2 
7 a 
3, +¢ = 4-7300361984 4-7301331611 
2 
h¢ 30’ -20”" 30° -30” 


v 2.0543424742 2.0519626482 
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log v = 0.3126728453 0.3121694510 
add = 0.3622156886 0.3622156886 
log u = 0.6748885339 0.6743851396 
a 
ec = 47302983543 4-7248186037 
error = + 636341 + 53145574 
636341 


Difference 52509233 
From this it is seen that the true value of ¢ is not contained 
between those limits, but is somewhat less than 1° -o’ -40” #1). 
None the less, however, it will be found from these errors. 
For let ¢ = 1° -o’ -40” — n”; then 
20” : §2509233 ::n” : 636341, whence 


2423 


% == , and 
10,000 

¢ 1° -0' -39.7576" 
or 3639.7576" 
log = 3.5610724615 
subtract = 5.3144251332 
log d = 8.2466473283 — 10 
d = 0.0176460428 
3" = 4.7123889804 

2 
3_ toe=s = 4.7300350232 [correct value 4.7300408] 

2 


86. Let this number be equal to m, so that 

Ek*af m'‘ Ek*af as M 
= yy? and so that 4° = M , nd fe oe 
Hence in the same way the number of oscillations produced 
by this ribbon in a single second will be 


m? a ,a 
Ek* 
a g M 


where g 3.16625 Rhenish feet. Now if the same ribbon be 
made to produce a tone when it is either free, or has one end B 
fixed in a wall, the tones will be in the ratio of m® : m*, or as the 


ct 
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square of the numbers 1.8751040813 and 4.7300350232 [correct 
value 4.7300408], or as I is to 6.363236. The ratio of these 
tones will be approximately 11:70. Therefore the interval 
between these tones will be two octaves plus a fifth plus a half tone. 
If the free ribbon be taken twice the length of the fixed ribbon, 
the interval between the tones will be about a minor sixth. 


| S wy an. instead of x] 
5 45 +4 


87. The value for the fraction : being found, the equation 
c 


for the curve which the ribbon forms during oscillations, hitherto 
indeterminate, may now be determined; for 


I — sin—- : I — sin “ 
ec= ———, and Ae ‘ = B; hence B = ———m Fy 
cos — cos ~ 
CmA—Bu A™ : = : “a 
cos — 
Sa8eba le ‘ —— ‘ othe 
cos ~ 
Now 
A — — sin “ 
ae TS Fe ey epee el nd 
cos ~ 
whence 
y b cos * b(+ 1+ sin “-— cos *-) 
2 (cos — — sin “- + “e 4 sin ~ 
B b (1 —sin * ) b(—1 + sin “ + cos +.) 
2 (cos 7 — sin +3) 4 sin | 
‘ b(—1+ sin *-+ cos“) 6b(1 —cos *-) 
"2 (cos — — sin 3) 2 sin “ 
6 bsin-“ 
ee = 
2 2sn- 


These being substituted, the following equation will arise : 


y _e@° CO ae (1 — sin “-) 
y 2 (1 — sin “- + cos +) 
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(1 —cos *-) sin ~ + sin “- cos + 


a 


2 sin 


88. Now because the straight line Ce is the diameter of the 
curve, let there be taken, from the central point C, the abscissa 





CP = z, then x = 4a — z, whence 
x a —sz . —3 z “ 
> I—sin“ cos 4 
ee’ me“ @ «, and e = @' yee 
cos “ I—sin “ 
whence 
1 r 2 — Zz ad 
Ae~ + Be = +e) Vcos* (1—sm *) ecteé 
b — s me i eR Shien 
2 (1 — sin“ + :) 2 (ex +e%) 
. a i eee, x . & , @—=z 
Further (1 — cos---) sin + sin cos = sin + sin 
Cc c c c Cc 
in(—— ——) + in (— + 
= sin — sin \ 
2¢ c 2c + c ) 
a z 


= 2 sin cos ; 
2¢€ c 


These values being substituted, the following equation will arise : 


~ 


cos 
2y e | oa é c 
+ 
b : a a 
e*?* +e° cos 
2c 


which is the most simple form whereby the character of the 
curve aMcb can be expressed. Now it is manifest that whether z 
be taken as positive or negative, the same value for y will appear. 


a 8 2cos-2- 3) 
It is also true thate ~ +e * = — 
V cos “ 
J r a , ” 
We have found that the angle 271° -o' -39 3/4" [correct 
c 


value is 271° -o’ -40.94"’]. 


89. Setting z = o, y will express the value of the ordinate Cc. 
This gives 
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2C% 2/ cos a I Ce 1I— cos a 
b = aos r + or A = é 
2 cos 4 cos ~. @ 200s 
I a I a a 
== sec — sec _... 
2 2c 2 2c C 
B a ee . oO , ” Oo , ” 
ut cos — = sin 1° -o’ -39 3/4” [correct value 1° -o’ -40.94”'] 
c 
a 4 , “7 , ‘7 
and cos —sin 45°-30'-19 7/8” [correct value 45°-30'-20.47"']. 
2c 


Hence it is found that ~ = —0.607815 [correct value —o.607841]. 
a 


Then if y = 0, the points E and F at which the curve intersects 
the axis will be found; therefore 
~ cos — = _* 2 cos 
ee+ec=na— “(e* +e )= 


a 


cos = Vcos * 
from which, by approximation 
CE 
CA 
Therefore, while the ribbon is performing these oscillations, 
these points E and F will remain motionless. Therefore the 
oscillatory motion of this kind, which otherwise, it would seem, 
could scarcely be produced in reality, can be easily produced. 
For if the ribbon should be fixed at the points E and F defined 
in this fashion, it would oscillate exactly as if it were free. 


= 0.551685, and om = 0.448315. 


go. If the second of the equations found above, viz. 
a 70 
c 2 
which case ¢ will be approximately zero, then the second mode 
by which a free ribbon can perform vibrations will appear, 
that is, by cutting the axis AB at four points. Then the ribbon 
will oscillate precisely as if it had been fixed at these four points. 
Conversely, therefore, if the ribbon be fixed at these four points, 
or merely at any two of them, it will oscillate just as if it were 
free, and it will produce a much higher tone, inasmuch as it will 
be in about the same ratio to the preceding tone as 7? : 3°; 
that is, the interval will be of two octaves plus a fourth plus 


- & = log cot } ¢ be treated in this same fashion, in 
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the half of a semitone. The third mode of oscillation, in which 


a ll7 5 beng ‘ 
= __ + ¢ = log cot } ¢, will have six intersections of the 


c 2 
curve ach with the axis AB. The tone produced will be higher 


by one octave plus a minor third, = = 2 ? approximately] 
49 5 


and the ribbon will produce this tone if it be fixed at two of the 
six points. Hence it is clear how different tones can be produced 
by the same ribbon, according to the different ways in which 
it is fixed at two points; and if the two points at which it is fixed 
coincide with its intersections in the first, second, or third, etc. 
modes, the oscillations adapt themselves to some one of the 
following modes down to an infinite value. In the latter 
case the tone will be so high that it cannot be heard at all, or 
what amounts to the same thing, the ribbon will be absolutely 
unable to take on an oscillatory motion; or at all events, as in 
the case of a vibrating chord under which a bridge is so placed 
that its parts have no rational ratio to one another, an indistinct 
tone will be produced. 


On OSCILLATIONS OF AN ELastic RIBBON Frxep aT BotH ENDs 


gt. Now let the elastic ribbon be fixed at both ends A and B 
(Fic. 24), but in such a way that the tangents of the curve at these 
points are not fixed. To produce this case in experiment, let 
extremely sharp points Aa, and Bf be fixed to the extremities 
of the ribbon; these sharp points, when fastened to a wall, will 
render the extremities A and B of the ribbon immovable. 
In order to investigate the oscillatory motion of this elastic ribbon, 
let us take, as above, the absolute elasticity of the ribbon to be 
equal to Ek?, its length AB = a, its weight equal to M, and the 
length of the simple isochronous pendulum equal to f. Let AMB 
be a curvilinear figure which the ribbon takes on while performing 
oscillations, and let the abscissa AP = AM = x, the ordinate 
PM y, and the radius of curvature at M be equal to R. 
Furthermore, let P be the force which the sharp point Aa 
supports in the direction Aa. Because the force by which the 
element Mm must be acted upon in the direction My in order 
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Mydx 
af 
following equation, by the rules described above [sec. 57, 66, 67], 
. 


the 


that the ribbon be kept in this position, is equal to 


9 
- 


will result : aig Px — = { ax f ydx. 
R if 


af . 
But R= — = because the curve is concave to the axis; hence 
y 
Ek?d*y M ( 
y | ax s ydx — Px. 
dx* af . 


Therefore, when x o, the radius of curvature R at A will be 
infinite, that is, d*y 0. 


g2. If this equation be differentiated twice, the same equation 
which we have found in the preceding case will appear, namely 


M 
Ek*d*y = — ydx'. 
af 


.- Ek : , 
But if ~~ be put equal to c*, the integral equation will be 


‘ o x 


. x 
y = Ae + Be + Csin - + Deos - 


To determine this, let x o, and since y o at the same 
time, then A + B+ D= 0. Second, let x a, and since y 
again must be zero, 


— a 
Ae’ + Be + Csin—+ Dcos = 0. 
c c 


dy 


Third, since , must vanish when x o, and when x a, 
x2 
we have A + B— D o, and 


! a 


. a a 
Ae‘ + Be ‘ — Csin — Deos .. = 0. 
c 


Now the equations A + B— D= 0, andA + B+ D 0, 
give D o, and B — A, which values, when substituted 
in the remaining two equations, give 


! 1 


A(e‘ —e ) + Csin * =o, and A (e* —e ) — Csin® = ©. 


These equations cannot be satisfied unless A = 9, since it is not 
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a a 


. ad . a 
possible for e‘ =e‘, except in the case when —= 0. Then 
c 


a . ‘ 
indeed Csin o, and here, since C cannot be put equal to zero, 
c 


a 
because there would be no oscillatory motion, sin - will be equal 


to zero. Therefore ; 7, or : 27, etc., whence again there 
c c 

arises an infinite number of modes of oscillation, according as 

the curve AMB cuts the axis either nowhere except at the end 

points A and B, or at one point, or at two points, or at several 


. ~° x 
points. This is deduced from the equation y = Csin > and 


however many points of intersection there are, they will be at 
equal intervals from one another. 


g3. Since, therefore, for the first and principal mode of 
oscillation : a, a* — cot = rr ER? ‘ whence f = os aul 
<v c , M a Ek* a 
Wherefore as far the length of the ribbon is_ concerned, 
the tones again will be inversely proportional to the square of 
the length [sec. 76]. Now the tones of this ribbon, produced 
in this fashion, will be to the tones of the same ribbon, if it be 
fastened at one end B in a wall, as 7* is to the square of the 
number 1.8751040813, that is, as 2.807041 is to 1, or, in least 
integers, as 160 is to 57, an interval which is about one octave 
plus the third half tone. If the oscillations are related according 


i : a > 7 
to the second mode, in which - 2m, the tone will be higher 
c 


- 


“os a . . 
by 2 octaves, but if 37, the tones will be higher by 3 octaves 
‘ c 


a 
and a whole tone than in the case where = 7m, and so on %4), 
c 


In order to adapt this more readily to experiment, it must be 
noted that here extremely small oscillations must be taken, so 
that there is no essential elongation of the ribbon. Wherefore, 
since the tenacity of the ribbon, by which it resists even a slight 
extension, without which oscillations of this kind cannot be 








Ji 
‘ 
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produced, introduces an alteration here, those points ought to 
be fixed in such a way that such a minute extension is not 
impeded. This results if they rest on a perfectly smooth plane. 
Thus the elastic ribbon AB, equipped at A and B with the 
cusps Aa and BB, if these cusps be placed upon a mirror, will 
give a sound which conforms to the calculations. 


On OSCILLATIONS OF AN ELASTIC RIBBON FASTENED 
AT Botu ENpbs IN A WALL 


94. The preceding case having been cleared up, let the 
discussion of elastic ribbons come to a close with the oscillatory 
motion of an elastic ribbon fastened in a wall at both ends A and B 
(Fic. 25), in such a way that during oscillations, not only do the 
points A and B remain motionless, but also the straight line AB 
is constantly tangent to the curve AMB at the points A and B. 

Here we must again be careful that the bolts fastening A and B 
are not absolutely firm, but allow as much extension as is required 
for curvature. Whatsoever be the forces requisite to hold the 
band fixed at the points A and B, therefore, we shall arrive at 
the following differential equation of the 4th order : 


M 
Ekedty =~. ydx'. 


af 
' Boas co _ Ek af 
the integral of which is, as above, letting Vl cA 
, i x 
y = Ae + Be « + Csin + Decos 
c c 


95. The constants A, B, C, and D must be so defined that, 
taking x = 0, not only y disappears, but also dy becomes zero, 
because at A the curve is tangent to the curve AB. Now the 
same thing must also take place if x = a, whence the following 
four equations will arise : 

LA+B+D 
HW.A—B+ C= 


a a a 


a 
Ill. de ‘ + Be ° + Csin - + Decos =o 


0. 
0. 
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a — 


: a a 
IV. de‘ — Be “+ Ccos © — Dsin - = Oo. 


From the first and second of these equations, it follows that 
C = — A+ B,and D = — A — B, which values, substituted 
in the other two equations, will give 


a 





~ _ a a 
Ae‘ + Be ‘ —(A—B)sin” —(A + B) cos~ =o, and 
£. — a . a 
Ae ‘ + Be : — (A — B) cos - + (A + B) sin - = 0, 
The sum and difference of these give, respectively, 
4 oe a A sin 
Ae‘ + Bsin — Acos = 0, Or — = ewe 
c c B P 
cos = — 6: 
a ; a a A e 76 cos a 
and Be ‘ — Asin -— Bcos— = 0,or — = f___ t_, 
c c B sin “ 
whence 
a - 2 a a I + sin a 
2=(e° +e ‘)cos—,ore‘ = 
c 


cos *— 
This equation, since it agrees with the one found in section 82, 
will be satisfied by the following solutions, infinite in number : 


a 7 a 37 
J. = > —¢ = log cot }¢ Hl. yede + ¢ = log coti¢d 
1. = —4mhgentd Iv.° an - 4.4 m= logent ts 
c 2 r c 2 


etc. 


g6. It is impossible to satisfy the first of these equations 


a a 
unless go°, and therefore o **); whence the first mode 
c c 


eT : an, 37 
of oscillation arises from the equation —= + ¢ = log cot } ¢, 
c 2 


a 
and since this has been treated above [sec. 85], c= 47300350232 


[correct value 4.7300408]. Wherefore the elastic ribbon, both 
ends of which are held fast in a wall, will make its vibrations 
exactly as if it were absolutely free. Now this agreement concerns 
only the first mode of oscillation *4); for the second mode of 
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oscillation, in which : = — ¢ = log cot } ¢, and the ribbon 


cuts the axis AB at one point during the oscillation, does not 
have its equivalent in a free ribbon. The third mode of a 
ribbon fastened at both ends will agree with the second mode 
of a free ribbon, and so on. 


97. ‘The latter two kinds of oscillations [sec. g1 and 94] cannot, 
for the reason given, be investigated in any suitable fashion by 
experiment. The first kind, however, [sec. 65] is not only 
extremely well suited for experiment, but also it can be applied 
to the study of the absolute elasticity, which we have called Ek’, 
of any proposed ribbon. If the tone which a ribbon of this 
kind produces when fastened at one end in a wall be noted, 
and a similar tone be produced at the same time in a chord, the 
number of oscillations produced in a second will become known. 
If this number be put equal to the expression a re _ 

avs vy 
since m is known, and the quantities g, a, and M have been found 
by measurements, then the value of the expression Ek? will 
become known, and so also the absolute elasticity. This latter 
value can be compared with that absolute elasticity which we 
have already shown how to find from the curvature. **) [sec. 38] 


, 


NOTES ON THE MONOGRAPH OF 
LEONHARD EULER 
Concerning Elastic Curves 
1744 


Additamentum I to the ad Methodus inveniendi lineas curvas maximi 
minimive proprietate gaudentes. 


(Original notes by H. Linsenpartn in ‘‘ Ostwald’s Klassiker der exakten 
Wissenschaften”” number 175. ‘Translation and changes from the original 
German by DonaLp M. Brown.) 


For a pertinent understanding of the older, fundamental works on elastics, 
it is necessary to know the connections of the statements contained in them with 
the methods of the Mechanics of Solids and the Mechanics of Continua. 
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The following introductory remarks should make possible, even to those readers 
who have not thoroughly studied general mechanics, a critical judgment of the 
most important of the original works on this subject. 

a) Suppose the originally straight elastic wire (lamina) to be replaced by a 
chain of infinitely small, stiff body elements, which are connected with one another 
by spigot-joints, all of whose axes are and remain perpendicular to a fixed plane. 
At the joints C and C’ of any element K, the forces -, and > are transmitted 
from the preceding and following elements respectively. In addition to these 
single forces, the moments -R and R’ will be transmitted at C and C’, if the joints 
offer resistance to rotation of the elements about the spigot-joint axes. Let 
the resultant of the external forces acting on K be dk, and its moment with respect 
to the point of rotation C of the element K be dM. The moments of reaction 
R and R’ can be referred to a suitable pole O in the plane. 

Putting OC = ¢ OC’ = ¢, €—c = de, r—r dr, and R — R = dR, 
the principles of elementary statics give, for the equilibrium of the forces on 
the body element K, the conditions : 

dy + dk = 0, and dR + der + dM = o (Pole at C). 
Introducing the element of arc ds of the equilibrium curve (axis of the curved 
inextensible wire), which connects the joint-point C, the specific quantities 


dk dM 
x= — and m = a” which are related to the constant length of the axis, may 
ds Is 


be used instead of the absolute quantities dk and dM. In addition, taking 


dc . ° dr 
o, then the static relation takes the form 1) +« = 0, and 
ds ds 
dR - 
2) or + m 7) 
ds 


These equations appear frequently in modern literature, since they are not 
present in this explicit form in the works of the older writers (JAcoB BERNOULLI, 
EuLer). EuLer knew these equations in their corresponding form for chains 
whose links are of finite dimensions (compare the statements by RouTH in his 
‘* Dynamik,’”” German edition, vol. 2, page 71.) He merely failed to take the 
transitional step. Compare also EULER’s statement in section 57 (page 116). 

Equations 1) and 2) are advanced by CLesscn, “‘ Elastizitaét fester Kérper,”’ 
Leipzig 1862, pp. 204-222, and were used to establish KiRcHHOFF’s theory of 
wires. They are also found in THomson and Tair “ Natural Philosophy ” 
Part 2, 1st ed., Oxford, 1867; 2d ed., Cambridge, 1895, pp. 152-155; in LOVE 
“ Theory of Elasticity,” 2d ed. Cambridge, 1906, pp. 370-372; and, in their 
direct relation to the theory of body chains with finite links, in the “‘ Zeitschrift 
fiir Math. und Phys.” vol. 56, 1908, pp. 68 ff. by K. Heun. From a general 
point of view, they have been treated in great detail by E. and F. Cossgrat in 
“Théorie des corps déformables ”’ Paris 1909, pp. 6-65. 

b) Let the departure of the axis element dc in the direction of the x-axis of 
a fixed set of axes Oxy be defined by the angle @, and let the contingent angle 
of the elastic curve be denoted in magnitude and direction by dy. By this 


dy. : , ~ ~ 
stipulation, 3 is the specific rotation of the axis element dc. In addition to 
Ss 


the direction of the tangent (c), let the direction of the normal to the curve, »v, 











: 
> 
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be introduced. Then 7 = ov is the binormal (of unit length) on the plane curve, 


ya 
so that — = @ = — 9, where ay, is the radius of curvature of the elastic curve. 
a 
According to the hypothesis of Danie. BerNouLtti, R = Pw, where P is a 
constant depending upon the dimensions of the cross section and the coefficient 
of elasticity. 


Ou Ou Ou 
é 


Further, let ct 2 2 hk, @ m= : 
’ x d&,’ "9 Ge 


ty 


The function u can be represented as the potential of the external force. From 
the static fundamental equations 1) and 2), it now follows that 


dr dc i. dR dy — dy du 
ds ds a an 
dr “ + e 4 P dw . du 
°o , i -_— ee 
r ds o oT w @ F - ' a i) 
Now putting r= Too + Ty, 
dy dtg - dr : ds 
_ 5 mY See 
a 4 ; 
and o ed = "o + re ve 
ds ds ds 
dv p 
However, 5 = - wo, 
- dr d 
and it follows that og - = - ar + , and or = r, 7. 
d d 
From this it is seen that the equation ey Po S + ~ e@ 
ds ds ds 


is integrable, so that 

3) $ Pw*® + 7g + uu = PP. 
This equation shows a certain analogy with the principle of the living force in 
kinetics. 

c) For elastic bodies with no external forces acting, u can be taken as zero. In 
this case, equation 3) takes the simplified form 


3) 4 Pw* + rg = h° 
The virtual work of bending is R8é. From this the equation 
d dR 480 


ds (R30) = = 89 + R ds is formed, or with the use of equation 2), 


d 
— (R30) = -7,30 + Riw 
ds 


Denoting the end points of the elastic curve by)A and B, the integration along 


the axis of the wire gives 


B *B 
[ = | (Riw — 17,50) ds. 
A A 
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Setting the virtual distortion equal to zero at the boundaries A and B gives 


B 
(Riw — 7,80) ds = 0, or, since 7,80 = dra, 
4 


B 
of (}Pu? — 14) ds = o. 
A 


By equation 3’), however, -r, = }Pw* — h®. Hence it follows that 


B *B 
4) : s| Pw* ds — h® ( ds = 0. 
7 A wA 
*B 


According to EuLER’s conception, the integral | Pw* ds is therefore a 
A 


B 
maximum-minimum with the isoperimetric condition | ds = I (constant). 
A 
e 
From equation 1) follows r = r°. Therefore r, = r\ cos? + r, siné, and 
r, = —r, sind + r\ cosé. 
Usually the axes Ox, Oy are so selected that r) = o. 


d) In equation 3) the quantity }Pw* = e, can be considered as an energy. 
The sum u + 7, = wu’ can be considered as a modified potential energy. Setting 
e — u’ = f, and defining f as the static LAGRANGIAN Function (in analogy to the 
kinetics of solid bodies), the static analogue to the LAGRANGIAN kinetic equations 


d df df 
has the form 7 a td Oe and in the present case is identical with 
(@ 
the equation — + r, + m = 0. 
ds 


Thereby the analogy of KircHHOFF is presented. Further discussions on 
this analogy are found in Love “ Elasticity ’’ 2d ed., p. 382, and W. Hess, ‘‘ Math. 
Ann.” Vol. 25, 1885. 

e) EuLErR gives the method of treating the isoperimetric problem in chapter 5 
of ‘‘ Methodus inveniendi,” the German treatment of which, by P. STACKEL, 
is contained in Number 46 of “‘ Ostwald’s Klassiker der exakten Wissenschaften.” 

(K. Hevun). 


Note 1, page 78. 


DANIEL BERNOULLI pointed out the potential force to EULER in a letter dated 
October 20, 1742 (letter 26 in Vol. 2 of Fuss ‘‘ Correspondance mathémat. et 
physique,”’ Petersburg, 1843). He says at the close of this letter : “ Since no 
one is so completely the master of the isoperimetric method (i.e., the calculus 
of variations, which EuLeR founded as a special branch of analysis) as you are, 
you will very easily solve the following problem in which it is required that 


ds 
fs shall be a minimum.”’ DANIEL BERNOULLI knew of EuLER’s “‘ Method of 


finding Curves,’ together with the supplement on elastic curves, before its 
appearance; for he spoke about these with great interest in his letters to EULER 
in 1743. See section 63 and note 30. 
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Note 2, page 78. 
For the special formulas employed here, compare Chapters II. and V. of EuLErR’s 
** Methodus inveniendi lineas curvas etc.” (Vol. 46 of “‘ Ostwald’s Klassiker 


der exakten Wissenschaften,’ edited by P. StTAcKEL.) 


Note 3, page 81. 
For this transformation of the co-ordinates, let the following facts be noticed : 


The new axes are again at right angles; the new x-axis forms an angle ¢ with 


dY iP — 
the old x-axis defined by tan ¢ = = Putting P = , this gives p = B fi 
, (8? + y*) (1 + P*) 
and therefore 1 + p®? = 
(B + yP)* 
Substituting this value in EuLer’s last equation, namely 
Vv Vi +p? + + 
: : P Bp Si Bx — yy + 34, gives the result 
(1 + p) i 
2VaVit P+PV B+ XVBuY 
GQ + PA)! 


Let p, V+ Y 
Introducing lower case letters instead of capital letters gives 


> 


2V aV 1+ fp? + Bp = Bx (1 + P’) 
Again, writing £ for , this last equation reduces to the equation given in the 


text. 


Note 4, page 82. 


é 8 1 (B 
Put n ¥, x si + a ai, —°}- 


The quantities a, 8, y, used here are, of course, different from those given at 
the beginning of this section. This gives 
n*x*? — ma* y (a + Bx, + yx,*), and therefore 
dx, (a + Bx, + yx,*) 
dy Vat —(a + Bx, + yx,*)* 
Omitting the subscript on x gives the next to the last equation in section 4 of 


the text. 


Note 5, page 89. 
Here Euter is thinking of NeEwTon’s famous enumeration of curves of the 


third order. In the following discussion, AP (Fig. 6) is always the direction 
of the positive x-axis, and AB the direction of the positive y-axis. AB is also 
the direction of the external force. In section 5 the direction of the external 


force is parallel to the negative y-axis. 


Note 6, page 91. 
The shape of the curve in the neighborhood of C can be also derived as 


c 


7% , 
u=a a , so that u* a* represents a parabola. The curve, near C, 
c 
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is approximately a parabola. If x is made very small in the original equa- 
tion, then dy = allt Ban , and therefore y = rel. — x, that 
eV 2a? — ¢ eV 2a — 
is, the curve has the form of a straight line in the neighborhood of A. This 
also follows from the fact that A is a point of flexion of the curve; for we have 
d*y a‘ 
OF Ge x*)® (2a* — c? + x*)®” 


The curve has flexion points for no other values of x. 


which vanishes for x=o. 


Note 7, page 92. 

The elastic curve has been treated in a few places, although not in detail, in 
“* Methodus inveniendi lineas curvas”” by EuLer. (Vol. 46 of “‘ Ostwald’s Klas- 
siker der exakten Wissenschaften,” pp. 110, 111, 127, 131.) In chapter 5, par. 46, 
EvuLER demonstrates the important property, that of all the curves of the same 
length which all pass through the same two points, the elastic curve is that one 


which, when rotated about an axis, generates the solid of greatest volume. He 
a’ ; a 
also mentions there the relation R = : the radius of curvature is inversely 


proportional to the abscissa. 


Note 8, page 92. 
x a a’ du 
If - = u, and A onauh R®?, then s = J Saks (1-Ru?) 
that is, according to the definition of LeGENDRE, s is an elliptic function 
of the first order. By the same substitution, y is transformed into 


, , V 1-k*u? du a* ‘ du 
¥ V 2a® — c? —_ 4 
7 , Vi- uw V aa®- Vv (1 -u®) (1 - R*u?) 


The first member is an elliptic integral of the second order, and the second 
member is another such integral of the first order. Therefore the integration 
for s and y cannot be put into a condensed form. 


Note 9, page 93. 

The notation of the limits of the definite integral has been added for brevity, 
although they are not found in EuLer’s work, the notation being first adopted 
by Fourier in 1822, in the “ Traité analytique de la chaleur.” 


Note 10, page 94. 
° ° yV 2 
y arc sin gives x ¢ @n = . In modern terminology, the 
V2 € a 
curve represented by this equation is called a sinusoidal curve. By the term 
trochoid is now meant a curtate or prolate cycloid; the sine curve can be 
considered as a special case of a curtate cycloid. 


Note 11, page 95. 
With the aid of the Legendrian relation KE’ + K’E — KK’ = $m, the EULER 
relation 4bf = 7m a® is easily derived. (For the necessary formulas on the 








{ 
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elliptical integrals for this, compare for example, E. Pascat ‘“‘ Repertorium 
der héheren Mathematik,’”’ German ed. by A. Scuepr, p. 156.) We have 


a 2dx 
f= ik, (a? — =*) (a? + x?) 
Putting x = a cos¢ gives 


a 5 dd a 
a 75 “gg he” etl cera 
- x*dx “ dxV a + x ” a*dx 
‘ i V (a*—x*) (a?+x%) J, Va— x -f V (a*—x*) (a? +x%) 


Again, putting x = a cosd, then 


“3 ‘ a a 
b= aV F dpV 1 — jsin*g — K = 2E — K). 
: 2 f a ta ae Tale Va ‘ , 


As the formulas show, the complete integrals K and E belong, in this case, to 
the modulus &k* = }, and therefore 1 — k® = }§ also. Putting 1 — k* for k* 
in E and K transforms them into E’ and K’. Here, therefore, K = K’, and 
E = E’. The above L&GENDRIAN relation gives as a result the equation : 
KE’ + K’E— KK’ = 2KE — K* = K(2E— K) = 42. Butbf = }a*K (2E—K), 
and therefore 46f = za*. Another proof is found in TopHunter, “ A History 
of the Theory of Elasticity,’ Cambridge, 1886, Vol. 1, p. 36. 


Note 12, page 96. 
In this calculation, the author has made an error. EvuLeR puts 6 


a 
1.1803206 oie , instead of b = (this has been corrected in 
2 


1.1803206 V2 
the text). 


b 
It then follows that - 0.59896, that is, approximately 0.6. From this follows 
a 


5a 


the formula f = 6° In EvLer’s text is given the incorrect value 
2 


= 0.834612. 


Note 13, page 97. 

W. Hess treats the problem of elastic curves as an analogue to the oscillation 
of a pendulum, and gives a series of figures on the possible forms. (Mathem. 
Annalen 25, 1885). 

The direction of the force in EuLER’s curves of the fifth class, that is, the per- 
pendicular from A on AP, (Fig. 8), forms, in EvuLer’s work, the angle 
90° + 40° 41° = 130° 41’ with the curve. Hess gives 129.3°. He took this 
angle from Lecenpre’s Table of Elliptic Integrals; it consists of finding the 
value of the modulus k* for which 2E — K vanishes. H. LINseNBARTH, editor 
of Volume 175 of ‘“‘ Ostwald’s Klassiker der exakten Wissenschaften,” says, 


in Note 25, p. 117 of that work, “‘ As the editor has convinced himself, this gives 
also in this manner the value 130° 41’, and in addition the verification of the 
calculation from EvuLer’s equation for v shows that EuLer calculated correctly, 
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since otherwise the value 0.8261 would obtain for v, instead of EuLErR’s value 
0.8259.” 


Note 14, page 99. 
Here the well known relation log. nm = log) n. log. 10 has been employed. 


log. 10 = 2.302585. At the end of the section, L QOM is set equal to 28 —go®- 
To derive this, let LQOM = ». Therefore tang = 

dy ic? — x* 1 — 2c0s*9 

px _ PY os poe | Setting x=c cos@ gives tang= ata "~~ cot2é. 


Therefore tang = cot (180° — 20) = tan (28 — go0°). Hence p = 28 — go®. 


Note 15, page 100. 

If c is interchanged with g, the curve remains unchanged. Therefore the 
shape of the curve near G must be similar to the shape near C, except that the 
curvature at C is greater than atG. ‘The perpendicular from G to Dd is therefore 
also a diameter of the curve, as is the perpendicular from C to Dd. 


Note 16, page 102. 

Equation I is the equation at the end of section 5, if x is replaced by t, A by c> 
and if mEk® = -Pf. This relation is derived at the end of section 10. If the 
origin is translated from A to C, then I goes into II. The normal equation (III) 
of the elastic curve does not change, since in it only dy, and not y is moved when 
the x-axis is displaced parallel to itself. The origin will then be a suitable point 
of the straight line AB (Fig. 6). In this figure, the external force acts in the 
direction AB, as is the case in II at the point C. The change of sign before 
the dx in II is accounted for by the fact that in figure 3, section 5, the force acts 
in the direction of the negative y-axis, while in figure 6 it acts in the direction 
of the positive y-axis. (See note 5.) Therefore, since II and III are referred 
to the same co-ordinate axes, these equations can be brought into agreement. 


Note 17, page 104. 

In this calculation EuLER has made an error (corrected in the text). He used 
only the first four terms of the series expansion given in the text, and obtained 
the following value for f: 

378° 

f{=3-—-— 

30¢ 

that f is greater than g. EULER seems to have overlooked this fact. The value 

for h is the same in both cases. The detailed calculation given in the text is 
not given in the original. 


, which is less than g. From a glance at the figure, it is evident 


Note 18, page 106. 
Here EvuLer refers to the formulas given in his ‘‘ Methodus inveniendi lineas 
curvas,’’ Chapter IV, sec. 7, II, p. 132. 


Note 19, page 108. 

This relationship can be proved in detail as follows : Let any straight line CP, 
(Fig. 3) whose equation is Ax + By + C, = o, be the axis. Then the moment 
of the force P at the point M (corresponing to the developments in sec. 5) equals 
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P.CP. Let the point M have, for the time being, the co-ordinates ¢ and », giving 
the equation of MP as A (y — n) — B (x — £) = o. If the point C be given 
the co-ordinates x = k, y = 1, then Ak + Bl + C, = 0, and the length of 

A (l—n)— B (k — &) 


the perpendicular from C to MP, i.e., CP, is given by VA a B 

The moment P.CP is, if ¢ and 4 be again replaced by x and y, 

P (Al — Bh) BP AP 
Jean + V a a Bp woe ar . B?” corresponding to a 


Bx — yy in the text. 


Note 20, page 112. 
The monograph of Joun BerNouLti “ De Motu Reptorio” is found in the 
Acta Erudit., Aug. 1705 (Works I, p. 408.) 


Note 21, page 113. 

Eu er himself further exercised his powers on both of these definite integrals, 
for he says in Vol. 4 of the “ Institutiones Calculi Integralis ” (Petersburg, 1794) 
on p. 339 : “I recently found by a happy chance, with the aid of a quite unique 


“ décosd “ désind = 
method, that lso sec. , =-—, and al: j ee i 
at (see also sec +) _v 86 : and a “ Vv 6 . 


The curve analyzed here is the one whose natural equation is rs a’. 


This has been called the Klothide by Cesaro. Particulars on this, and figures, 
which appear also in the above mentioned work by EuLer, are found in Loria 
“ Spezielle algebraische und transzendente Kurven der Ebene,’’ German ed. 
by F. Scnitte, Leipzig, 1902, p. 458. 


Note 22, page 114. 
Namely, consider the interval from zero to infinity to be divided up into the 


wae parts: 1. from o to , 2. from @ to 27, 3. from 27 to 37, etc. Then 
if" "" dv sine ‘27 dv sinv 3" dv sinv 
+ / - eesee . 
we V v Ji ¥ © 
— v + win ois second integral, v v, + 2m in the third integral, 
c., gives 


7 . Pc 2 ° 
b [ r dv sin v dv, sin 0; | dv, sin UV; ] 
x — 6 beu , 
eS Poe A Jo Vite JoV % + 20 


Since the relation between the variables is immaterial in the definite integral, 
vw can be put equal tov = v, = Uy = Us ... Similarly the value for y may 
be obtained. 


Note 23, page 127. 

The Latin text reads “ ...; indeque auferendo logarithmum sinus totius,...,” 
or “and subtracting from it the logarithm of the entire sine,”’ instead of ‘‘ and 
subtracting ten from it ’’ as given in the text. ‘The original is apparently a misprint 
of some nature. The reading in the text conforms to the method of procedure 


as given in sec. 31. 
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Note 24, page 128. 
Let ¢ transformed into seconds give the number 8. ‘Then, in radians, 


2 
$=p : 180.60*. 


" __* "Therefore log ¢ = logB — log — This last logarithm is 
80.60* 7 
5.3144... This explains the appearance of this number in sections 73, 74, and 85. 


I 

In order to get log, cot} ¢ EULER used the known formula log, cot} ¢ = M 

logy, cot}¢. To carry out the multiplication on the right side, he again used 
I 

common logarithms. Log, — 0.362215... From this the appearance of this 


number in the second part of the tabular calculations is understood. At the 
end of the calculations, EuLer used the reguli falsi, as also in sec. 85. 


Note 25, page 129. 


A 
The formula — = tan}, which has not as yet been derived, is easily found 


in the following manner : Adding the first two formulas of sec. 70, which contain 
only A and B, gives 


a 
.: — a — 
2Ade © — 2 Bsin— + 2Acos —' = 0, or, since sin — = cos g, and 
c c c 
a 
a ‘ oe 
cos — =—sing, ande © = cothg, 
c 
A ; A ; 
cose = — (cothe — sing) = — cothe (1 — 2sin*}¢) 
B . B si 
A al 
or cos @ B cot}e cose. Therefore - tan}¢. 


Note 26, page 131. 

Here Eu er refers to the difference between the oscillations of bodies which 
are elastic due to stretching—a taut chord, corda elastica, and those which are 
elastic due to stiffmess—an elastic ribbon, lamina elastica. 


Note 27, page 133. 
If the lower tone is C, then the higher tone is slightly lower than G sharp. 
If C has the frequency N, then G sharp has the frequency 4° N (that is, 6 4, 


instead of 6 ,*, as according to EULER’s calculations). See the note on section 79. 


Note 28, page 133. 
Sqr Sa Sm 


> 2 
Approximately e ~ (1 + @¢) = . Therefore e 
? 


By the first approximation in the text, however, ¢ e = 2, 


nl g 





Therefore ; =e + 2,i.¢,¢= 


Nq 


1+ he 


Il 





Sethe 


nO. pee 
moa Se - a Ba 


+ aa age. 


CaaQ 
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, etlibcian 
Letting v = — Vv gEk? . , then to the various modes of vibration 
a M 
correspond the tones having the frequencies 
s7\* 77%? 
1.815? », 4.697% », , ( - -) v, ( ) ha. onset . All these tones 
2 


have been sought out experimentally by CHLApN1, (‘‘ Akustik,” Leipzig 1802, 
Pp. 94-103). They are, as he also found for the following cases, in the best 
agreement with EuLer’s results.(See note 30.) 


Note 29, page 136. 


a 
The case —— = 0, which appears frequently in the following sections, is 
= : 


derived as follows: Since a is not zero, then c = 0. That is, since ct = 
Ek? af, 

M 
nitely long, and the time for one oscillation is infinite. An infinitely long time 
is needed to produce an oscillation in the ribbon, i.e., it remains at rest. 


, f must equal © . The corresponding isochronous pendulum is infi- 


Note 30, page 137. 

Only the case of the oscillation with one knot point, represented in Fig. 23, 
is excluded in free elastic ribbons, not the others. DANIEL BERNOULLI expressed 
his astonishment at EvuLErR’s error in a letter of Sept. 4, 1743. (Letter 30 in 
the “‘ Correspondance math. et physique,” by Fuss). ‘‘ These oscillations arise 
freely, and I have determined various conditions, and have performed a great 
many beautiful experiments on the position of the knot points and the pitch 
of the tone, which agree beautifully with the theory. I hesitated whether I should 
not strike out from the supplement the few words which you say about the matter.” 
In the ‘‘ Acta Acad. Petrop.” 1779, Part 1, p. 103, EULER again takes up the 
investigation of oscillating ribbons from other points of view, and admits of 
oscillations with an uneven number of knot points without more ado. There 
he also treats six classes of oscillations, with consideration of the ends of the ribbon 
—whether free, fixed on supports, or set in a wall—while here he treats only 
four classes. Lorp RAYLEIGH, in Chapter VIII of the “‘ Theorie des Schalles ”’ 
(German ed. by Fr. NgEgsen, Braunschweig 1879), gives a comprehensive presenta- 
tion of the transversal oscillations of elastic ribbons. In that very place, for 
instance, he considers the free oscillations with three knot points. See also 
STREHLKE, ‘‘ Poggendorf’s Annalen’”’ vol. 27, and A. Sgeepeckx, “‘ Abhandl. d. 
Kgl. Sachs. Gesellschaft der Wissensch.”’ 1852. 


Note 31, page 139. 
The deviation in the left table is incorrect. It should read — 2621559, namely 


4.73003... — 4.73029... The angle ¢, then, does lie between 1°-0’-40” and 
n” 
1°-1’-0". Letting ¢ = 1°-0’-40’ + n, the rule of false values gives = 
20 
2621 
33° . This gives n = 0.9402, and hence ¢ = 1°-0’-40.9402”. 


53145574 + 2621559. 
This value appears, for.example, in RAYLEIGH’s “‘ Theorie des Schalles,’ 


vol. 1, 


p. 298 ff. Then io 4.7300408 for the correct value. Since the mistake has 
c 
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no influence until the fifth decimal place, the further numerical values are correct 
to that place. In this and the following section, the correct values are inserted. 


Note 32, page 141. 


a u.. 2 cos 
2 : 
Eu cer had, incorrectly,e~ + e =+ ——. Since 


a 
= 270°-0’-40.94"", then cos = COS 135°-0’-20.47” is necessarily negative. 
2¢ 


Therefore the right side of the formula has a positive value, as must be true 


a a 
2c 


sincee +e is positive. The formula can be derived as follows : 


a 


— P a 
, PS a ee (1 — sin —) + cos 
ek +e 2c e° ae e* ~ mex , a c 
Vv a . 1@ 
cos ——_{ 1 — sin 
c c 


This value has already been used to calculate 





I x x 
6 (4 ec + Be~<). Introducing half angles, 


2, 4 « a 
2 cos (4.¢)—2 cos ac sin2c 


i ° _ * 
; = —-— 
e * + 9% cos a ee a i a 
sin? + cos? — 2 sin cos 
c 2c 2c 2c 2c 
a a a 


; a 

z cos —— (cos — sin ) 2 cos — 

2¢ 2c 2c 2¢ 
= - ~ == = For the second 
a . a / 
sin —cos 
cos - . or cos 
. . . a a. : : , - 
root in the denominator, sin — cos is used, since this value is positive. 
2¢ 2c 


The formulas of sec. 89 are changed from EuULER’s text to the correct values 
derived here. The last formula is correct in the text, and hence the numerical 
Ce 


values are correct. As is negative, since in Fig. 22 these ordinates have opposite 
directions. 
Note 33, page 145. 

It should be noticed about the tone intervals under consideration that : 


160 
1) the first interval, is, in the C-major scale, the interval from the base note 
57 


C to F sharp of the next higher octave (2.78 instead of 2.81); 2) the second 
interval, 4:1, is that of the base tone C to the C two octaves higher; 3) the third 
interval, 9:1, reaches from C as the base note to the note D which lies three octaves 
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higher. In connection with the practical working out of these oscillations, which 
EuLer considered difficult, see CHLADNI, “‘ Akustik,’’ p. 99. 


Note 34, page 147. 
This agreement takes place for all modes of vibration. EvuLer’s differing 


statement comes from the fact that he rejects, for free ribbons, the oscillations 
for an uneven number of knots. See note 30. 


Note 35, page 148. 
These experiments, which are very important for technique,.have been performed 


in a most fruitful fashion. However, the formulas given here do not lead to 
useful results, since they do not take into consideration the cross section of the 
elastic ribbon. See, for example, Kuprrer, “‘ Recherches expérimentales sur 
l’élasticité des métaux.” St. Pétersbourg, 1860. 

















Outline of a History of differential 
Geometry “ 


(II) 
6. — Gauss 


If the French drew the most consistent economic and political 
consequences from their revolution, the Germans on the other 
hand were more profoundly stimulated by the accompanying 
intellectual upheaval. France had NAPOLEON, but Germany had 
BEETHOVEN, KANT and Gauss. The small town philosopher of 
K6nigsberg and the small town mathematician of Géttingen 
represent as truly the essential aspects of the new era as the little 
corporal himself. 

Germany, after the death of LerBniz, had participated only 
in the construction of new mathematical ideas in so far as its 
despots had imported genius to adorn their throne. The same 
causes that bring the revolution to France revivify the German 
intellect. Its clearest expression in mathematics is CARL FRIEDRICH 
Gauss (1777-1855). 

For us the activity of Gauss is threefold : as inventor of non- 
Euclidean geometry, as inventor of intrinsic differential geometry, 
and as a theoretical geodesist. ‘This geodetical work, as the 
practical one, was at the bottom of all his geometrical discoveries. 
Most of them were made in the period between 1815 and 1830. 
From 1821 to ’25 Gauss was busy surveying the Kingdom of 
Hanover. 

We shall not discuss Gauss’ work on non-Euclidean geometry, 
though it profoundly affected later differential geometry. It has 
been done in considerable detail. We shall deal only very 


(*) See Isis, 19, 92-120. 
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briefly with his geodetical papers. Our main subject has to be 
Gauss’ direct intervention into the theory of surfaces. 

Gauss’ mathematical investigation of the problem of map pro- 
jection was written in 1822 under the title “ Allgemeine Auflésung 
der Aufgabe die Theile einer gegebnen Flache auf einer andren 
gegebnen Flache so abzubilden dass die Abbildung dem Abgebil- 
deten in den kleinsten Theilen ahnlich wird.” (1) It is the general 
theory of the conformal representation of arbitrary surfaces, and 
it represents a continuation of papers by EULER and LAGRANGE. 
As EuLer and LAGRANGE, Gauss uses “‘ Gaussian coordinates,” 
taking x, y, 2, equal to functions of ¢ and u, but where EULER 
and LAGRANGE represent a surface only on a plane, Gauss repre- 
sents two arbitrary surfaces upon each other. The solution, which 
uses complex functions, is applied to different cases, for instance, 
that of mapping a rotation ellipsoid on a sphere. 

Later Gauss came back to this subject and sought that conformal 
representation of the rotation ellipsoid on a sphere which is best 
for certain purposes. (2) 

This work led Gauss to the general theory of surfaces. A 
manuscript on this subject dates from 1825. He published a 
revised paper on this theory in 1827. (3) 

These Disquisitiones generales circa superficies curvas of 1827 
mean an entire departure from the French methods. (4) A new 
line of approach is found in the investigation of the intrinsic 
properties of surfaces, depending only on the linear element, 
and not the properties of the surface as imbedded in Euclidean 
three-space. Such intrinsic properties are unchanged by bending 


(1) Printed in Astronomische Abh. 1825. See Gauss Werke IV, p. 189-216. 
The paper was a solution to a problem posed by the Academy at Copenhagen 
in 1822. 

(2) C. F. Gauss, Untersuchungen iiber héhere Geodasie, I, II, Géttingen Abh. 
2 (1844), 3 (1847), Gauss’ Werke IV, p. 259-300, 301-340. 

(3) The older ms. has the title : “‘ Neue allgemeine Untersuchungen iiber 
die krummen Flachen ” (1825), Werke VIII, p. 408 (with remarks of STACKEL). 
The “ Disquisitiones ’’ were published in Commentationes soc. reg. sc. Géttingensis, 
6 (1828), Werke IV, p. 217-258. English translations of both papers by 
J. C. Moreneap and A. M. Hivreperrer. Princeton Univers. Library, 1902, 
p. 126, with bibliography of papers using Gauss’ method, and many notes. 

(4) That Gauss was acquainted with Monce’s contributions to geometry is 
shown by his favorable review of MoNGE’s “‘ Géométrie descriptive,’ Gétt. gel. 
Anzeiger 1813, Werke IV, p. 359-360. 
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the surface without tearing or stretching. Gauss writes the linear 
element 

ds = V (Edp* + 2Fdpdq + Gdg*), 
where p and g are “ Gaussian”’ curvilinear coordinates on the 

I 
R, R,’ 
a result from EuLER’s paper of 1760, depends only on &£, F, 
G, and their first and second derivatives. Gauss proves this 
‘“theorema egregium” in more than one way, first by taking 
the general linear element, and then by assuming ds?=dp?+ Gdq’. 
This involves a discussion of geodesics, and the discovery of 
another outstanding theorem, the one dealing with the sum of the 
angles in a geodesic triangle. This theorem is one of the first 
examples of so-called differential geometry in the large, and was 
partly anticipated by the corresponding theorem of LEGENDRE 
on the sum of the angles of a spherical triangle. (5) Gauss 
proves the theorem by a transformation of the surface integral 
of curvature k, the “ curvatura integra,” into a line integral. 
The paper ends with expansions in series of different functions 
on the surface, in a coordinate system ds* = dp? + G dq’. 

These results constitute the essentials of the intrinsic theory 
of surfaces, linear element, geodesics, Gaussian curvature, curvatura 
integra, and geodesic triangle. Later investigations have not been 
able to add many more essential elements; they have shown only 
that with linear element and Gaussian curvature the theory is 
complete. One simple conception seems to be lacking, that 
of geodesic curvature, but in Gauss’ unpublished paper of 1825 
this also appears, as ‘‘ Seitenkriimmung.” 

Gauss makes much use of the spherical representations of a 
surface, an idea he derived from astronomy, and indeed he defines 
the curvature & as the limit of the quotient of a small area of the 
surface and the corresponding area of the unit sphere. This 
raises, perhaps, the question of Gauss’ originality. Spherical 
representation, geodesics, curvilinear coordinates are all to be 
found in EULER—why admire Gauss for their discovery? Ropri- 


surface. The main theorem is that the quantity k = 


(5) A. M. Lecenpre, Mem. div. sav. 1787, p. 358; also in the Appendix, 
Secticn 5, to his trigonometry. LEGENDRE’s theorem was known to Gauss 
Disquisitiones, Sec. 27. 
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GuEs even had found the ratio between the surface elements 
of surface and unit sphere. But, though they were known to 
EuLer, nobody had sensed their importance before Gauss, and 
that after fifty years of productivity in France. And the light 
that Gauss throws on both old and new conceptions as intrinsic 
properties of the surface was altogether new. 

The invariance of the curvature under bending has been found 
in papers of Gauss dating back to 1822. In these papers he uses 
the linear element of his paper on map projection, ds? = m® (dt* + 
du? ). 

However, nothing in the Disquisitiones, as KLEIN remarks, (6) 
shows that Gauss kept his boldest ideas to himself. His manu- 
scripts show that he was in possession of the non-Euclidean 
geometry when writing his paper on surfaces, but he did not 
hint at it even remotely. But it throws a new and better light 
upon his theorem on the sum of the angles of a geodesic triangle. 
It was a theorem enabling the physicist to test the nature of 
physical space. It wasa step in the direction later consistently 
followed by RIEMANN and HELMHOLTZ. Gauss indeed measured 
geodesical triangles, but did not find confirmation of his belief 
that there might be a perceptible curvature (negative, as Gauss 
thought, in agreement with the later theories of LOBATSCHEWSKY 
and Botyal) of space. 

Of Gauss’ contribution to notation and nomenclature we mention 
the symbols £, F, G, D, D’, D” for what we now call the coefficients 
of the first and second fundamental differential form, and the 
word “ conformal.” (6a) 

Gauss became the teacher of the entire learned world, but 
he created no direct school as MOoNGE had done. Conditions 
in Germany were different from those in France. The only 
exception, so far as differential geometry is concerned, was FERDI- 
NAND MINDING (1806-1885) in far-away Dorpat, who filled the 


(6) F. Kier, Vorlesungen iiber die Entwicklung d. Mathem. I, p. 16. Here 
are excellent descriptions of the work of Gauss. 

(6a) In the first paper on higher geodesy, 1844 : “ ich werde daher dieselben 
conforme Abbildungen oder Ubertragungen nennen, in dem ich diesem sonst 
vagen Beiworte eine mathematisch scharf bestimmte Bedeutung beilege,’’ Werke 
IV, p. 262. The word is, indeed, already used by F. T. Scnupert, “‘ De pro- 
jectione sphaeroidis ellipticae geographica,”” Nova Acta Petr., p. 130-146, see 
Cantor IV, p. 575. 


ee 























OUTLINE OF A HISTORY OF DIFFERENTIAL GEOMETRY 165 


gap left by Gauss and published a paper on the geodesic cur- 
vature (6b). Some years later MINDING published other papers 
of outstanding importance, all showing a deep understanding 
of Gauss’ ideas. In them he took up the “ problem of M1np1NG,” 
that is the question of the applicability of surfaces on each 
other. One of his theorems states that two surfaces of constant 
curvature are always applicable. (6c) He determined the rota- 
tion surfaces of constant positive curvature and established 
the existence of the helicoids of constant curvature. He also 
remarked (as EuLER had done) that a closed convex surface 
cannot be bent. 

Jacosi also grasped immediately the importance of Gauss’ 
work in geometry and explained it in his lectures. C.G. J. Jacosi 
(1804-1851) was at that time at K6nigsberg. In a paper of 1836 
he generalized Gauss’ theorem on geodesic triangles on a sur- 
face.(7) But Jacosi’s contributions to differential geometry are 
much more important than this. He beautifully combined 
Gauss’ ideas with his own. Through his discoveries on 
Abelian integrals he was able to integrate the geodesic lines 
on an ellipsoid, which led to hyperelliptic integrals, a counterpart 
to MonGe’s integration of the lines of curvature. (8) In the 
calculus of variations he established the existence of the conjugate 
points on the geodesics passing through a point on a surface. 


(6b) F. Minpinc, Bemerkung iiber die Abwicklung krummer Linien und 
Flichen. Crelle 6 (1830), p. 159. 

(6c) F. Minpinc, Wie sich entscheiden laisst ob zwei gegebene krumme 
Flachen auf einander abwickelbar sind oder nicht. Crelle 19 (1839), p. 370. In 
Crelle, from 1838-40, are seyeral papers of MINDING on this subject, the remark 
on convex surfaces in 18 (1838), p. 365-368. 

Through Mrinp1nc, his colleague K. E. Senrr (1810-1849) and their pupil, 
Kart Pererson (1828-1881), Dorpat figures as a minor center in the history of 
differential geometry. SENFF found several results later discovered by SERRET. 
PETERSON, who later became teacher at Moscow, wrote a book ‘‘ Ueber Curven 
und Flachen ”’ (1868) with remarkable results, and in an unpublished “‘ Kandi- 
datenschrift ” of 1853 found BoNnNet’s theorem of 1866 on a surface being 
determined by first and second fundamental form and equations equivalent to 
those of Marnarpi. See P. StAcke, Bibl. mathematica (3) 2 (1901), p. 122-132. 

(7) C. G. J. Jacos1, Demonstratio et amplificatio nova theorematis Gaussiani 
de curvatura integra trianguli in data superficie e lineis brevissimis formati, Creile 
16 (1836) p. 344-358; see also note 10. 

(8) C. G. J. Jacos1, C. R. 8 (1839), p. 284; Crelle 19 (1837), p. 309, Vorlesungen 
tiber Dynamik, p. 116. 
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On an ellipsoid these conjugate points form a curve with four 
cusps. (9) 

In this work Jacosi touches on differential geometry in the 
large. Another example is his theorem that the spherical image 
of the principal normals to a closed continuously curved space 
curve divides the surface of a sphere into two equal parts, (10) 
a corollary of his generalization of Gauss’ theorem on geodesic 
triangles. 

Jacosi regularly gave lectures on the theory of curves and 
surfaces, some of which still exist in manuscript. In K6ENIGs- 
BERGER’s book on JACOBI excerpts are given. ‘They show a vivid 
interest in the production of the French school and Gauss, and 
they present, with JacoBl’s own work, much of this material 
in an original way. 

An early pupil of Gauss and Jacosi in Germany was F. Joa- 
CHIMSTHAL (1816-1861) to whose work we have to come back. 
A pupil of Jacosi at Kénigsberg was HEINRICH FERDINAND 
SCHERK (1798-1885), later teacher of mathematics at Kiel and 
Bremen, who found a minimal surface, differing from the two 
found by MEeusNnieR more than fifty years earlier. (11) 

One of the reasons for the small number of workers on differential 
geometry in those days was, of course, the great attraction exercised 
by the great algebraic geometers, STEINER, Mésius, PLicker, 
CHASLES, PONCELET, and others. STEINER and Mésius occasionally 
ventured into infinitesimals, and the result was always interesting. 
For instance, STEINER found, in his original, thoroughly geometrical, 
way, the properties of the curvature centroid of closed plane 
curves (1838), and renewed in classical way the isoperimetrical 
problem (1841). A brief paper of 1839 deals with involutes 
of space curves; it is related to JacoBl’s paper on space curves 
of that year.(12) Mésius, in his Barycentrische Calciil (1827) 


(9) C. G. J. Jacosi, Posthumous paper : Uber die Curve, welche alle von 
einem Punkte ausgehenden geodatischen Linien eines Rotationsellipsoides beriihrt. 
Ges. Werke VII, p. 72-80. 

(10) C. G. J. Jacos1, Uber einige merkwiirdige Curventheoreme, Astron. 
Nachr. 20 (1842), p. 115-120. Ges. Werke VII, p. 34-39. 

(11) H. F. Scuerx, Bemerkungen iiber die kleinste Flache innerhalb gegebener 
Grenzen. Crelle 13, 1835, p. 185; earlier in a Latin paper in Acta Soc. Fablo- 
novianae 4 (1830). 

(12) J. Sremver, Einfache Beweise der isoperimetrischen Hauptsitze, Creile 
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has three chapters on curves and surfaces, treated for the first 
time in an invariant symbolism. His work leads to DuPin’s 
results on the indicatrix, and he claims to be an independent disco- 
verer of its properties; it was only after he had his results, he 
writes, that he discovered them in Dupin’s Développements. (13) 

Accordingly, not only in Germany was there little immediate 
response to Gauss’ work, but also in France, where, moreover, 
the MoncE tradition was still very much alive. We may even feel 
a certain polemical note in a paper written by SOPHIE GERMAIN, 
(at that time already fifty-five), in Crelle 1831, recommending the 


’ 


I I I 
“mean curvature”? — + ) as the measure of curvature 
2\R, § R, 


of a surface instead of Gauss’ The mean curvature is 


I 
R, Re 
indeed of importance in elasticity, a field in which SopHIE GERMAIN 
had won her laurels. 


7. — The French School of the Forttes. 


The new generation in France considered Gauss and JACOBI 
its leaders. Gatos, in his last letter to a friend, expressed it 
in this way: “ Tu prieras publiquement JacoBl ou Gauss de 
donner leur avis non sur la vérité, mais sur l’importance des théo- 
rémes.”” But there was also a second influence, working in 
France, namely the development of physics in general and mathe- 
matical physics in particular, —a direct result of the tremendous 
changes in the European industrial system. 

During the Restoration this development, begun during the 
Empire, reached with FRESNEL and AMPERE a point where it 
veritably revolutionized scientific thought. Optics, electricity, 
elasticity, the theory of heat, and astronomy were affected. Matus 
and CHLADLI were among the first venturing into these unknown 
regions; then followed Poisson, FourterR, FRESNEL, ARAGO, 


18 (1836), p. 281-296, Ges. Werke II, p. 75-91. Von dem Kriimmungsschwer- 
puncte ebener Curven. Crelle 21 (1838), p. 33-63, 101-133, Ges. Werke II, 
P. 97-159. Ueber einige allgemeine Eigenschaften der Curven von doppelter 
Kriimmung. Monatsber. Akad. Berlin, 1839, p. 76-80, Ges. Werke II, p. 163-165. 

(13) A. F. Méstus, Ges. Werke I, p. 1-388. Differential geometry in Ch. VI. 
VII, VIII. See Vorrede p. 8. 
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Ampére, SADI CARNOT, CLAPEYRON, and many others. With 
NavigR and SoPHIE GERMAIN, De SAINT VENANT, and LAME, the 
field of theoretical elasticity is opened, — an event which was to 
exert considerable influence on the application of analysis to geo- 
metry. 

For our purpose the most important figure of this group is 
GaBRIEL LAME (1795-1870), a pupil of the Ecole Polytechnique, 
who was sent, in the company of CLAPEYRON, to Russia to assist 
in the improvement of methods of technical instruction. After 
the July revolution of 1830, he became professor at Paris. This 
engineering work in the development of new railroads exhibits 
clearly the close relationship which characterized the progress 
of natural science and the rapidly growing French capitalism 
of his time; compare, for instance, also the work of CRELLE on 
Prussian railroads. In asking for solutions of the equations of heat 
and elasticity in other than rectangular solids LAME developed 
a theory of rectangular curvilinear coordinates, in which the line 
element of space is written 

ds* = H* dp* + H,? dp,? + H,? dp,” 
and where the quantity 
a (dF\? dF\? dF \? 
(.) . ‘y) bd ({.) 
is what Lame called the “ paramétre différentiel du premier 
ordre ” of the function F (x, y, z). There are also “ paramétres 
différentiels du second ordre ”’ 
d°F d°F 4 d°*F 
dx* dy” dz? 
LaME’s six partial differential equations of the second order 
connecting the H form the basis of his investigations, which 
carry him deep into interesting analytical developments. 

Here we find not only “ coordonnées curvilignes”” in space, 
but also invariants under rotations and translations. This invariance 
is indicated by the introduction of the symbols 4, F and 4, F for 
first and second differential parameters of F (x, y, z). A single 
infinity of surfaces F = const, for which 4, F = 0, is called 
“isotherme,” the function F a “ paramétre thermomeétrique ” 
of the family of surfaces. 

LAME introduced these notions in a series of publications, the 
first of which, in 1837, on isothermic surfaces, received immediate 
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attention. It was followed in 1840 by a paper on curvilinear 
coordinates. (14) After many years of teaching he collected the 
fruits of his research in a series of textbooks, which are, even 
now, very readable. (15) 

Another mathematician, who entered the field of differential 
geometry through his work in applied mathematics, was 
A. J. C. Barre pe Saint VENANT (1797-1886), well known as 
an early contributor to the theory of elasticity. He wrote, in 
1846, a paper which supplied the impetus to the final completion 
of the elementary theory of space curves. (16) 

It was under such teachers that the younger mathematicians 
developed. ‘The leading figure in pure mathematics became 
JosepH LIOUVILLE (1809-1882). 

LIOUVILLE’s fame is the result, on the one hand, of his diversi- 
fied mathematical investigations, and on the other, of his success 
as the founder and editor of the “ Journal de mathématiques 
pures et appliquées.”” This Journal, first published in 1836, 
has published a great number of papers on geometry; its parallel 
in Germany was CRELLE’s “ Journal ”’ of the same title. CRELLE 
and LiovuviLLe’s Journals constituted the principal agencies for 
the progress of differential geometry in the middle part of the 
19th Century, and as such their importance is not merely of the 
past. 

Among the younger contributors to LIOUVILLE’s Journal were 
J. A. Serret (1819-1885), V. Putseux (1820-1883), O. BONNET 
(1819-1892), and J. BERTRAND (1822-1900), all of whom became 
professors at Paris, together with F. FRENeT (1816-1868), professor 
at Lyons, and the Belgian E. CATALAN (1819-1894), who studied 
at the Ecole Polytechnique and became professor at Liége. ‘Their 
work is based not only on that of LAME and MoncE but also 
of Gauss and Jacosi. We shall try to summarize, without going 


(14) G. Lamé, Mémoire sur les surfaces isothermes, Journ. de math. (10)2 (1837), 
p. 149; Mémoire sur les coordonnées curvilignes, ib. 5 (1840), p. 313-347. 

(15) G. Lamé&, Legons sur la théorie mathématique de l’électricité (1852); 
Lecons sur les fonctions inverses des transcendantes et les surfaces isothermes 
(1857); Legons sur les coordonnées curvilignes et leur diverses applications (1859); 
Lecons sur la théorie analytique de la chaleur (1861). 

(16) Satnt-VENANT, Mémoire sur les lignes courbes non planes. Yourn. Ec. 
Polyt. cah. 30 (1846), p. 1-76. 
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too far into an estimation of individual merits, the results of this 
school, which flourished from 1840 to 1850. 

1) Work on Gauss’ theorems. In many papers and by various 
methods the theorem of Gauss on the invariance of curvature and 
the sum of the angles of a geodesic triangle is proved again (17). 
It is in this work that modern nomenclature evolves more and 
more, as, R, and R,, ds? = Edu* + 2Fdudv + Gdv*, etc. BONNET 
names the “ courbure géodésique,” (18) and derives the “‘ formula 
of Gauss-BonnetT.” LIOUVILLE introduces as a counterpart to 
Gauss’ ds* in geodesic polar coordinates the ds* = A (du* + dv*), 
already studied by Gauss in his paper on map projections, and 
found in LamEe’s investigations on heat (isothermal element). 
This leads LIOUVILLE to conformal representation and to “ Liou- 
VILLE’s surfaces,”’ for which the geodesics can be found by quadra- 
tures. Jacosi’s determination of the geodesics on an ellipsoid 
is a special case.(19) LIouvILLE also determined all rotation 
surfaces of constant curvature, completing MINDING’s results. 

2) Special problems in the Monge tradition. MonGer’s tradition 
remained entirely alive. As an example of work accomplished 
under its influence we mention several studies on surfaces with 
lines of curvature, plane or spherical. JOACHIMSTHAL, the German 
geometer, first at Halle, later at Breslau, shared in these investiga- 
tions, (20) and found, among other results, the “ theorem of 
JOACHIMSTHAL ” on plane lines of curvature. In this connection 
we may also mention ABEL TRANSON (1805-1876), who continued 
the work of AMpéRE and CaRNoT and who belongs to the early 
students of affine differential geometry. 

3) The greater prominence of the notion of invariance. The 
frequent use of curvilinear coordinates emphasizes Gauss’ 


(17) E.g. J. Liouvitie, Sur un theoréme de M. Gauss concernant le produit 
de deux rayons de courbure principaux en chaque point d’une surface. Journ. 
de Math. 12 (1847), p. 291-304. 

(18) O. Bonnet, Mémoire sur la théorie générale des surfaces. Journ. Ec. 
Polyt. 19, cah. 32 (1848), p. 1-146. 

(19) J. Liouviiie, Sur quelques cas particuliers ou: les équations du mouvement 
d’un point matériel peuvent s’intégrer, Journ. de Math. 11 (1846), p. 315. De 
la ligne géodésique sur un ellipsoide quelconque, Journ. de Math. 9 (1844), p. 401, 
also appendix of the fifth ed. of Monce’s “ Applications.” 

(20) F. JoacHimsTHAL, Demonstrationes theorematum ad superficies curvas 


spectantium, Crelle 30 (1846), p. 347-350. 
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standpoint on the invariance of quantities under coordinate trans- 
formations. Lamé’s differential parameters 4, F and 4, F are 
a first effort to create a special notation for differential invariants 
on the surface. This development is contemporary with that in 
algebraic invariants, a field in which: CayLey and ARONHOLD 
had already started their investigations. These geometers, 
however, did not arrive at the relationship between the Gauss 
coordinates on a surface and the LAME coordinates in space. 
This could be done only after RIEMANN’s fundamental work 
on the nature of space. 

4) Development of the general theory of space curves. The theory 
of space curves lacked both elegance and easy access. DE SAINT 
VENANT, who wrote an extensive study on space curves in 1846, (16) 
in which he collected the available material, added several new 
theorems, introduced the word “ binormale,” and gave a good 
historical review, concluding his paper with several pages of 
formulas. This approach could be abandoned when F. FReEnert, 
in his Toulouse dissertation of 1847, found the key to an easy 
control of the computations in this field. (21) His “‘ FRENET 
formulas ’’ are the result of a belief that we should not only find 
the derivatives with respect to the arc of the direction cosines of 
the tangent, but also those of the principal normal (rectifying 
plane) and the binormal (osculating plane). A few years later 
J. A. SeRRET, (22) ignorant of FRENET’s dissertation, arrived at 
the same formulas; this led FRENET to a renewed publication of 
his results in the same periodical, Liouville’s Journal. Their 
importance was not generally recognized very soon. The textbook 
of F. JoACHIMSTHAL on differential geometry, which was the 
result of lectures at Breslau during the winter term of 1856-57, 
does not give them, (23) not even the third edition of 1890, 
edited by L. Natani. Neither do they appear in a book on space 


(21) F. Frenetr, Sur les courbes & double courbure. Thése Toulouse, 1847. 
Abstract in Journ. de Math. 17 (1852), p. 437. 

(22) J. A. Serret, Sur quelques formules relatives 4 la théorie des courbes 
a double courbure. Journ. de Math. 16 (1851), p. 193. 

(23) F. JoacHimsTHaL, Anwendung der Differential- und Integralrechnung 
auf die allgemeine Theorie der Flachen und der Linien doppelter Kriimmung. 
Leipzig 1872. This excellent introduction, one of the first to appear in Germany, 
gives a symposium of the results of the French school and those of Gauss and 
Jacosi. 
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curves, written in 1860 by another SerRET (PAUL) (1827-1898), 
a professor at the Université Catholique at Paris, who gave an 
interesting exposition of the whole theory as it was known in 1860, 
with special applications to spherical curves. (24) 

5) Solution of special problems on space curves. PuisEUX proved 
that the ordinary helix is the only curve for which curvature 
and torsion are constant. (25) ‘Then BERTRAND showed that the 
helix on a general cylinder is the only curve for which the ratio 
of curvature and torsion is a constant. SERRET found the equation 
of the curves of constant curvature and that of curves of constant 
torsion, and BERTRAND discovered the “‘ BERTRAND curves,” curves 
for which a linear relation exists between curvature and torsion. 
After Serret had published his formulas, it was recognized that 
these results could be obtained much more easily from the FRENET 
formulas. Paut SerReT’s book of 1860 has already been men- 
tioned. 

6) Original results. It would be entirely wrong to think of these 
mathematicians only as pupils of great masters. As an example 
of a new and surprising result we mention LIOUVILLE’s theorem, 
that conformal transformations in space are only inversions, 
similarity and congruency transformations. LIOUVILLE found this 
theorem in an investigation of the conformal representation of 
surfaces; he published it, together with many other results of his 
own and his associates, in the fifth edition of MONGE’s Applications. 
LIOUVILLE also added a reprint of Gauss’ paper and as a result 
we get from this fifth edition a fair idea of the progress of differential 
geometry to the fifties of the nineteenth century. (26) 


(24) Paut Serrer, Théorie nouvelle géométrique et mécanique des lignes 
a double courbure, 1860; also Thése Paris, 1859, without some notes. The 
book also contains the theory of curves on surfaces, and has several new 
results, as e.g. the theorem that asymptotic lines of a ruled surface are cut by 
the generators in 4 points of constant anharmonic ratio (p. 169). 

(25) V. Putseux, Probléme de géométrie. Journ. de Math. 7 (1842), p. 65. 

(26) A textbook showing the regular class programs of those days in France 
is C. F. A. Leroy, Analyse appliquée 4 la Géométrie des trois dimensions. Paris, 
Mallet Bachelier, 4th ed. 1854, 408 p., of which almost one half is devoted 
to differential geometry. It is almost exclusively based on the texts of MONGE 
and Duper, influenced by the presentation of these texts by Caucny and Poisson 
(fourn. Ec. Pol. XX1). The word “ torsion” is used here (p. 292, 299). There 


is no influence of Gauss. 
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8. — RIEMANN 


Outside of France there was more interest than initiative. In 
England the interest in differential geometry could only be awakened 
after the fossilized epigones of NEWTON had been replaced by 
younger men, acquainted with LEIBNIz’s methods. This renais- 
sance was initiated by CHARLES BaBBaGe and his friends in 1811. 
But scarcely any differential geometry was investigated till the 
publication of the Cambridge Mathematical Journal (1837), which 
soon became The Cambridge and Dublin Mathematical Fournal 
(1846), in which geometry and analysis were cultivated in the 
continental style. Differential geometry, however, appeared mainly 
as an aspect of the theory of conic sections and quadrics. Among 
the authors in this journal we mention D. F. Grecory, W. 
Wa Ton, A. CayLey, and W. THomson. GreGORY (1813-1844), 
who died young, left a well written Treatise on the application 
of analysis to solid geometry, edited by WALTON (1845). It shows 
the French influence even in its terminology. The importance 
of GreGoRY is shown by the fact that his friends published his 
collected works. The centers of this new life were at Cambridge 
and Dublin, and at Dublin we find the leading figure of W. R. 
HAMILTON (1805-1865), who published between 1828 and 1837 
his four papers on systems of rays, which carry on the work 
of MonceE and Matus and lead to his fundamental theorems on 
partial differential equations. (27) He also presented curve and 
surface theory in his quaternion lectures, published in 1853 and 
1866. (28) They contain a complete theory of curves and surfaces, 
with many new results. He studies, for instance, space curves 
up to elements of the fifth order with respect to the arc-length. 
To his circle belong Joun THoMas Graves (1806-1870), a professor 
of law at London, who studied mathematics at Dublin, and the 
twin brothers MICHAEL (1817-1882) and WILLIAM RoserTs (1817- 
1883), professors of mathematics at Dublin, who contributed to 
differential geometry. In the theory of confocal curves on an 


(27) W. R. Hamivton, On systems of rays, Trans. Roy. Irish Academy 1828; 
Supplements I, II, ib. 1833; III, ib. 1837. 

(28) W. R. HaMicton, Lectures on Quaternions, 1853; Elements of Quaternions 
1866. 
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ellipsoid a theorem bears GRAVEs’ name. From this Dublin center 
come also the famous textbooks of the theologian-mathematician 
GEORGE SALMON (1819-1904), who deals to a considerable extent 
with the application of analysis to geometry, as in Higher plane 
curves (1852) and Analytic geometry of three dimensions (1862). 
England, though responsible for little creative work in our field, 
had, for a time, the better of the textbooks. In the forties we 
find in Germany only the work of F. JoaAcHIMSTHAL, an investi- 
gator who understood both the French and the German masters. 
In Italy differential geometry found excellent teachers in BORDONI 
and CHELINI, but it was their pupils who were to contribute 
first class results. Even in France little work of outstanding 
value is produced in the fifties.(29) A new impulse had to 
come. 

This new impulse comes again from Germany, and again from 
Géttingen. In 1854, BERNARD RIEMANN (1826-1866) addresses 
an audience in the little town as part of the requirements for 
a “ Dozentur.”’ He talks “on the hypotheses which serve as 
foundation to geometry.’’ Gauss was in his audience. The paper 
was not printed till 1867, (30) but its publication set in motion 
an influence which has lasted till the present day. 

The actual mathematical facts in RIEMANN’s address can be 
stated in a few words. He develops the conception of a general 
n-dimensional manifold in the sense of the analysis situs and 
then introduces into it a quadratic linear element ds*. He describes 
how the curvature of such a manifold can be measured, and 
specializes manifolds of constant curvature. In this way both 
Euclidean geometry and the non-Euclidean geometry of BoLYAy 
are obtained as special cases of a general ‘‘ Riemannian ”’ geometry. 
As these two cases are represented by a zero and negative constant 
curvature, the question arises as to a manifold of positive constant 
curvature, the “ Riemannian” non-Euclidean spaces. The results 
of GAuss on intrinsic properties of surfaces covered RIEMANN’Ss 
special case n=2. 

But the meaning of RIEMANN’s work lies far deeper than the 


(29) O. Bonnet is an outstanding exception. 

(30) Uber die Hypothesen, welche der Geometrie zugrunde liegen, Gétt. Abh. 
13 (1867), Werke No. XIII, new edition by H. Wey tL, Berlin, Sprincer, 2 Aufl., 
1921. 
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purely mathematical structure which resulted from it. We best 
see it perhaps when we compare MONGE and RIEMANN. MONGE 
studies surfaces in ordinary space. This space is for him a given 
entity, about which no discussion can exist. It is given and the 
task of the geometer is the same as that of the carpenter: he takes 
bodies in that space and works with them. There is a perfect 
separation of surface and space, because there is such a separation 
between rigid body and space. MONGE in this respect is the 
representative of the metaphysical materialism of the eighteenth 
century with its sharply defined conceptions. 

RIEMANN does not only ask how rigid bodies behave in space, 
but also how space is affected by rigid bodies. Space is not the 
undiscussed given entity of MonGeg, but rather an entity subject 
to the same scientific investigation as are the bodies themselves. 
Starting with RIEMANN, dialectical materialism begins to replace 
metaphysical materialism in the foundations of geometry. Space 
works on bodies, bodies influence space. There may be in the 
first “ Anschauung” an undefined conception of space, but 
experience alone projects into it the properties which make it 
the space of our geometry and of our physics, the projective rela- 
tions, the metrical relations and even the relations of analysis 
situs. From the abstract space of MONGE which relates bodies 
at finite distance from each other, we pass to the “ field” theory 
of space as RIEMANN gives it. FARADAY and MAXWELL took 
the same step for the field of electricity (as WEYL remarks) (31). 
Also in other branches of science similar steps were taken at the 
same time, opening the passage from the metaphysical classification 
of eighteenth-century science to modern conceptions. ‘The same 
dialectical methods characterize LYELL’s work in geology, DARWIN’s 
in biology, Marx’ in sociology. From RIEMANN to EINSTEIN 
is but one step—a step however that had to wait sixty years. 
RIEMANN actually suggested, at the end of his paper, the 
possibility of determining the metric of space by the physical 
masses. This is the more striking as an example of almost 
superhuman divination, as RIEMANN’s actual research in electricity 
and gravitation followed the classical lines of his day. 

RIEMANN wrote but few formulas in his address. He had a 


(31) See note (3), ‘“‘ Vorwort des Herausgebers.” 
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chance to work out some of his ideas mathematically in a paper 
of 1861 on the distribution of electricity on cylinders. (32) Here 
he had to study the question of bringing the partial differential 
equation 
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a,, functions of the x, into the simplest form. For a general 
number n of x, this problem is equivalent to that of transforming 
the quadratic differential form 2 a,, dx, dx,. RIEMANN finds 
the necessary and sufficient conditions that this form can be 
reduced to a sum of m squares in the form of the vanishing of the 
four index symbols. 
(a’, & ¢") = 0. 

Here, therefore, we have the principal concomitant of Riemannian 
geometry. 

It is, however, underestimating RIEMANN’s influence on differen- 
tial geometry by referring only to his work on the space problem. 
His work on function theory opened new ways of attacking geome- 
trical problems, as is shown, for instance, by the later investigations 
of SCHWARZ on minimal surfaces. RIEMANN’s introduction of the 
connectivity of a manifold plays an important role in later differen- 
tial geometry in the large. 

Another study on a-dimensional geometry, from an entirely 
different point of view, appeared at the same time, or better, 
reappeared. ‘That was GRASSMANN’s Ausdehnungslehre. HER- 
MANN GRASSMANN (1809-1877), who was a high school teacher 
(Gymnasiallehrer) at Stettin, had written a first edition of this 
work in 1844, which remained almost entirely unknown. He, 
therefore, rewrote it entirely, and published it again in 1862. (33) 


(32) Commentatio mathematica qua respondere tentatur quaestioni ab III. 
Academia Parisiensi propositae, 1861, Werke, p. 391-423, only published 
posthumously. 

(33) H. GrassMANN, Die lineale Ausdehnungslehre. Ein neuer Zweig der 
Mathematik, 1844. Ges. Schriften I (Leipzig, Teubner), p. 1-139. Die Aus- 
dehnungslehre 1862. Ges. Schriften II, p. 1-511. 
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Here we find an admirable treatment of the elementary Euclidean 
(and affine) n-dimensional geometry in the form of a (far from 
elementary) formal calculus of points and vectors, as “ Aus- 
dehnungsgréssen,” a consistent direct calculus invariant under 
the affine group and partly under the rotational group. Not 
only vectors are introduced, but also what we now call tensors. 
This work has not only bearing on differential geometry in so 
far as it inspired other geometers to extend their investigations 
to more dimensions, but also through the direct application 
GRASSMANN himself made of his apparatus to the problem of 
PraFF, through which this problem first took geometrical form. 

RIEMANN certainly is the originator of more-dimensional differen- 
tial geometry, GRASSMANN however of the symbolical methods 
introduced for the study of this geometry. Here GRASSMANN’s 
work is supplemented by that of HAMILTON on quaternions. 
HAMILTON also introduces a symbolical method, of which the vector 
and scalar product, and the nablaoperator, have been utilized 
in the modern treatment of differential geometry. The invariant 
character of differential geometry, clearly expressed by Gauss 
and the LiouviLLe school, has its formal expression here, as 
is immediately seen by the easy way in which LAME’s differential 
parameters fit into the HAMILTON scheme. HAMILTON, however, 
has no “ Ausdehnungslehre.”’ 

RIEMANN and GRASSMANN together form a remarkable example 
of the ways of development of human_knowledge, where one 
mind, essentially dialectical in nature, hews down barriers and 
discovers new relationships, and the other, operating more formally, 
builds up new symbolisms to control the field again through rigid, 
even frozen, methods. This reveals again the greatness of 
LEIBNIZ, who, in this respect at any rate, combined the merits 
of RIEMANN and GRASSMANN. 


9. — The beginning of modern times. 


From now on the development of differential geometry does 
not follow one main line. In the second part of the nineteenth 
century different centers and different schools arise, in which 
the influence of their leaders extends far beyond their immediate 
location. Three sources of creative study draw immediate atten- 
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tion, though many different nations participate. These three sources 
are France, Germany and Italy. Their paramount positions did 
not arise accidentally. France with its long established traditions 
was the oldest center and continued uninterruptedly its economic 
development under Bonapartism, and later under the Third 
Republic. In Germany and Italy we see, at the same time, the 
birth of the national state, completed in 1870, and, as a result, 
an enthusiastic expansion of the capitalist system. The creative 
influence of this development on mathematical thought is clearly 
seen in Italy. 

Here the national revival was known as the Risorgimento. 
After a series of wars against Austria and its own despots, the 
Italian people established the kingdom of Italy. 

For a long time there had been much interest in differential 
geometry, mainly in the North, at the University of Pavia, where 
it was especially fostered . Here A. M. BorpDoni (1789-1860) 
taught for many years, and published, beginning in 1821, papers 
on the applications of analysis to geometry, papers which show 
the influence of Gauss and the LiovuviLLe school. But his 
important qualities lie mainly in his power to create interest. 
As colleague he had G. Marnarpi (1800-1879), as pupils or 
colleagues, D. Copazzi (1824-1875), F. BrioscHt (1824-1897). 
L. CREMONA (1830-1903), F. CAsoraTiI (1835-1890), and above 
all, E. BELTRAMI (1835-1900). Another early geometer of influence 
was the priest D. CHELINI (1802-1878), who was professor of 
mathematics and physics at different places, and who stimulated 
interest through his publications (commencing 1845) and _ his 
teaching. 

Productive activity rises to a higher level in the fifties, when 
MAItNarpDI publishes a paper (34) in which he inquires as to 
what relations must exist between the six functions E, F, G, 
D, D’, D” introduced by Gauss into the theory of surfaces. It 
is clear that there must be such relations, because the coordinate 
representation of a surface shows that three functions determine 
the surface. Gauss found one relation, and the task is to find 
others. This leads MAINARDI to four equations, in which we now 


(34) G. Marnarpt, Su la teoria generale delle superficie, Giorn. Istit. Lombardo 
9 (1856), p. 385-398. 














OUTLINE OF A HISTORY OF DIFFERENTIAL GEOMETRY 179 


recognize the two “ Mainardi-Codazzi’””’ equations. At the same 
time the younger generation begins to publish, BrioscH! in 
1852, CREMONA in 1855, and Copazzi in 1858. 

All these. younger mathematicians were not only scholars, but 
also organizers and prominent in political activities. ‘They were, 
accordingly, in a position to influence not only their pupils, but 
also the instruction of the whole country and build up, in a relati- 
vely short time, remarkable scientific enthusiasm. In geometry, 
Italy became one of the leading countries. 

In the sixties France, Germany and Italy begin to participate 
equally in the development of differential geometry. A problem 
set by the Paris Academy acted as a stimulus : to study the applica- 
bility of surfaces upon each other (1860). ‘This problem, a conse- 
quence of Gauss’ theory, had so far commanded the attention of 
MINDING and Bonnet in France, who had framed the problem as 
that of recognizing when two given surfaces are applicable, that is, 
when they have the same ds*. Answers to the Paris question 
came from Bour and BonnstT in France and from Copazz1 in Italy; 
WEINGARTEN in Germany wrote a related paper. Here we find 
the problem as that of finding all surfaces which are applicable 
to a given surface. Epouarp Bour (1832-1866), after whom 
this problem is called, and who got the first prize, was a young 
mathematician at Paris, who became professor at the Ecole Poly- 
technique ; his paper, in the words of LIOUVILLE, “ peut étre 
pris comme un beau mémoire de LAGRANGE.” (35) BONNET, 
whose work covers the whole period in which differential geometry 
took its modern shape, wrote more than one important paper during 
this period; in 1867 he reached the fundamental result that a 
surface is perfectly determined, but for its position in space, 
by its first and second fundamental form, if these forms are 
related by CopAazzi’s equations. (36) Copazzi’s_ contribution 
to surface theory (37) was followed by other papers in which 


(35) E. Bour, Théorie de la déformation des surfaces. Journ. Ec. Polyt., 
22, cah. 39 (1862), p. 1-148. 

(36) O. Bonnet, Mémoire sur la théorie des surfaces applicables sur une surface 
donnée, Journ. Ec. Polyt., 24 (cah. 41), 1865, p. 209-230; 25 (cah. 42, 1867), p. 1. 
See on Bonnet the necrology by P. AppELt. Comptes rendus 117 (1893) p. 
1014-1024. 

(37) D. Copazz1, Mémoire relatif a l’application des surfaces les unes sur les 
autres. Mém. prés. par div. sav. 27 (1882), Nr. 6; it was written in 1859. 
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he went deeper into the nature of certain equations used by 
him in his Paris answer, and he showed how they led to the 
three “ Mainardi-Codazzi equations.” He did not know that 
MAINARDI had reached similar results before. The problem of 
the applicability of surfaces leads naturally to these equations. 
Bour gave them, but only for geodesic polar coordinates. 

JuLius WEINGARTEN (1836-1910), from 1873 to 1903 professor 
at the Technische Hochschule of Berlin-Charlottenburg, developed 
in his early papers the theory of the so-called W-surfaces, for which 
a relation exists between the principal radii of curvature. As 
the problem of finding all surfaces isometrical to a given rotation 
surface can be reduced to that of finding all W-surfaces of the same 
class, WEINGARTEN gave an example of a complete set of isometrical 
surfaces that can be found only by elimination and quadrature. 
Before that time only the developable surfaces were known. All 
the later work of WEINGARTEN is related to this problem of the 
applicability of surfaces. (38) 

The important papers of this period are all of the type character- 
ized by the names Lame and Gauss, and consciously or 
unconsciously reflecting the ideas of RIEMANN. The Bour- 
MINDING type of problem set by Gauss is indeed an investigation 
into the nature of two-dimensional RIEMANN manifolds; the same 
is true of the BoNNET problem on the congruency of surfaces, 
and the investigations of —THEODORE Moutarp (1827-1901) on 
infinitesimal isometry. Then we have the fundamental papers 
of BELTRAMI, who, between the years 1864 and 1868, starting 
from Lag, led directly into the problems left open by RIEMANN. 
Finally we have papers immediately due to RIEMANN, as HELM- 
HOLTZ’ inquiry into the foundations of geometry, and CHRISTOFFEL 
and Lipscuitz’ study of the transformation of quadratic forms. 

Several German mathematicians whose main line of work lies 


(38) D. Copazzi, Sulle coordinate curvilinee d’una superficie e dello spazio. 
I, 11, 111, Annali di Matem. (2) 1 (1867-68), p. 310, 2 (1868-69), p. 101-119, 269-287, 
‘“* Codazzi-equations ”’, p. 273-274. See on this subject R. v. Litrenruat, EncyAl. 
d. math. Wiss. Il, 3, p. 159. 

J. Werncarten, Uber eine Klasse aufeinander abwickelbarer Flachen, Crelle 
59 (1861), p. 382. 

See also J. WEINGARTEN, Ueber die Oberflaichen, fiir welche einer der beiden 
Hauptkriimmungshalbmesser eine Function des andern ist, Crelle 62, p. 164; 
Crelle 59, p. 382. 
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outside this field contribute in these years important papers to 
differential geometry. KUMMER writes on line congruences, 
WEIERSTRASS on minimal surfaces, and HELMHOLTZ on the axiom- 
atics of geometry. 

EUGENIO BELTRAMI is the most brilliant representative of the 
group of Italian geometers who were trained during the Risorgi- 
mento. He was, from 1862 on, professor at Bologna, Pisa, Bologna, 
Rome (1873-1877), Pavia, and Rome (1891-1900). One of his 
first papers was a translation of a work of Gauss. During his 
time at Pisa he often met RIEMANN, and his work shows the deep 
influence of both Gauss and RIEMANN. In an astonishing tempo 
he published his fundamental research on differential geometry; 
in 1864, he produced his extension of LAME’s differential parameters 
to curvilinear coordinates with references to the applicability 
problem; in 1865, several beautiful theorems on the bending 
of surfaces; in 1867, the generalization of complex functions to 
surfaces; and in 1868, his theorems on non-Euclidean spaces, in 
which he happily combined RIEMANN’s ideas with the older 
notions of Gauss and LOBATCHEVSKI. Here he showed that there 
is a representation of non-Euclidean geometry on the pseudosphere, 
so that there is no possibility of a contradiction in non-Euclidean 
geometry, and he proved that in manifolds of constant RIEMANN 
curvature the geodesics can be expressed by linear equations. (39) 
SCHLAFLI (1814-1895), from 1852-1891 professor at Bern, then 
proved the inverse theorem. (40) ‘This brought RIEMANN’s ideas 
definitively out of the realm of speculation into the main body 
of mathematical investigation, and it resulted in the combination 
of the ideas of LAME, Gauss and RIEMANN into one solid theory. 

The theory of quadratic forms of m variables was taken up 
independently by CHRISTOFFEL and LipscHITz in papers published 
in 1869 in the same periodical, CRELLE’s “ Journal”. Erwin 





(39) Some of these papers are E. BELTRAMI : Ricerche di analisi applicata alla 
geometria, Giorn. di mat. 2 (1864), 3 (1865); Sulla teoria generale delle superficie, 
Atti Ist. Veneto (215 (1860); Delle variabili complesse sopra una superficie 
qualunque, Ann. di Mat. (2) 1 (1867); Teoria fondamentale degli spazi di cur- 
vatura constante, Ann. di Mat. (2) 2 (1868-69); Saggio di interpretazione della 
geometria non-euclidea, Giorn. di Mat. 4 (1868). All these papers in his 
“ Opere,” I, II. 

(40) L. ScuHLArii, Nota alla memoria del sig. BELTRAMI. Ann. di mat. (2) 
§ (1871-73), p. 178-193. 
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BRUNO CHRISTOFFEL (1829-1901), at that time at Ziirich, became. 
after the Franco-Prussian war, professor at the new German 
university of Strassburg, where he taught with Reye. He also 
published some papers on related subjects, as on geodesic trian- 
gles on a surface and the determination of a surface by its 
mean curvature. RUDOLF LiIpsCHITZ, (1832-1903) since 1864 
professor at Bonn, who is also well remembered in analysis, 
continued his investigations on Riemannian manifolds during 
the next years and built up a theory of these manifolds; since 
Ricci’s work these papers are somewhat antiquated. Both geo- 
meters established theorems on the equivalence of quadratic 
forms and derived the so-called Riemann-Christoffel tensor. To 
this purpose CHRISTOFFEL constructed his “‘ CHRISTOFFEL symbols.”’ 

HERMANN HELMHOLTZ’ (1821-1894) paper is Ueber die Tat- 
sachen, die der Geometrie zum Grunde liegen (1868). (41) The 
name already shows the influence of RIEMANN’s address of 1854, 
that was published a short time before HELMHOLTz composed his 
paper. He emphasizes the empirical aspects of our space concep- 
tion, in the way RIEMANN had indicated. HELMHOLTZ, a physio- 
logist, had been led to the same idea by his own investigations. 
Experience, he says, gives us several measurable quantities, 
continuous and of more dimensions, such as space, the system 
of colors, and the field of vision. Each more-dimensional conti- 
nuum is characterized by its own special properties, and our 
task is to analyze these properties. HELMHOLTZ now gives four 
postulates by which he can get RIEMANN’s geometry with the 
quadratic line element; they are : 1) the existence of m dimensions 
and of continuity; 2) the existence of moving rigid bodies; 3) 
the free movability of a rigid body; 4) no dependence of the form 
of a rigid body on rotations (the monodromy). He then proves 
as a purely mathematical theorem that RIEMANN’s geometry is 
the only case in which these conditions are satisfied. 

This paper by HELMHOLTZ (later corrected by Lie) was of 
great importance for the final adaptation of non-Euclidean geo- 





(41) Gétt. Nachrichten 1868, Nr. 9; Wiss. Abhandlungen Il, p. 618-639. It 
was in 1866 preceded by an address ‘‘ Ueber die tatsichlichen Grundlagen 
der Geometrie,” Wiss. Abh. Il, p. 610-617. Later HetmMuoitz defended his 
thesis against the philosopher Lanp: ‘‘ Ueber den Ursprung und Sinn der geo- 
metrischen Siatze.”” Mind 10 (1878), p. 212-224, Wiss. Abh., II, p. 640-660. 
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metry. But, like RIEMANN’s paper it was more than that. It 
was one of the outstanding contributions to an understanding 
of the nature of space, which was brought from the field of specula- 
tion into that of experimental physics. As such it is one of the 
outstanding contributions to a materialistic conception of space. 

Darsoux’ work will be discussed in the next paragraph. To 
this period belong also investigations of ALFRED ENNEPER (1830- 
1885), from 1859 Dozent, after 1870 professor at Géttingen. 
He gave his name to a minimal surface and to a theorem on the 
torsion of the asymptotic lines. The first papers by H. A. Scowarz 
(1843-1921) on minimal surfaces appeared after 1865; his final 
solution of the isoperimetrical problem for the sphere dates from 
1884. 

The ideas of LAME were taken up in a different way by French 
geometers who now began to study triply-orthogonal systems. 
Lag, following Dupin, had used only such systems as enabled 
him to integrate his differential equations of physics. The 
question of the construction of such systems was still unsolved. 
BONNET, in a paper of 1862, opened it anew; then follow A. RiBau- 
cour (1845-1923), E. ComBeEscurRE (1824-1889), and DarBoux 
(thesis), (42) who showed respectively the relation of these systems 
to circle congruences, the way in which such systems can be 
obtained by a transformation of a surface into other surfaces 
with parallel tangent planes, and their dependence on a differential 
equation of the third order. 

To the work done in the older line we mention papers written 
by Louis Aoust, a priest, “ chanoine de Montpellier’ (1814- 
1885), who was professor of mathematics at Marseilles since 1854 
and contributed largely,in papers and textbooks, especially between 
1860 and 1880, to the theory of curves and surfaces; in these 
his ‘‘ courbure inclinée ”’ plays a large, too large, a role. 

REINHOLD Hoppe (1816-1900), in 1859 Dozent, and after 1870 
professor at Berlin, also published many papers, most of them 
antiquated now; several however are of importance as first ventures 
into the differential geometry of m dimensions. His work on 
intrinsic coordinates of curves deserves mention. 


(42) See the discussion by E. Satkowsk1. Encykil.d. math. Wiss. III, 3, p. 541 
See for the work done in Fiance J. BerTRAND. Rapport sur les progrés les plus 
récents de l’analyse mathématique. Paris, 1867. 
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Several textbooks appear at this time. We already have men- 
tioned Paut Serret’s book. In 1868 appeared PETERSON’s mono- 
graph Uber Kurven und Flachen, in which the Moscow mathe- 
matician published several interesting results on applicability of 
surfaces (see footnote 6c). In O. BOKLEN’s Analytische Geometrie 
des Raumes of 1861 is a discussion of infinitesimal geometry. 
WILHELM SCHELL’s (1826-1904) Allgemeine Theorie der Kurven 
doppelter Kriimmung of 1859, was written under the influence of 
Jacosi, whose lectures on differential geometry he had heard in 
the winter of 1849-50. Some of these books were more mono- 
graphs on certain subjects than complete textbooks. A good com- 
plete textbook on differential geometry had not yet been written. 


10. — Differential geometry from 1870 to 1900. 


From 1870 to the world war there were no important economic 
disturbances in Western Europe. Life at the expanding and 
flourishing universities went on very regularly, and mathematicians 
could devote their full attention to professional problems. A 
result of this long period of quiet development was a great progress 
in differential geometry, mainly along paths blazed by the previous 
generations. At the same time geometry became more and more 
an abstract science, which did no longer easily reveal its origin 
in practical problems. Most geometers of this period adopted 
the attitude of Jacosi that science exists for the glory of the human 
mind and that its primary importance lies outside the field of the 
applications. To this attitude we owe the development of differen- 
tial geometry along lines of abstract beauty often comparable to that 
of the most unpractical of all sciences, the theory of numbers. 
France, Germany and Italy remained the chief centers, where at the 
universities differential geometry was taught and professed as 
a regular part of the schedule. Other countries participated in 
the development, sometimes in a very important way, as Norway 
with S. Liz, Sweden with A. BACKLUND, and Russia with P. L. 
TSCHEBYCHEF. By the end of the century the United States begins 
to exert some influence. It is impossible to give a discussion of all 
the different subjects taken into consideration, of the theories 
developed, and of the papers published during this period. ‘This 
would, moreover, repeat in an unsatisfactory way what volume 3° 
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of the Encyklopddie der mathematischen Wissenschaften in a series 
of monographs has done very effectively. We shall only point 
out some very general trends. 

At the opening of the period we have the early work of DARBoUx, 
KLEIN and Lik, influenced by C. JorDAN and the so-called Erlangen 
Program of KLEIN (1872). (43) Here the consequence is drawn 
from the geometrical investigations of the nineteenth century, 
and the group concept is found to be the underlying idea. A 
geometry is defined as the theory of invariants belonging to a 
given continuous group of transformations. Also in differential 
geometry this idea of transformation comes more and more into 
prominence. It finds its nucleus in EuLER, and later in the work 
of Monce, Carnot and AMPéRE, it arises again in the work 
of Gauss, LAME and RIEMANN, and finally in that of BELTRAMI. 
The Erlangen Program became the program indeed of almost 
all further work on geometry in the nineteenth century, revealing 
itself not only in opening of new fields of investigations, but also 
in the introduction of formal invariant methods into the exposition 
of the material. 

Nevertheless, the Erlangen Program did not exhaust the field 
of geometry as a whole, and so of differential geometry. There 
have always been tendencies leading outside of the vigorous 
scheme by which KLEIN so successfully tried to lead the develop- 
ment of geometry. RIEMANN’s manifold conception was broader, 
and Riemannian geometry can only fit into a wider frame than 
that of the Erlangen Program. 

The three great geometers whose work dominates the period 
after 1870 are Gaston Darpoux, Sopuus Lik and their younger 
contemporary, Luigi BraNcui. Lukr’s work consciously lies in the 
school of the Erlangen Program, for which he is partly responsible. 
BIANCHI and Darsoux, though their work belongs to the type 
considered by KLEIN, did not find their field of work in problems 
especially suggested by it. The conscious cultivation of the differ- 
ential geometry of different continuous groups belongs principally 
to the twentieth century. 

G. Darsoux’s (1824-1917) career is analogous to that of many 


(43) F. Kiet, Vergleichende Betrachtungen iiber neuere geometrische For- 
schungen, Programm Erlangen 1872, Math. Annalen, 43 (1893), p. 63-100. 
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French geometers of the nineteenth century, his life being that 
of scholar and teacher at Paris. A remarkable fact is that for 
his education he was one of the first to prefer the Ecole Normale 
to the Ecole Polytechnique. In his later years, as secrétaire 
perpétuel of the Academy he exercised influence far beyond 
the limits of his special field of work. His work, even more than 
that of L. BIaNcHI (1856-1928), professor of mathematics at 
Pisa and pupil of Betti and Din1, follows the classical lines and 
shows the enormous variety of problems left unsolved by MonGeE, 
LaME and others. Darsoux’s early work (beginning 1866) deals 
with orthogonal sets of surfaces, each family of surfaces necessarily 
depending on a partial differential equation of the third order. 
Then he passes to a study of the deformation of surfaces, to the 
applicability of surfaces, and to surfaces of constant curvature. BIAN- 
CHI’s productive career begins with the applicability of surfaces 
(1878) and in rapid succession follow papers on surfaces of constant 
curvature, orthogonal surfaces, Weingarten surfaces, minimal 
surfaces, and congruences. BIANCHI also turns to non-Euclidean 
geometry, taking up the ideas of BELTRAMI; the surfaces of cur- 
vature zero in such geometry draw his special attention. Following 
BACKLUND he invents transformations to pass from one set of 
surfaces of special character to another. In the work of DARBOUX 
and BIANCHI partial differential equations play an important role. 
As a new aspect of the theory of curves on surfaces, DARBOUX 
introduces the coordinates x, y, z, of a surface as solutions of 
an equation 
570 a 50 : 

5a5p +A 2 B 58 + C@é = 0, A, B, C functions of a,f, 
a==const, B=const appear then as conjugate parameter lines. 
In Darsoux’s work another characteristic appears, the “ triédre 
mobile,” by which kinematical considerations are introduced into 
the study of curves and surfaces. This field, opened by Copazz1, 
was especially cultivated by A. MANNHEIM (1831-1906). 

The principal fame of DarsBoux and BIANCHI lies in their 
beautiful textbooks, in which they combined their own results 
with those of their predecessors. BiaNcui’s Leztoni di geometria 
differenziale (1893), a new edition of autographed lectures published 
in 1886, is a systematic treatise of the theory of curves and sur- 
faces, with special attention paid to more-dimensional geometry. 
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It became known in wider circles through the German translation 
of M. Luxkat (1899). Darsoux’s Legons sur la théorie générale 
des surfaces (four volumes, 1887, 1889, 1894, 1896) is much more 
than the title professes; it is an exposition of a vast number of 
theories related to the theory of surfaces, connected in a loose 
way, so as to give the author an opportunity to demonstrate the 
enormous breadth of his knowledge and the elegance of his 
methods. 

For Sopuus Like (1842-1899) the transformation group is not 
an important means of investigation alone; it is rather the central 
part of geometry. His work is closely connected with that of 
KLEIN. He was a clergyman’s son from a village in Norway, and 
he visited Paris in 1869-70 together with KLEIN, where he ex- 
changed ideas with C. JoRDAN and DarsBoux. JORDAN, at that 
time, had taken up GALots’ result and published the Traité des 
substitutions. During their travel the fundamental importance of 
the group became clear to KLetnand Lie. A first result was a joint 
paper on W-curves, plane curves invariant under a projective trans- 
formation of the plane. The Erlangen Program cast their ideas into 
permanent form. Lu then started out on his life work, the study 
and classification of continuous transformation groups, an inquiry 
which at the same time opened a new road to the study of partial 
differential equations. Regularly he reached results of importance 
to differential geometry. We already had occasion to compare 
his combination of geometrical intuition with analytical skill to 
that of Monce. In his hands more-dimensional considerations 
grew into as natural a part of geometry as the classical methods. 
Of his special contributions we may mention the duality between 
line and sphere geometry leading to the duality between asymptotic 
curves and lines of curvature, the integration of the FRENET 
formulas if a relation between curvature, torsion and arc length 
is given, his work on minimal surfaces and contact transformations. 
He improved HELMHOLTz’ analysis of RIEMANN’s problem of space. 
Of his older pupils we mention F. ENGEL and W. KILLING. 

More-dimensional differential geometry found also investigators 
following the directives of RIEMANN, CHRISTOFFEL and BELTRAMI. 
Through a series of investigations undertaken by many authors 
a complete theory of curves and higher manifolds was developed. 
This study was considerably simplified by the invention of the 
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“calculo differenziale assoluto,”’ a symbolism to express the 
invariants of Riemannian geometry. ‘The inventor was GREGORIO 
Ricci-CuRBASTRO (1853-1924), as BIANCHI pupil of Berti and 
Din! at Pisa, since 1880 professor at Padua. Ricci published his 
discoveries in a series of papers beginning in 1886. 

An entire new field is represented by the work of HENRI PoIN- 
CARE (1854-1912). Ina series of papers under the title : Mémoire 
sur les courbes définies par une équation différentielle, published 
in the Journal de mathématiques from 1881-1886, the great physicist, 
astronomer and analyst undertook the study of the properties 
of integral curves of ordinary differential equations, their singular 
points and their behavior in the large. (44) Again differential 
geometry was enlarged by influences from outside fields, as in the 
times of Gauss and of LamM£. PoINcarE was led to his theory 
by his investigation on problems similar to the three-body problem 
and related questions of dynamics, where geodesics appear as 
trajectories of moving particles. Here appear singularities like 
the “ neud,” the “ col,” the “ centre”, and the “ foyer,” and 
relations connecting them. Analysis situs becomes definitely 
connected with differential geometry. Differential geometry in 
the large, so far appearing only in isolated remarks of EULER, 
Gauss, Jacosi, MINDING, turns into an important and difficult 
science of its own. The question of surfaces with closed lines of a 
certain kind arises. 

‘The main tendencies of the years 1870-1900 can be summarized 
as follows 

a) consequent study of continuous transformation groups; 

b) triply orthogonal systems; 

c) surfaces of constant curvature; 

d) applicability and deformation of surfaces; 

e) renewed study of partial differential equations and their 
geometrical interpretation. 

f) integral curves of ordinary differential equations; 

g) more-dimensional geometry; 

h) adaptation of invariant methods, as vector analysis or absolute 
differential calculus; 

i) conception of comprehensive textbooks related to the generai 


(44) See the discussion by H. LiepMann, Encyki. d. math. Wiss., U1, 3, p. 503- 
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acceptance of differential geometry in the mathematical programs 
of the universities. 

There are, of course, many aspects to this rich development 
that we have failed to emphasize or even to mention. The work 
of E. Crsaro (1859-1906), professor at Naples, on natural geo- 
metry, resulting in a well-known textbook (1896) belongs to these. 
It may be characterized as one of the attempts to introduce invariant 
methods. Other mathematicians began to introduce vector 
methods into differential geometry, as G. PEANO (1887), or 
C. Buravi Forti (1897); other attempts, like that of J. KNoBLAUCH 
(1888) may also be classified under this heading. 

A regular output of textbooks showed how general differential 
geometry was taught. Almost all the ‘“ Cours d’analyses”’ and 
corresponding books in other languages devoted chapters to 
curves and surfaces. Since the seventies special books on the subject 
appeared regularly, from the books by the Abbé Aoust to those 
of L. Rarry (1897), G. Ricct (1898) and W. DE 'TANNENBERG 
(1899). By the end of the century differential geometry had 
begun to break up into special branches, each of which had its 
specialists. 

This leads us to the beginning of the twentieth century, when 
other tendencies begin to exert influence. We shall not deal 
with them in this present outline. 


11. — Sources. 


The material, necessary for a history of differential geometry, 
is scattered over many publications, and so far as we know has 
never been reviewed as an historical whole. Up to 1800 we have 
V. KOMMERELL’s excellent paper on Raumkurven und Fldchen 
in the fourth volume of M. CaNnTor’s Vorlesungen iiber die Geschichte 
der Mathematik (1908). After 1800 we have F. KLEIN’s monu- 
mental book on Entwicklung der Mathematik im 19. Jahrhundert | 
(1926), but this deals with only a few aspects of differential geo- 
metry. ‘These are the only larger expositions on the subject. 
Of importance also are A. Haas, Versuch einer Darstellung der 
Geschichte des Kriimmungsmasses (Diss. 'Fiibingen, 1881), not always 
correct, and S. A. CHRISTENSEN, Om den historiske udwikling af 
theorten for fladers og rumkurvers krumning (Tidskrift f. Math., 1, 
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1883, p. 97-127). Then there are several monographs, as 
P. STACKEL, Bemerkungen zur Geschichte der geodatischen Linien,” 
(Leipz. Berichte 45, 1893, p. 444-467), (45) and many biographies, 
of which the “ Eloges” of ARAGO, BERTRAND and Darsovux 
contain fascinating details, and are both valuable and charming. 


12. — Final remarks. 


From time to time we have been able to refer, in a few words, 
to the influence of external factors in the development of differential 
geometry. ‘There is a general tendency here. 

Nobody seems more free than the mathematician in the selection 
of his problems; yet even he in this respect has no complete 
liberty. He generally follows the directives of a certain school 
of thought, opened by a leader in the field, and is guided in his 
work by established traditions. ‘The leader, however, is himself 
under certain influences in the selection of his material, and 
the direction of his labor is, as a rule, determined by external 
factors. In all cases his topics of research are in some way or an- 
other connected with the material conditions under which his 
generation lives, either directly by the necessity of the mathematical 
treatment of a technical problem, or indirectly by certain philo- 
sophical principles estimated as valuable in his time. Even when 
freedom of selection seems the very nature of his mathematical 
work, it is material circumstances which allow the required amount 
of abstraction from daily needs, as in the later part of the nineteenth 
century under the “ science for science’s sake ’’ attitude prevalent 
at many universities, and reaction is bound to follow closely. We, 
therefore, find a subtle, but nevertheless definite, relationship 
between the general economic problems that humanity has had 
to solve and the investigations of the mathematician. It is, therefore, 
possible to indicate these connections even in the case of one of 
the most abstract fields of mathematics, the application of analysis 
to geometry. ‘Though this field is too large to admit more than 
a very insufficient treatment in a few pages, we were nevertheless 


(45) Also a master’s thesis at the Mass. Inst. of Technology by J. L. Lawson. 
The history of the theory of curves and surfaces as contained in papers presented 
before the French Academy of Science during the entire eighteenth century, 


33 P-, T1931. 
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able to give some indications of how the different schools of geo- 
meters have been influenced by the technical requirements of 
their age. 

Differential geometry owes its results to such problems as are 
set by map projection, surveying, measurement of time (HUYGENs), 
fortification and other problems of warfare (MONGE); these are 
supplemented by problems taken from potential theory, elasticity, 
light and vision. Its very origin is due to the invention of the 
calculus, a result of a long series of involved technical problems 
in a period when geometry was still the main form of mathematics. 
The French revolution opened enormous sources of energy for 
its promotion, and influenced that renewed study of space and 
time connected with the names of Kant, Gauss and LOBATCHEV- 
skY. ‘The steady penetration of materialistic ideas into the study 
of separate branches of science in the course of the nineteenth 
century resulted in the realistic analysis of the space problem 
by RIEMANN and HELMHOLTZ, and removed the previously existing 
barriers to the study of m-dimensional geometry. For the organ- 
ization and further cultivation of differential geometry the 
nationalistic revival of the sixties was of great importance, as is 
shown, for example, by the Risorgimento in Italy. And the 
unhampered development of science in the latter part of the last 
century, which resulted in a steady growth of our knowledge of 
curves and surfaces, also finds its source in the undisturbed material 
conditions of Europe during that time. 

These are a few of the tendencies that have been responsible 
for the development of one of the most fascinating branches of 
modern mathematics. In the preceding exposition we had to 
make a selection, which was to a certain extent arbitrary, and 
which depended on our personal preferences. Nevertheless, we 
hope we have followed what most mathematicians will consider 
the main lines of development. 


Massachusetts Institute of Technology February 1932. 
Cambridge, Mass. D. J. STRUIK. 














The history of mathematical time 


II * 


V. — The Twentieth Century ; 
Time in Modern Mathematical Physics 


Modern physics is essentially mathematical. It also makes 
considerable use of the conception of Time, which enters as 
an important factor in the new mechanics, replacing in part the 
Newtonian conceptions upon which our knowledge of the universe 
has been built. Whether our conceptions of Time and Space 
have received adequate examination in view of their changed 
significance in the mathematical scheme of things is a debatable 
point, the importance of which should not be overlooked, but 
which does not concern us at present. 

In facing the problem of Time in modern mathematical physics 
the historian is faced with two difficulties; the necessity of review- 
ing the development of a science which has not yet reached finality, 
or even agreement, between its different parts, and the necessity 
for regarding all the modern implications concerning ‘Time 
entirely apart from the physical views which accompany them in 
the complete system. 

The attempt at a preparation of anything approaching a complete 
history of Mathematical Time as represented by modern physics 
would at present be premature for these reasons. The most 
we can therefore attempt is an account of the subject in its 
historical order of development. The nature of the subject 
requires that criticism should be either suspended or relegated 
to a second place. 

Influence of Dynamics upon the Idea of Time. — The advances 


* See Isis, 19, 121-153. 
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in the science of mechanics which took place during the nineteenth 
century may be considered as due to contemporary advancements 
in mathematical thought. In the early part of the twentieth 
century these advancements reached a high stage of development 
in the evolution of a completely new conception of physical 
phenomena. This new conception may be regarded as due to 
the attempt to fit physical phenomena into a highly developed 
system of mathematics, instead of endeavouring to apply existing 
mathematics to the explanation of observed phenomena. 

The classical dynamics of GALILEO and NEWTON is based on 
the conception of Time as being something that flows uniformly, 
in 2ccordance with NEWTON’s definition. This definition, how- 
ever, is not conceptually valid, on account of the fact that the 
definition of flow involves that of Time as a necessary component, 
and hence imparts circularity to the definition. There is, however, 
no objection to it as a means of describing the nature of the accepted 
temporal continuum, as it involves no analytical error in the 
solution of such problems as are amenable to analysis by the equa- 
tions of the classical dynamics. 

An interesting discussion of Space and Time which illustrates 
this viewpoint is given by BARTHOLOMEW Price, Sedleian professor 
of Natural Philosophy and Fellow of Pembroke College, Oxford, 
in Vol. III of his Treatise on Infinitesimal Calculus.(19) In 
developing his treatment of the motion of material particles, 
Price gives a detailed and valuable discussion of “ Motion, its 
Affections, its Laws, and its Equations.” He remarks that such 
symbols as ¢, dt, s, ds, are numbers and not the concrete things 
themselves. “‘ Thus ¢ expresses the ¢ times an unit of time is 
taken, dv the dv times an unit of velocity is taken; and the numbers 
of course can be multiplied together, and the resultant of the 
operation is number of that kind which the symbols express 
before the operation.”” With regard to matter, when the property 
of mobility is considered “ there are two other affections, which, 
by reason of their abstract nature, need not be defined; viz : 
time and space ; it is sufficient for us to be able to form a notion 
of them, and to enuntiate of them such properties as are required 


(19) The entire work consists of four volumes, of which the first two are now 
out of print. We are using the 1856 edition, Ch. VII of Vol. III. 
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for the science of motion.” Following upon this statement, 
Price gives a further confirmation of the views instituted by 
Barrow and Newton : “ Space and time, like matter, are con- 
tinuous and divisible; and these affections are without limit. 
Space may be very large, nay infinite; we cannot fix the boundaries 
of that space in which the heavenly bodies are; and it may be very 
small, such as that occupied by a chemical atom or a material 
particle. Time also admits of degrees as to quantity; it may 
be an instant; such an infinitesimal, that the aggregate of an 
infinity will make only finite time; or it may reach through the 
present moment from ages bygone to ages to come.” The mathe- 
matical notion of Time is as clearly fixed with Price as with 
Barrow : “ The notion of equal times and also the measure of 
equal times arises out of the idea of time, and an idea of time 
is not adequate unless it has these notions... they exist before 
it and they enable us to apprehend and to measure... equal times 
therefore must be deduced from the notion of time.” The entire 
structure of the classical mechanics with its notions of velocity 
and acceleration, rests upon the fundamentals which are here 
outlined so clearly by Prick, whose views may be regarded as 
representative of those of the Newtonian school. 

Modifications of the Classical Mechanics. — At the close of the 
nineteenth and early part of the twentieth century, mathematicians 
and physicists began to consider the effects produced by motion 
of matter through the ether of space. Laboratory experiments 
had shown that there were numerous phenomena which could 
not be explained by means of the classical ideas of mechanics. 
The famous MICHELSON and Mortey experiment of 1887, (20) 
which was conducted to observe the difference in the times taken 
by a ray of light to travel a given distance when the path of the 
ray was parallel or perpendicular to the motion of the earth in 
its orbit, showed a null effect: No difference was observed. 
This fact led to a great amount of mathematical work, and much 
scientific speculation, in which a prominent part was taken by 
H. A. Lorentz, who examined the electrical and optical pheno- 
mena of motion in various papers published towards the end 
of the nineteenth century. (21) A useful account of the various 


(20) Philosophical Magazine, Dec. 1887. 
f21) See, e.g. H. A. Lorentz, “‘De l’influence du mouvement de la Terre sur 
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developments in the theory up to about this time were given in 
connexion with a discussion at a meeting of the German Scientific 
Association by W. WIEN. (22) 

One of the implications of LORENTz’s analysis is that different 
moving bodies require a different system of time measurement 
for the expression of their phenomena. ‘This necessity is additional 
to the contraction hypothesis which was put forward by G. F. Firz- 
GERALD in 1893 and independently by LoRENTz in 1895 to account 
for the null effect of the MicHELSON-MorLey experiment. The 
adoption of this arrangement involves the idea that every moving 
system has its own “ local ”’ time : an idea which lies at the foun- 
dations of the celebrated Theory of Relativity. From the mathe- 
matical work of LoRENTz in this connexion several important 
consequences may be deduced, (23) merely from the general 
geometry of Time and Space. These consequences are such 
as to cast grave doubts upon the accuracy of the ordinary concep- 
tions of ‘Time, with its attendant notions of simultaneity of events, 
and interval between events. 

If we postulate that electromagnetic phenomena occurring in 
moving systems are exactly the same as those in stationary systems, 
then the theory of LoRENTz implies that we must not only adopt 
the contraction hypothesis, but also the further hypothesis that 
the measures of Time in different moving systems are different. 
The results of this theory are at variance with those of the classical 
mechanics : They lead to the group of theorems which are included 
in the theory of Relativity. 

Valuable observations on the theory of LORENTZ were made 
by HENRI PorncarRE (1854-1912) in a paper Sur la dynamique 
de l’électron, (24) where he enquires into the theory of measurement, 
and clearly shows the difference between the old systems of 
measurement and the new: We measure by superposing one 
on the other objects which may be regarded as rigid and invariable, 


les phénoménes lumineux,’’ Archives Néerlandaises, 21, 1887, pp. 103-176 ; 
“La Théorie Electromagnétique de MAXxweELL, et son application aux corps 
mouvants,”’ ibid., 25, 1892; ‘‘ Versuch einer Theorie der elektrischen und optischen 
Erscheinungen in bewegten Kérpern,’”’ Leiden, 1895. 

(22) Wiedemann’s Annalen der Physik, 65, July 1898. 

(23) See e.g. Sir ARTHUR STANLEY EppINGTON “ The Mathematical Theory 
of Relativity,”’ Cambridge, 1923, § 10. 

(24) Rendiconti del circolo matematico di Palermo, 21, 1906, p. 3. 
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but if we accept the LoRENTz contraction hypothesis this is no 
longer true. In this theory the criterion of equality of two lengths 
is that they shall both be traversed by light in equal times. Here 
Poincaré makes an interesting simile : “ To give up this definition 
would perhaps be sufficicnt to overthrow the theory of LORENTZ, 
as completely as the Ptolemaic system was overthrown by CoPER- 
nicus. If this should happen, it will not prove that the effort 
made by Lorentz has been useless. PTOLEMy, whatever one 
thinks of him, was useful to COPERNICUs.” 

The difficulties attending the electrodynamics of moving bodies 
received the attention of ALBERT EINSTEIN in a paper Zur Electro- 
dynamik bewegter Kérpern, (25) which was published in the same 
year as PoINCARE’s paper was read. EINSTEIN considers here 
that the difficulties encountered by the theory of electrodynamics 
in moving systems are traceable to a lack of consideration of the 
fact that the theory is based upon the kinematics of the rigid 
body which in turn is based upon relationships between rigid 
bodies, clocks and electromagnetic processes. 

The importance of the true significance of Time in kinetic 
phenomena is stressed by EINSTEIN in the early stages of his paper, 
and forms an essential part of the principle of Relativity which 
is therein developed. Much difficulty and cause for speculation 
centres round the idea of simultaneity : There is, for example, 
the problem of two systems which move in a straight line relatively 
to each other, and each carries an observer who considers his 
particular system to be at rest. ‘Two events which appear simul- 
taneous to one observer will appear nonsimultaneous to the other. 
This is a condition of which it is very difficult to grasp the signific- 
ance if we retain the Newtonian conception of Time as that which 
“without relation to anything external flows equally.” While 
there is no difficulty in realizing the meaning of simultaneity 
between two events when they occur at the same place, it is difficult 
to form a clear idea of simultaneity between two events occurring 
in different places. As soon as we attempt to define simultaneity 
in the latter case we find it necessary to introduce the notion 
of light rays and chronometers, which add further difficulty on 
account of the necessity of being able to forecast exactly their 


(25) Annalen der Physik, 17, 1905, p. 891 . 
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behaviour when used as time-measurers under these conditions. 

The basis of EINSTEIN’s first examination of the problem is 
the postulate that the velocity of light is constant, and entirely 
independent of the velocity of the moving system or its direction 
in space. If this postulate be applied to the problem of two 
systems in relative motion, one using space coordinates x, y, 2 
and a time co-ordinate ¢ and the other using space co-ordinates 
x, ¥y, %, and a time co-ordinate ¢,, then the space traversed by 
light in a given time is constant for either system and we have 


VY x + y® + 2*/t = C for one system, and 
J x, + y®, + 2°,/t, = C for the other system, 
where C is the velocity of light which, by hypothesis = a constant. 


From the foregoing equations we obtain directly 


xt + y® + 22/7 = C2, 

x, + y*, + 2°,/%, = C*, so that 

x? + y + 2 = Ct, 
x,? + y,? + 2,2 = C*,*, and therefore 
e+ + & — CF = OU, 

a + ys? + 2° — C84? = O. 


It will be seen that we now have in place of the simple time 
co-ordinate ¢ a less simple, in fact a somewhat puzzling, co-ordinate 
iCt, where i = 4/ —1. Itis interesting here to revert to ARTHUR 
CayYLey’s views on HaMILTON’s memoir of 1833... “ And still 
less can I appreciate the manner in which the author connects 
with the notion of time his algebraic couple, or imaginary magni- 
tude, a + b4/—1.” There are evidently more things in mathe- 
matical physics than were thought of by ARTHUR CAYLEY, or 
indeed, than could very well have been thought of by a pure 
mathematician holding the Newtonian views of ‘Time and Space. 

The transformations giving rise to “ imaginary ’’ Time were 
made in a paper read in 1908 by the great mathematician, HERMANN 
MINKOWSKI (1864-1909) of Bonn and Ké6nigsberg. As a pure 
mathematician MINKOwskKI is famous for his work on whole num- 
bers and in many other departments of mathematics. The paper 
to which we now refer was given in the form of an address Der 
Raum und Zeit before the 80th Assembly of German Natural 
Scientists and Physicians at Cologne on the 21st of September, 
1908. 
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The correlation of Time and Space in the new physics of LORENTZ 
and EINsTEIN is stressed by MINKOwskI in the prefatory remarks 
to this famous address, where he says that “* Henceforth Space 
by itself and Time by itself are doomed to fade away into mere 
shadows, and only a kind of union of the two will preserve an 
independent reality.” For Minkowski, the LORENTZ equations 
do not represent an artificial world or paradox, but indicate 
the connection between Space and Time which had hitherto 
received but scant attention. We cannot think in terms of ‘Time 
and Space separately. ‘‘ Nobody has ever observed a place except 
at a time, or a time except at a place.” Thus MINKOwSkKI intro- 
duces a revised metric, where a “ world point”’ is represented 
by x, y, 2, t, and the “ world ” is composed of all thinkable values 
of these variables. 

Any point of space defined by x, y, 2, at a definite point of 
Time ¢t corresponds to the world point x, y, z, ¢. If variations 
of t are considered, then there is a corresponding variation in 
the three variables x, y, z, and the line which is accordingly 
described by the point is called its “ world line.” It follows 
that if the world lines of all point-events comprising physical 
phenomena could be specified we should obtain a complete 
history of the entire universe, both with regard to past and future. 

The theory of Mrnkowsk1 has received the attention of FELIX 
KLEIN (1849-1925) of Géttingen, who pointed out that “ what 
the physicists call the “ theory of relativity”’ is the theory of 
invariants of the four-dimensional space-time region x, y, 2, ¢ 
(MINKowsk1’s world) in relation to a definite group of collineations, 
namely, the ‘ Lorentz Group.’ ” (26) 

By putting t = iCt in the equations developed above, MIN- 
KOWSKI expressed his “ world line” in the form 

St? = x + y? + 22 + 2? 
which is exactly analogous to the invariant of Euclidean geometry, 
and in which Time as we have hitherto considered it has indeed 
“faded away into a mere shadow ”’ of its former self. We observe 
here that modern physics, as represented by the theory of relativity, 
is not any further concerned with the attributes of what we have 
hitherto been pleased to call Time. For the modern mathematical 


(26) Jahresbuch d.d. Math. Verein., 19, 1910, p. 287. 
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physicist Time may be regarded as an attribute of Space, and 
has no independent existence. It is incorporated in a symbol 
which expresses its relation to Space through the medium of 
a hypothetical constant of the universe, the velocity of light. 
This disappearance of pure mathematical Time prevents any 
further pursuit of it, in so far as the theory of Relativity is con- 
cerned. We therefore turn our attention to further developments, 
of which many may be regarded as the offspring of the theory 
of Relativity. 

A fanciful example of the consequences of this theory has 
been given by PrerrRE LANGEVIN. (27) A ball, containing a clock 
and an observer, is propelled from the earth with a velocity 
approaching the velocity of light. In this moving system the 
time, and all natural processes, go more slowly, so that when 
the ball returns to earth after two years measured by its chrono- 
meter, the traveller will see an earth whose face has been changed 
by the lapse of two or three hundred years as measured by earthly 
time systems. The paper of LANGEVIN containing this idea, which 
has been developed by EppiNGToN and others, (28) is mentioned 
in the preface of the late H. Witpon Carr’s “ General Principle 
of Relativity,” (29) in connexion with his purely philosophical 
interest in the principles of relativity. ‘‘ I first became acquainted 
with it at the International Congress of Philosophy at Bologna 
in 1911, when M. Pierre LANGEVIN, Professor of the Collége 
de France, revealed its philosophical importance in a remarkable 
paper...” 

Also in the year 1911 appeared a short tract by ALFRED A. Ross 
entitled Optical Geometry of Motion, a New View of the Theory 
of Relativity. This tract is of importance in containing the 
fundamentals from which the same author subsequently developed 
a more comprehensive physico-mathematical theory of Time than 
had hitherto been attempted. The identification of instants at 
different places is carefully avoided by Ross, both in his prelimin- 
ary tract and in the comprehensive treatise which followed. The 


(27) In a paper on “ L’Evolution de l’espace et du temps ” Scientia, 10, 1011, 


Pp. 50. 
(28) See e.g. Space, Time and Gravitation by A. S. Eppincton, Cambridge, 
1923. 
(29) London, 1920, p. vi of Preface. 
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geometrical conception of ‘ Conical Order’ forming the basis 
of this later work treats of instants at different places as being 
definitely distinct. 

A brief account of the idea of ‘ Conical Order’ was published 
by Ross in 1913. (30) A larger work, tracing more fully the 
implications of this idea, was published in the following year. (31) 
A ‘ conical order’ is used for representing the Space-Time con- 
tinuum. From 21 postulates, derived entirely from the conceptions 
of before and after is developed a system of geometry in which 
any point-event, corresponding to MINKOwSKI’s ‘ Weltpunkt,’ can 
be represented by the coordinates x, y, 2, t. This geometry 
leads to the inclusion of Time as a fourth coordinate inherent to 
the system. There is no independent theory of pure Time. 

Certain of the principles upon which Ross’s theory is built 
are fundamentally at variance with the space-time hypotheses 
of relativistic mechanics. It is pointed out by Ross that if two 
physicists, A and B, agree to discuss a physical experiment, 
then it follows, in virtue of their agreement, that a common world 
of some kind exists as the seat of the experiment. If it be urged 
that we have merely a correspondence between the physical 
worlds of A and B, then the exact nature of this correspondence 
remains to be explained. ‘The fact that there is actually such 
a correspondence indicates that the phenomena are common to 
the minds of A and B, whence it follows that the phenomena 
are normal to some common reference continuum. 

It is interesting here to compare this view with that of the 
sensorium Dei, characteristic of NEWTON’s philosophy, which gave 
rise to considerable misunderstanding among contemporary 
philosophers. NEWTON’s real contention is clearly shown in 
the following passage from the Principia, Scholium Generale : 
“Partes dantur successivae in duratione, coexistentes in spatio, 
neutrae in persona hominis seu principio ejus cogitante; et multo 
minus in substantia cogitante Dei.” 

The bases of Ross’s theory of ‘ conical order’ are stated as 
follows : (31) “ An element of time is called an instant and is 
to be regarded as a fundamental concept. 


(30) A Theory of Time and Space, Cambridge (HEFFFR and Sons) 1913. 
(31) A Theory of Time and Space, Cambridge (University Press) 1914. 
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Of any two elements of time of which I am directly conscious, 
one is after the other. 

The relation of two instants, one of which is after the other, 
is an asymmetrical relation, and the converse asymmetrical relation 
is denoted by the term before, so that if an instant A be after 
an instant B, the instant B is before the instant A.” 

The development of this concept then takes place in a manner 
which reminds us of the work of HAMILTON to which we have 
already referred, except in that the theory now under discussion 
is essentially geometrical, whereas that of HAMILTON was purely 
algebraical. Ross builds his theory on the principle that “ the 
set of instants of which I am directly conscious form a series in 
linear order. ‘Thus they satisfy the following conditions : 

(1) If an instant A be after an instant B, the instant B is not 
after the instant A, and is said to be before it. 

(2) If A be any instant, I can conceive of an instant which is 
after A and also of one which is before A. 

(3) If an instant A be after an instant B, I can conceive of an 
instant which is both after B and before A. 

(4) If an instant B be after an instant A and an instant C be 
after the instant B, the instant C is after the instant A. 

(5) If an instant A be neither before nor after an instant B, 
the instants A and B are identical.” 

The conception of ‘ conical order’ leads to the important idea 
that the only events which are really simultaneous are those 
which occur at the same place. Although the time-continuum 
of an individual is composed of instants which are in linear order, 
the aggregate of all instants, i.e. the universal time-continuum, 
forms a set in conical order. 

The geometrical system which is built up from this idea is 
of a four dimensional character, in which any element of the 
system is determined by four coordinates. Thus once again we 
witness the disappearance of Time as a separate conception. On 
this occasion it becomes allied with space in forming part of a 
geometrical representation of the space-time continuum in which 
physical phenomena have their existence. 

A small volume, introductory to the large work of 1914, was 
published by RoBB in 1921. Inthe “ Preliminary Considerations”’ 
is a very valuable statement of the fundamentals of the conception 
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of Time. (32) It is the belief of Ross that a neglect of these 
fundamentals is responsible for some inaccuracies of logic in 
the foundations of the principle of relativity. 

An important and fundamental proposition arises from RoBB’s 
theory as follows : Suppose we imagine a flash of light to be sent 
out at an instant A from a particle P to a distant particle Q, where 
it arrives at an instant B; and suppose it to be reflected back 
to P, where it arrives at an instant C : How are we to identify 
the instant B with any instant at P between A and C? This 
type of problem, which combines the notions of Space and Time, 
is representative of the difficulties which are encountered in 
applying the idea of Time to physical phenomena, in the manner 
which is attempted by the theory of Relativity. 

The relativity principle was extended by EINSTEIN in two 
papers, Die Grundlage der allgemeinen Relativitdtstheorie (33) 
and Kosmologische Betrachtungen zur allgemeinen Relativitats- 
theorie (34) which may be regarded as placing the theory on the 
plane from which subsequent developments have progressed. (35) 

The underlying conceptions of simultaneity to which we have 
referred did not, and still do not, find universal acceptance among 
theorists. Thus Lorentz, in his Haarlem Lectures of 1917 
remarks : “I personally still find a certain satisfaction in older 
views that the ether still preserves a certain substantiality, that 
Space and Time are sharply distinguished, and that one can 
speak of simultaneity without a closer specialisation.’’ (36) 

A system of time, related to the concepts of the relativity 
principle, has been developed by A. N. WHITEHEAD. The system 
introduces the conception of duration as a temporal stratum of 
nature, limited in its temporal dimension and of unlimited 
spatial dimensions. (37) This system thus represents a finite 


(32) A. A. Ross, The Absolute Relations of Time and Space, Cambridge, 1921, 
pp. 1-16. 

(33) Annalen der Physik, 49, 1916, p. 769. 

(34) Berlin Sitzungsberichte, 1917, p. 142. 

(35) A useful bibliography is given by Eppincton, The Mathematical Theory 
of Relativity, Cambridge, 1923, pp. 241-2. 

(36) See the Zeitschrift fiir mathematischen und naturwissenschaftlichen Unterricht, 


1917. 
(37) A. N. Whireneap, An Enquiry concerning the Principles of Natural 


Knowledge, Cambridge 1919, Ch. 9, pp. 110-120. 
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Time and infinite Space, and is graphically expressible, on the 
assumption of unidimentional Space, by a straight line, representing 
Time, normal to a system of straight lines, each of which represents 
Space at the point of Time corresponding to the point of its 
intersection with the Time-axis. The assumption of manifold 
Time-systems, in accordance with relativistic mechanics, imparts 
to this spatio-temporal system a complex structure involving the 
intersection and partial congruence of durations in different 
Time-systems, and also introduces logical difficulties in connexion 
with the properties of durations. 

The system reminds us of KANT’s suggestion, to which we 
have already referred, in his Inaugural Dissertation of 1770... 
“ For if we represent Time by a straight line extended to infinity, 
and simultaneous things at any point of Time by lines successively 
erected perpendicular to it, the plane thus generated will represent 
the phenominal world both as to its substance and as to its acci- 
dents.” (§ 14, (5) mota.) 

The problem of Time in its relation to the relativity principle 
was discussed by many writers, and from many different stand- 
points. We quote below some of the more important works 
and papers on this subject from the immense amount of material 
forming the literature of the theory of Relativity. (38) 

An Article on “ The Relativity of Time” which gives views 
of interest from the present standpoint was published by Eppinc- 
TON (39) in 1921. It is here pointed out that whereas the astronomer 
is primarily concerned with the measurement of Time, the philo- 
sopher discusses its significance, and the two rarely think of 
comparing their ideas. It is consequently understandable that 
confusion should have arisen. The discovery of the finite velocity 


(38) E. Coun, “ Physikalisches tiber Raum und Zeit.” Abh. und Vortr. aus 
dem Geb. der: Math., Naturwiss. und Tech., Heft 2, Leipzig, 1916. 

H. Weyt, “‘ Raum, Zeit, Materie,” Berlin, 1918. 

A. S. Epprneton, “Space, Time and Gravitation,’ Cambridge, 1920. 

Moritz Scuiick, “‘ Raum und Zeit in der gegenwirtigen Physik,” Berlin 
1920 (3rd ed.). English trans. by H. L. Brose, Oxford, 1920. 

L. Scuiestncer, “ Raum, Zeit und Relativititstheorie,”” Abh. und Vortr. aus 
dem Geb. der Math., Naturwiss. und Tech. Heft. 5, Leipzig, 1920. 

Hans Wirte, “ Raum und Zeit im Lichte der neueren Physik ’’ Heft 17 (2nd 
ed.), Braunschweig, 1920. 

I. Scunerper, “ Das Raum-Zeit-Problem bei Kant und Einstein,” Berlin, 1921. 

(39) See “‘ Nature” Special Number “ Relativity,” 106, 1921, p. 802. 
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of light by the astronomer ROMER led to the abandonment of the 
idea which follows from our sense of vision that we are actually 
present at events far distant from us. The progress of astronomy 
has shown that this conception is wrong. As EDDINGTON points 
out : ‘* Since ROMER, time has become a mathematical construction 
devised to give the least disturbance to the old illusion that the 
instants in our consciousness are world-wide.” 

This point is pursued by EDDINGTON in his classical treatise 
on Relativity (35) where he says that “those who still insist 
on the existence of a unique “ true time ” generelly rely on the 
possibility that the resources of experiment are not yet exhausted 
and that some day a discriminating test may be found. But 
the off-chance that a future generation may discover a significance 
in our utterances is scarcely an excuse for making meaningless 
noises.” 

Articles 1 to 18 of EDDINGTON’s treatise may be regarded 
as probably the most consistent account which has yet been 
published concerning Time and space-time from the viewpoint 
of modern and mathematical physics. 

In the year 1924 appeared an English translation of an important 
work by A. V. VasILiev under the title ““ Space, Time, Motion.”’ 
This work adopts the historical order of presentation, and is 
intended as an introduction to the theory of Relativity. It contains 
many valuable observations on the conception of Time from 
the mathematical viewpoint, and also many interesting historical 
notes. The conclusion of the work is significant: Referring 
to the problem of reality, which must be the ultimate aim of 
mathematical physics, the author touches on “ that other riddle, 
why and wherefore an insignificant speck of cosmic dust gave 
birth to human thought. In the history of human thought the 
page devoted to the problems of space and motion is one of the 
most important and the most fruitful. For the solution of this 
problem let us take for our motto ‘ Laboremus ’.”’ 

It appears from our researches into the historical side of the 
problem of Time that we must indeed exert great effort if we 
are to correlate the various theories which have been propounded 
up to the present, and therefrom to form a consistent view of 
Time which shall be true alike for physicist, astronomer, and 
philosopher. The problem is a great one, and recent develop- 
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ments show it to be of great scientific importance as well as of 
absorbing interest from the side of pure knowledge. 

An example of modern development is afforded by an article 
on “ Time Measurement in an Isotropic Space Frame ”’ by J. L. 
SYNGE. (39a) Here temporal simultaneity is deduced from the 
postulate of the complete isotropy of space. From the fundamental 
theorem (which is also given by Ross (394)) that “ If an event A 
is simultaneous with an event B, and B is simultaneous with a 
third event C, then A is simultaneous with C,” is proved the 
essential theorem of the Transitivity of Simultaneity. 

Numerous other papers which have a bearing on the subject 
of Time in one or other of its aspects may here be referred to. (39c) 


VI. — Recent Developments in the Theory of Time ; 
Conclusion 


During recent years considerable progress has been made in 
methods for the measurement of extremely small physical entities. 
The dimensions of the atom have been established to what is 
probably a fair degree of accuracy, and the atom itself has been 
resolved theoretically into a nucleus accompanied by a system 
of orbital electrons, in some respects analogous to the solar system 
in which we have our being. 

Transference of energy, such as radiation, is regarded by modern 
physics as taking place discontinuously, in little jumps. This 
view of energy transfer is due to Max PLANCK, (40) and forms a 
natural corollary to the conception of the atomic universe. 

For modern physics, therefore, neither matter nor energy are 
continuous : Both have a discontinuous structure which, to our 


(39a) Proc. Royal Irish Academy, (A) Vol. 37, 1927, p. 110. 

(396) Vide supra. (31) (32). 

(39c) CoLLINGwoop “ Some Perplexities about Time, Aristotelian Soc. Proc. 
1926. 

WHITEHEAD “‘ Time,” Proc. 6th Int. Cong. Phil. (Harv.) 1926. 

Go.psporouGH “ Recent Discussions on Time,” 1927. 

G. N. Lewis “‘ Symmetry of Time in Physics,” Science, 71, 1930, p. 569. 

J. W. Toms. “ An Essay on Metaphysical Time,’”’ London, 1930. (Reprinted 
from the Transactions of the Indian Philosophical Congress, Bombay, 1927); See 
“ Nature,” vol. 127, 1931, Pp. 104. 

(40) Annalen der Physik, 4, 1901, Pp. 553. 


14 

















206 G. WINDRED 


imperfect senses, appears continuous. From this view of the 
universe arises the questions : ‘‘ Are Time and Space continuous, 
or made up of atomic constituents?” 

At this point we may revert to BARROw’s conception of Time 
as the “ trace of a Moment continually flowing,” as being composed 
of an infinite number of instants, just as in mathematics a line 
may be regarded as made up of an infinite number of mathematical 
points. 

Recent researches in mathematical physics seem to indicate that 
there is at least a reasonable ground for supposing Time to be 
composed of discrete instants. 

This idea was formulated by Ropert Lévy, who obtained 
for the value of the Time-atom, which he calls ‘ Chronon,’ (41) 
the number 9 = 4.5 x 107 seconds. 

The work of Levy was extended by G. I. PokrowskI (42) 
in a paper “ Zur Frage nach einer oberen Grenze fiir die Ener- 
giedichte,”’ where it is shown that the average value of the shortest 
period of an electrical oscillation is 

@ = 4.3 x 10% seconds. 
which is in good agreement with the theoretical value. A further 
paper by PokrowskI “ Zur Frage nach der Struktur der Zeit,”’ (42a) 
gives a proof of the accuracy of the value found for ‘ Chronon ’ 
by comparing it with the shortest period of oscillation observable 
in the spectrum of short rays. In the concluding words of this 
paper : “ Allerdings ist aus dem Gesagten klar, welche Wichtigkeit 
genaue Messungen der kiirzesten Wellenlangen fiir die Entschei- 
dung einer der interessantesten Fragen der Physik haben kénnten.”’ 

Additions to the theory were made by GorTTFRIED BECK (43) 
WILHELM ANDERSON, (44) and SerTar6 SUzuKI. (45) ‘These deve- 
lopments led to the establishment by E. REGENER (46) of a range 
of regularities bearing upon astrophysics and the nature of cosmic 
rays. An article “ Zur Diracschen Theorie von Protonen und 


(41) C. R., 183, 1926, p. 1026. 

(42) Zeitschrift fiir Physik, 51, 1928, p. 730. 
(42a) Zeits. f. Phys., 51, 1928, p. 737. 

(43) Zeits. f. Phys., 53, 1929, p. 675. 

(44) Zeits. f. Phys., 55, 1929, p. 386. 

(45) Physikalische Zeits., 31, 1930, p. 619. 

(46) Die Naturwissenschaften, 17, 1929, p. 183. 
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Elektronen ” by PokRowskKI (47) shows that these regularities are 
in good agreement with the theory of protons and electrons 
put forward by P. A. M. Dirac (48), of Cambridge. 

The element of Time in this theory is equal to A/ MC, where 
M is the mass of the proton. A similar theory, in which the value 
of the Time element is h/mC? where m is the mass of the electron, 
has been suggested by F. O. WoLLasTon and K. W. MILLER. (49) 

If Time possesses an atomic structure, we are left to make 
the generalisation that existence itself is atomic, or discrete. This 
theory would lead to an important revision of physics, and in 
the method of approaching physical phenomena by analysis. 
These speculations do not, however, form a part of our present 
enquiry. 

From our considerations of the trend of modern physics it 
appears that there is considerable scope for further investigations 
of the framework of Time and Space in which we have our 
existence. 


CONCLUSION 


Pure and Applied Mathematical Time. — We are now arriving 
towards the end of our examination of the history of Mathematical 
Time. We have seen that the results comprising the present 
theoretical structure have been often widely diverse, both in 
character and method of treatment. 

The mathematical theory of Time may be divided into two 
departments; pure and applied, corresponding to the two depart- 
ments of mathematics. The purely mathematical theory of Time 
is represented by such researches as those of BARROW, HAMILTON 
and Bugg, where the development is based on purely mathematical 
principles, and where there is no attempt to apply the theory 
to physical phenomena. The applied mathematical theory of 
Time, which is represented by the work of MiInKowskI, LORENTZ 
and EINSTEIN, rests upon principles which are gathered by observ- 
ation from physical phenomena. The applied theory therefore 
reflects the phenomena of the physical world. 


(47) Zeits. f. Phys., 66, 1930, p. 129. 
(48) Proc. Royal Society London (A), 126, 1930, p. 360. 
(49) Nature, 127, 1931, ©. 163. 
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Any comparison between the pure and applied mathematical 
theories of Time must consequently involve the fundamental 
question as to how far the phenomena of our experience can 
be represented mathematically. In such abstruse subjects as that 
of the problem of Time the corellation of pure and applied theory 
presents grave difficulties. The pure theory must be regarded 
as the domain of the mathematician, and the applied theory 
as the domain of the physicist. It appears from our review 
of the respective theories that there remains much work yet 
to be done by both parties before any detailed reconciliation 
of their views is possible. 

Applications of the Theory of Time. — (1) Mechanics. ‘The 
conception of Time, along with those of Space, Matter and Force 
may be regarded as fundamental to the science of Mechanics. 
In the majority of works dealing with mechanics, however, very 
little attention is given to analysis of these fundamental conceptions. 
A notable exception to these works is represented by the Mechanics 
of Ernst Macu (1838-1916) professor of the History and Theory 
of the Inductive Sciences. in the University of Vienna. Macn’s 
Mechanics has formed the basis of many investigations in the under- 
lying principles of mechanics, of which subjects it contains detailed 
discussions. A similar treatment is given by the Rev. JAMES 
CHALLIS, Plumian Professor of Astronomy at Cambridge, in his 
Principles of Mathematics and Physics, (50) where he says that 
““ A system of Pure Calculation may be established by reasoning 
on abstract quantity antecedently to the consideration of properties 
of space, time, matter and force. The results of such reasoning 
may subsequently be applied to each of these kinds of quantity.” 
This statement should, of course, be qualified by remarking upon 
the necessity of making quite certain that the transference from 
pure to applied theory is warranted and logical. 

In stating the principles of Plane Astronomy, CHALLIs remarks 
that this science is founded on observations, and is therefore 
essentially practical : “‘ There is also another distinctive feature 
which separates it from pure geometry, namely, the introduction 
of the element of time.”’ The consideration of ‘Time in astronomy 


(50) Cambridge, 1869. The full title is Notes on the Principles of Pure and 
Applied Calculation ; and Applications of Mathematical Principles to Theories of 
the Physical Forces.” 
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could be dispensed with only if all the heavenly bodies maintained 
at all times the same relative positions. The changes of position 
which actually occur introduce the necessity of an independent 
time-system. ‘This requires particular attention, “ because astro- 
nomical measurements of time and determinations of epochs are 
equally necessary in all other calculations which involve the 
consideration of changes which depend on the lapse of time. 
The science of Time is essentially a part of Plane Astronomy.” 

These views are also expressed by the great astronomer, Sir 
John F. W. HERSCHEL (1792-1871), Fellow of St. John’s College, 
Cambridge, in his Outlines of Astronomy, (51) where he says 
that “‘ Time is an essential element in astronomical observation, 
in a twofold point of view : rst, As the representative of angular 
motion... 2ndly, As the fundamental element (or natural inde- 
pendent variable, to use the language of geometers) in all dynamical 
theories.’””’ There follows a discussion of astronomical Time and 
chronometers, which leads to the subject of determining longitude, 
and similar applications. Chapter XVIII “ Of the Account of 
Time” may be regarded as expressing the viewpoint of plane 
astronomy : “‘ Time, like distance, may be measured by comparison 
with standards of any length, and all that is requisite for ascertaining 
correctly the length of any interval, is to be able to apply the stan- 
dard to the interval throughout its whole extent, without over- 
lapping on the one hand, or leaving unmeasured vacancies on the 
other...””’ This view, of course, is that of the old mechanics. 
The conception of Time which underlies it is characteristic of 
the Newtonian philosophy. 

We have seen that the theory of Relativity introduced new 
conceptions into the older views of Time and Space, and brought 
physicists to consider these subjects anew. It has been necessary 
for the physicist to introduce two fundamental postulates : That 
every point of Time, that is, every instant, is like every other 
instant, and that every point of Space is like every other point. 
This means that Time and Space can be regarded as homoge- 
neous, (52) and the theory becomes analogous to the classical views 


(51) London, 1878. There are some ten editions of this work. See also W. M. 
Smart, Spherical Astronomy. Cambridge 1931, Ch. VI., “ Time.” 

(52) See e.g. Ropert D. Carmicuaet, The Theory of Relativity (Mathematical 
Monograph No. 12), New York, 1920 (2nd edit.) Ch. II. 
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in this respect. In the relativity theory, however, the three 
dimensions of Space and one dimension of Time are expressed 
as four variables which are definitely related to each other. This 
fact has given rise to the idea of Time as a “ fourth dimension ”’; 
an unfortunate term which has led to the erroneous idea that Time 
by itself may be regarded as a physical dimension of the Universe. 

The advancement of mathematical physics which followed as 
a result of the attacks made during the nineteenth century upon 
the fundamental conceptions of mechanics brought with it a 
more complex and involved method of examining physical pheno- 
mena. The physicist no longer concerned himself with the 
meaning or interpretation of his mathematical formulae and 
symbols. Thus he avoided many difficult questions, including 
that of the nature of Time. In the words of EDDINGTON : (53) 
‘“* Nowadays time might be taken as typical of the kind of stuff 
of which we imagine the physical world to be built. Physics 
has no direct concern with that feeling of “‘ becoming ”’ in our 
consciousness which we regard as inherently belonging to the 
nature of time, and it treats time merely as a symbol; but equally 
matter and all else that is in the physical world have been reduced 
to a shadowy symbolism.” 

(2) Electrical Theory. The various departments of electrical 
theory make considerable use of the conception of Time. In 
those parts of the theory dealing with varying or oscillatory pheno- 
mena, such as are encountered in the theory of alternating currents 
and in electrostatics respectively, Time enters prominently into 
the calculations. (54) The time-differential is often encountered 
and is employed in the same manner as in theoretical mechanics 
and physics. The equations containing these terms are differ- 
entiated, giving a second differential of Time, i.e. the rate of 
change of a rate of change which so sorely puzzled Bishop BERKELEY 
in connexion with the philosophical aspect of the theory of fluxions. 

It can be shown (55) that the electrostatic charge at every 
point in a homogeneous dielectric falls off exponentially with 


(53) In the Swarthmcre Lecture delivered before the Society of Friends, London, 
in 1929; Science and the Unseen World, London, 1929, p. 22. 

(54) See e.g. Sir J. H. Jeans, The Mathematical Theory of Electricity and Magne- 
tism, Cambridge, 1927, (sth ed.), Arts. 514, 516, 522, 537, 561, 583 and 5832. 

(55) Jeans, loc. cit., Art. 396. 
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the time, the modulus of decay corresponding to the “ time 
of relaxation”’ being a function of the specific resistance and 
inductive capacity of the dielectric, and the number z. This 
is a typical example of the manner in which Time enters into 
electrical theory, and one which offers considerable scope for 
philosophical speculation. 

The question of the time and velocity of propagation of electro- 
magnetic phenomena is closely associated with the problem of 
Time, and has occupied the thoughts of many investigators, in 
one or other of its many forms. MICHAEL FaRraDay (1791-1867), 
writing in 1846, remarked that a change at one end of a line of 
force suggests a corresponding change at the other. “ The 
propagation of light, and therefore probably of all radiant action, 
occupies time ; and, that a vibration of the line of force should 
account for the phaenomena of radiation, it is necessary that such 
vibration should occupy time also.” (56) Some years later 
FARADAY considered this question in connexion with the force 
of gravity : ‘‘ There is one question in relation to gravity, which, 
if we could ascertain or touch it, would greatly enlighten us. 
It is, whether gravitation requires time. If it did, it would show 
undeniably that a physical agency existed in the course of the 
line of force.”’ (57) ... and again “‘ No condition of quality or polarity 
has as yet been discovered in the line of static electric force; 
nor has any relation of time been established in respect of it” 
(p. 404)... ““ No relation of time to the lines of magnetic force 
has as yet been discovered. ‘That iron requires time for its magne- 
tization is well known” (p. 405)... 

It has been shown by the experiments of TROWBRIDGE and 
DUANE (1895), SAUNDERS (1897) and MACLEAN (1899), and by the 
theoretical researches of Gustav RoBERT KIRCHHOFF (1824-1887) 
that the velocity of propagation of electromagnetic disturbances 
and light are very closely similar. ‘This implies that the distance 
traversed in unit time by these two phenomena are approximately 
equal; an implication which led James CLERK MAXWELL to formul- 
ate his electromagnetic theory of light, which regards light as 
an electromagnetic phenomenon. 


(56) Philosophical Magazine, 3rd Ser., May 1846, p. 349. 
(57) Phil. Mag., June, 1852, p. 403. 
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This forms a typical example of the importance of Time in 
electrical theory. It indicates that the time of travel between 
two given points is the same both for electricity and light, and 
thus seems to infer a similarity between the two phenomena. 
A discussion of the consequences of such a connexion is rendered 
difficult by the incompleteness of the present state of electrical 
theory. It is manifest, however, that any discussion of this kind 
must take account of the underlying conception of Time, which 
has played such an important, though perhaps unrecognised, part 
in the development of this branch of science. 


The Relation between Philosophical and Scientific Conceptions 
of Time. — Many of the conclusions arrived at in the course of 
philosophical speculations concerning Time seem to be at variance 
with, or at least very much dissociated from, the results of scientific 
enquiry. An examination of these discrepancies would involve 
a comparison of the views of the philosopher and the mathema- 
tician, which are, by their very nature of derivation, quite uname- 
nable to any detailed reconciliation. 

It becomes evident from a study of the philosophical conceptions 
of Time that dogmatism is not the sole domain of the mathe- 
matician. It is shared to a considerable, and perhaps less 
warranted, extent by the philosopher, who, to the mathematician, 
seems able to go on building up with great facility a structure 
which may rest completely on some verbose obscurity. The 
mathematician, on the other hand, uses a definite weapon of 
analysis, the accuracy and power of which is proved by the accuracy 
of all mathematical results and predictions in the domain of reality, 
as represented by terrestrial and stellar mechanics, and mathe- 
matical physics. 

If mathematical analysis is able to predict exactly the phenomena 
of our natural domain, it seems natural to infer that its findings 
in connexion with phenomena essential to the scheme of this 
domain must be very much respected. 

We must not, however, allow the mathematician to escape 
uncriticised. It is evident that we cannot obtain greater truth 
from a mathematical operation or speculation than is represented 
by the data upon which the operation is based. If the data do 
not represent actuality, then it is manifest that mathematics is 
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quite unable to arrive at truth. This fact represents a great 
difficulty in our progress towards an understanding of Time. 
Mathematics is concerned with physical phenomena: and the 
question then arises as to whether Time is a physical phenomenon. 
To make this assertion is to make a statement which cannot 
be confirmed by actual observation. We may, however, say that 
since all physical phenomena take place in Time, and since Time 
forms a necessary background, with Space, for every physical 
object and event, then Time may be regarded as a physical pheno- 
menon; but only for the purpose of mathematical investigation 
of physical phenomena; not for speculations concerning Time 
itself. This view reserves for mathematics the freedom, shared 
by philosophy, for speculation upon the characteristics of Time 
as exhibited by physical phenomena. 

The philosophical treatment of Time may. be regarded as mainly 
concerned with our sense-impressions, and thus opens up an 
almost inexhaustible vista of speculation. An interesting example 
of this is afforded by the philosophy of HENRI BERGSON, as repres- 
ented by his Essai sur les données immédiates de la conscience of 
1889, wherein he attacks the conception of Time derived from 
the physical sciences as being too reliant upon the notion of 
Space. In its place is set up the idea of “la durée” which, 
on account of its complex derivation, is certainly not translatable 
into the usual idea of “ duration.” 

In the same author’s Matiére et Mémoire of 1896 we find the 
suggestion that the whole of history might be contained in a 
very short time for a consciousness under a higher degree of 
tension than our own; a consciousness that would watch the 
development of humanity, while contracting it, as it were, into 
the great phases of its evolution. (58) This reflects an idealistic 
tendency, which calls to mind such lines as : 


A thousand ages in Thy sight 
Are like an evening gone... 


It must be remembered, however, that such conceptions may 
not represent actuality. 
The consideration of Time as some sort of extension which 


(58) Matiére et Mémoire 1896, p. 231. (English ed. p. 275). 
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is what Bergson endeavoured to avoid, leads directly to the question 
as to whether or no Time is infinite. It is held by one school 
of thought that we can know nothing concerning infinity, because 
of this condition we have no conception save the negation of 
a limit, and from this negation no positive conclusion can be 
developed. Against this doctrine it is argued by WILLIAM 
WHEWELL (59) that “It is not at all true that our notion of what 
is infinite is merely that it is that which has no limit. We must 
ask further that what? that space? that time? that number?...” 
For WHEWELL, it is necessary that the kind of space, surface, 
line, etc. be specified. Until this question is answered, we can 
assert nothing; not because we can assert nothing about infinites, 
“ but because we are not told what ind of infinite we are talking 
of.” 

WHEWELL now passes to a criticism of the treatment given 
to the conception of the infinite by WERENFELS (60), from which 
it appears that infinites must always be regarded as equal, whereas 
it is WHEWELL’s contention, from mathematical considerations, 
that “infinites may differ infinitely among themselves, both in 
quantity and in kind.” ‘The theory of WERENFELS is propounded 
in conversational form as follows: “ Videtis hanc lineam 
b @___¢, Constituamus eam esse infinitam, et ultra terminos 
6 et ¢ in infinitum protendi. Dividatur haec linea in puncto a. 
Manifestum est has partes inter se esse aequales; quia utraque 
incipit in puncto a, et protenditur in infinitum. Nunc te, Daedale, 
rogo; hae duae partes suntne finitae an infinitae ? 

D. Finitae. 

Ph. Ita ex duobus finitis componeretur infinitum; quod repugnat. 

D. Fateor errorem. Infinitae sunt. 

Ph. Jam in Scylam incidis; ita partes essent aequales toti; infi- 
nitum enim infinito aequale est. Praeterea vides utramque partem 
in puncto a terminari; non igitur finibus et terminis caret...” 

This treatment of the question, in relation to Time and Space 
is also referred to by SHaDwoRTH H. Hopcson in his metaphysical 
essay on Time and Space (61), where he also concludes that infinites 


(s9) The Philosophy of Discovery, 1860, pp. 322 et seqq. 

(60) Quoted in Manse’s “ Bampton Lectures” for 1858, (3rd ed.) p. 301, 
Lect. 2., Note 15. 

(61) London, 1865, pp. 135, et seqq. 
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are not necessarily equals. For this reasoning he takes the philo- 
sophical ‘ distinction between voluntary and involuntary modes 
of consciousness.”’ His conception of ‘Time is of interest : “ Time 
has one dimension—length. It is infinitely divisible in thought; 
it is infinitely extensible in thought. It admits of no minimum 
in division, and of no maximum in extension. For these reasons 
it contains every thing; nothing is short enough to slip through 
it, nothing long enough to outrun it. It is one in nature, for all 
its parts are still time. It is incompressible, for no single part 
can be annihilated.” 

The whole metaphysical outlook on the subject of Time is 
clearly outlined in HopcGson’s book. The importance of the 
idea of divisibility in infinitum is recognised (§ 16), and the respec- 
tive viewpoints of the mathematician and the philosopher defined : 
“The consideration of divisions as instrumenta divisionis of time 
and space, as objects expressed by points, lines and surfaces, 
belongs to the mathematician; that of time and space themselves 
and their division in consciousness, apart from the mode in which 
that division is expressed, is the business of the metaphysician.” 

The problem of Time is also of importance in connexion with 
psychology, wherein it presents great difficulties; so great, in fact, 
as to draw from LoTzeE the statement that beyond some obvious 
considerations which lead to nothing, there is no hope of the 
psychologist arriving at any important result in this field. (62) 
Here, however, we begin to lose touch with the mathematical 
theory of Time, which has few connections with psychology. 
One such connexion is pointed out by Mary Sturt in pursuing 
a “world time scheme” in which events are universally fixed. 
This gives at once a conception of Universal Time, leading to 
the “‘ Newtonian Time, measured by some imaginedly perfect 
timepiece ticking with the heart beats of the universe.” (63) The 
mental processes underlying our conception of temporal pheno- 
mena are also discussed. (64) 

The mathematical treatment of Time is in marked contrast 


(62) Metaphysic, I1, Ch. III. 

(63) The Psychology of Time, London, 1925, p. 143. 

(64) Ibid., Ch. Il, V-VIII. For an account of the time sense in connexion 
with the occult, see THOMSON Jay Hupson, The Law of Psychic Phenomena, Lon- 
don, 1909. 
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to the foregoing considerations, but it appears a debatable point 
whether Time is any more an abstraction for the mathematician 
than for the philosopher. Both tend occasionally to regard it 
isolated from all objective ideas. For the mathematician, Time 
is a variable, and receives treatment accordingly. To quote a 
typical example, from a work of Sir GrorGe BIDDELL ArRy, (65) 
(1801-1892), in connexion with partial differential equations of 
the second order: “‘ Let one of the independent variables be 
Time...” This formal subjection of Time to the role of any 
ordinary variable is typical of applied mathematics. It tends 
to the adoption of conventions, regarding which it has been 
remarked (66) that “they should be made only by one who is 
fully conscious of their nature as conventions and does not look 
upon them as fixed realities beyond the power of the investigator 
to modify.” 

The fact remains that although mathematical Time is an 
abstraction, and as such may or may not agree with actuality, 
it definitely does show this agreement in all demonstrable cases. 
It is to be expected that around such an important conception 
as that of Time have sprung up numerous hypotheses and specu- 
lations, most of which have their foundation in physical principles. 
They often have the effect of tending to modify our conception 
of Time, as can be shown by a quotation from modern physics :(67) 
“Was NEWTON right in deliberately introducing into physics 
this common idea of the flow of time? Surely in one great branch 
of physics which we owe to his genius, the mechanics of conservative 
systems, it has long been recognized that there is need for nothing 
more than the simple idea of symmetrical time, which makes no 
distinction between past and future.” This, of course, is the 
modern viewpoint which identifies Time with a linear, homo- 
geneous, mathematical continuum, agreeing with the mathema- 
ticians’ view of Time as being expressible by a simple variable. 

Such theories as those involved in the principle of Relativity 
are representative of this identification : Time becomes merely 
a fourth dimension, so that the proposition post hoc ergo propter 


(65) Partial Differential Equations, London, 1873, (2nd ed.). 


(66) Loc. cit., (52). Ch. 1. § 1. 
(67) GirtBert N. Lewis, “ The Symmetry of Time in Physics.”” Science, 71, 


p. 569, 1930. 
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hoc may, in ordinary language, “‘ be no more true of a sequence 
of happenings in time than it is of the sequence of telegraph-poles 
along the Great North Road.” (68) In considering this view 
of Time the scientist is led to regard the dimensions of the conti- 
nuum, and is confronted with the problem of the actual extent 
of Time, with the consequent difficulties of conception and expres- 
sion which the early thinkers experienced. 

Scientific considerations show that the ages of the stars approxim- 
ate to between five and ten millions of millions of years. Here 
again we experience some difficulty in adjusting our ideas of 
Time to the Time-scale of the universe, and we are left without 
any conception of Time prior to the advent of the stars, which 
represents the farthest retrogression which science can make. 

In considerations concerning the nature of the physical world 
it is always the concept of Time which provides an insuperable 
problem, in spite of the centuries of varied studies which have 
penetrated deeply into all its parts. It may well appear from 
the findings of science as though the problem of Time must 
for ever remain beyond the reach of man, on account of the short- 
comings of the human mind in relation to the structure of the 
system in which it has its being. 

Whatever the answer to this question may be, the study of the 
problem of Time must continue always to occupy the thinking 
mind, and thus to form a source of advancement to our knowledge 
of the universe. 


(Bedford, England ) G. WINDRED. 
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Das Alter in der Geschichte 
der Wissenschaft 


Der Tod aus Altersschwiiche als allgemeinbiologische Erscheinung. Primitive 
Versuche des Altersstudiums. Erforschung und Altersbekampfung im Mittelalter. 
Anatomische, funktionale, biologische und biochemische Alterstheorien aus der 
neusten Zeit zum Zweck der Aufklérung des Altersmechanismus. Zusammen- 
fassung. 


Das Altersproblem muss als das grundlegende Problem der 
Biologie angesehen werden, und zwar einerseits darum, weil 
das Alter eine allgemeinbiologische mit allen Lebensfunktionen 
in Verbindung stehende Erscheinung darstellt, anderseits, weil 
die philosophische Bedeutung dieses Problems zur Méglich- 
keit einer Lebensverlangerung fiihrt, die sich nicht nur auf 
einzelne Individuen erstreckt, sondern auch auf ganze Gesell- 
schaften von Personen, die in sich den_ intellektuellen 
Schépferwert der Menschheit darstellen. 


Der Tod aus Altersschwache kennzeichnet sich dadurch, dass 
seine Entstehungsbedingungen in der eigentlichen inneren Orga- 
nisation des Gewebes, der Zelle oder. des Organismus liegen 
und der eintretende Tod schon aus diesem Grunde den Charakter 
der Natiirlichkeit in sich trigt. Da der natiirliche Tod, der 
Tod aus Altersschwiche bei allen Lebewesen zu beobachten ist, 
so erklart sich hierdurch sein allgemeinbiologischer Charakter. 
Diese allgemeinbiologische Eigenschaft der Erscheinung des 
natiirlichen Todes ist denn auch der Grund dafiir, warum wir 
uns vom Standpunkt der allgemeinen Thanatologie mit ihr zuerst 
beschfaftigen. 

Infolge der Vielseitigkeit der natiirlichen Todeserscheinungen, 
die ihrerseits in den vielseitigen Lebensformen des Tier- und 
Pflanzenreiches begriindet liegen, hat sich eine reiche Anzahl 
von Theorien und Hypothesen herausgebildet, die den Versuch 
machen, eine Erklirung fiir den natiirlichen Tod zu liefern. 
Der Umfang vorliegender Arbeit erlaubt es uns nicht, eine bis 
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ins Einzelne gehende Betrachtung der verschiedenen Anschau- 
ungen iiber den Mechanismus des natiirlichen Todes zu geben, 
wir halten uns jedoch vom Standpunkte der allgemeinen Thana- 
tologie aus verpflichtet, wenigstens in kurzen Umrissen ein Bild 
von der geschichtlichen Vergangenheit der Frage zu geben und 
die am meisten kennzeichnenden Ziige aus der Phainomenologie 
des Alters zu unterstreichen. 

Der erste Versuch eines Herantritts an das Altersproblem 
gehért den Griechen HIPPOKRATES (460-370, v. Chr.) und GALEN 
(131, v. Chr.), die den Grund des Alterns in einer Veranderung, 
bezw. einem Verderben des Blutes sahen. Spiatere Gelehrte 
verglichen (wie HALLER u.a.) das Alter mit Abniitzung. Nach 
Seneca ist ,,senectus ipse morbus“. 

Im Mittelalter wurde das Alter nur im Rahmen eines Suchens 
nach Mitteln und Methoden einer unmittelbaren Verjiingung stu- 
diert,und alle Versuche in dieser Richtung kennzeichnen sichdurch 
das Vorherrschen des dunkelsten Aberglaubens: Suchen nach 
dem Stein der Weisen, dem Lebenselixier und dem Jungbrunnen. 

Erst in der Mitte des vergangenen Jahrhunderts, als der 
Grund zur physiologischen Wissenschaft gelegt wurde, hat man 
die ersten Versuche gemacht, die Erscheinung des Alterns als 
des natiirlichen Todes wissenschaftlich zu analysieren. 

1853 hat R&vEILLE-PaRiIsE den Gedanken ausgesprochen, dass 
das Ableben eines menschlichen Organismus durch eine greisen- 
hafte Degeneration in den Lungen hervorgerufen werde. Als 
Resultat dieser Degeneration wird eine unzureichende Versdiuerung 
des Blutes erzielt, und hierdurch eine Veradnderung seiner 
Zusammensetzung, die den Ernahrungsprozess der Gewebe stért, 
sodass auch diese degenerieren. 

More (1857) halt das Altern fiir das Resultat einer Vergiftung 
des Organismus, die als Folgeerscheinung eines regelmassigen, 
wenn auch nicht unmassigen Verbrauchs von betéubenden und 
aufreizenden Mitteln auftritt. 

1865 schrieb CLAUDE BERNARD betreffs der Entstehungsbe- 
dingungen des natiirlichen Todes: Die Zusammensetzung des 
Organismus ist das wirklich vitale. Leben ist Schépfung, ver- 
gleichbar einem grossen chemischen Zersetzungs- und Aufbau- 
prozesse; dies sind die wirklichen Todeserscheinungen, wenn sie 
am Lebewesen vor sich gehen. Und, — ein Ding, das wichtig 
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zu bemerken ist —, wir fallen hierbei einer Gewohnheitseinbildung 
zum Opfer, da wir, indem wir die Lebenserscheinungen kenn- 
zeichnen wollen, in Wirklichkeit itiber Todesvorgange sprechen. 

1881 entwickelt MartTIN die Anschauung, dass das Altern 
durch Arteriosklerose hervorgerufen wird, und zwar nicht durch 
Periarteritis, sondern durch Endoarteritis obliterans, die zu einer 
Verengerung der kleinen Arterien fiihrt, sodass die normale 
Ernahrung der Gewebe unterbunden und distrophische Sklerose 
verursacht wird. 

1882 spricht sich BiTscHLI dahingehend aus, dass der tédliche 
Ausgang greisenhafter Gebrechlichkeit durch Verausgabung der 
im Blute befindlichen Fermentstoffe veranlasst werde, und dass, 
da diese sich nicht wieder auffiillen liessen, eine unaufhaltbare 
Veranderung in der Zusammensetzung sowohl des Blutes, wie 
auch der Gewebe vor sich gehe. 

Nach HAMELIN ist die Verinderung in der Atmungsfunktion, 
durch die das Ableben bedingt wird, eine zweitgradige Erscheinung. 
Sie -werde hervorgerufen durch eine im Alter auftretende Ver- 
knécherung der Rippenknorpel. 

Nach Ansicht anderer Arzte desselben Zeitabschnittes ist das 
Alter eine Folge von Arteriosklerose. Nach der Auffassung 
DeMANGES (1886) und anderer ruft die Arteriosklerose eine 
Sklerose der inneren Organe hervor, die allmahlich allgemein 
wird und zu weiterem Auswachsen der Bindegewebe im Organis- 
mus fihrt. 

Alle Theorien, die das Altern durch Arteriosklerose erklaren, 
nehmen im Einverstaéndnis mit Caza.Lis Auffasung: on a ldge 
de ses artéres (der Mensch ist so alt wie seine Arterien) ihrerseits 
als Grund der Arteriosklerose eine schadliche Einwirkung des 
verdorbenen Blutes auf die Gefasse an; sie sind hierin ebenso 
folgerichtig wie jene obenerwahnten Theorien, die das Altern 
durch Verainderung der Atmungsorgane erkliren. 

1886 erklart Brousse, indem er von der Arteriosklerose spricht, 
dass sie die Ernahrung der parenchimen Organe stért, er hilt 
jedoch die Arteriosklerose nur fiir ein Alterssymptom, nicht fir 
einen Altersgrund. Zur Erklirung des Alters zieht er BoUCHARDS 
Lehre heran, die von Intoxicationswirkungen und Stoffwechsels- 
verlangsamungen im Organismus spricht. 

Nach PascuuTIN (1885) kennzeichnet sich das Reagieren des 
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Protoplasma auf dussere Einfliisse vor allen Dingen darin, dass 
sich verschiedene Krafte (Warme, Elektrizitaét, mechanische Arbeit 
u. ahnl.) aus ihm freimachen und hierbei ein Teil seiner Materie 
unvermeidlicherweise in einfachere Verbindungen zerfallt. Hieraus 
folgt, dass die organisierte Materie funktionierend untergeht. 

KANSCHTAT betrachtet das Alter als greisenhafte Involution. 

1883 stellte ALEXANDER GOETHE die Theorie auf, dass der 
natiirliche Tod mit Vorgangen auf dem Gebiete der geschlecht- 
lichen Vermehrung in enger Verbindung stehe, und dass der 
Organismus der Erzeuger sich erschépfe und somit das Altern 
bedinge. Spater hat HANSEMANN diese Ansicht dahingehend 
abgeandert, dass der physiologische Tod eine Folge von Atrophie 
der Geschlechtsdriisen und vélliger Vernichtung des Keimplasma 
sei. 

Das Altern der Infusorien spricht sich nach der Meinung 
Maupas (1888) in folgenden Erscheinungen aus: Gréssenver- 
minderung des Organismus, Degeneration des Kernapparates und 
der Mundéffnung, sowie physiologische Degeneration, die zum 
Tode fiirht. 

1888 yersuchte MALy die Altersursache mit Erscheinungen von 
Darmintoxikation in Verbindung zu bringen. Diese Anschauung 
wurde spater von METSCHNIKOFF weiterentwickelt. Die Anhanger 
dieser Theorie nehmen an, dass das Klimakterium die Entwicklung 
des Organismus hemmt und demzufolge Heteroplasie eintritt. 
(DuRAND-FARDEL.) 

BROWN-SEQUARD schreibt 1889 ganz einfach : ,,Die Erscheinung 
des Verwelkens eines Organismus ist das Resultat einer Funk- 
tionsverminderung in den Geschlechtsdriisen”’. 

G6rre stiitzt sich auf die bekannte Tatsache, dass einige Insekten 
nach dem Begattungsakte sterben, und andere, die ihn vermieden 
haben, bis zum nachsten Friihjahr leben bleiben. Er nimmt 
an, dass Alter und natiirlicher Tod eine Folge des Geschlechts- 
lebens sind. 

1889 bezeichnet SempeL den Prozess der Abniitzung des 
Organismus ,,senescens’’ als eine unvermeidliche und unheilbare 
Krankheit. 

Nach der Theorie Kassovitz’ wird ebenfalls das Altern durch 
eine Verminderung der assimilatoren Prozesse bedingt, nur 
erscheint diese Verminderung als Resultat einer staéndigen Ver- 
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mehrung besonderer metabolischer Stoffwechselprodukte, Meta- 
plasmen, die sich auf dem Wege eines passiven chemischen 
Zerfalls der protoplasmatischen Substanz herausbilden und sich 
in ein inertes, reizfestes Gewebe verwandeln. Zu den Meta- 
plasmen haben wir zu rechnen: die Produkte der regressiven 
Metamorphose, den Faserknorpel und schliesslich die homogene 
Zwischenzellensubstanz, die den Raum im Protoplasmanetz 
anfiillt. Im Laufe der Jahre verandert sich das Verhiltnis 
zwischen Protoplasma uns Metaplasma zu Gunsten des letzten 
und das Protoplasma, der Trager des Stoffwechsels, verschiebt 
sich nach innen, indem es so den Beginn des Alterns her- 
beiruft. 

1891 stiitzt sich SABATIER bei Erklarung des Alterns auf die 
Zellendifferenzierung, nimmt aber an, dass durch diese ein 
Ableben des Organismus aus dem Grunde veranlasst wird, weil 
das primitive protoplasmatische Element sich allmahlich erschépft 
und abstirbt. Demzufolge ist nach SaBatier das Altern eine 
indirekte Folge der Zellendifferenzierung. : 

WEISSMANN (1892) lést die Frage vom Altern und vom Tode 
durch ein Studium dieser Vorgange bei den Einzelligen. Nach 
seiner Meinung fehlt bei ihnen die Erscheinung des Gebrech- 
lichwerdens, da infolge der Zweiteilung das Muttertier nicht 
verschwindet, sondern mit allen seinen Funktionen in die Tochter- 
zellen iibergeht, weshalb bei ihnen der natiirliche Tod nicht 
eintritt. Bei den Vielzelligen finden sich die sogenannten soma- 
tischen und keim-idioplasmischen Zellen, die in besonderen 
Geschlechtsdriisen ihr Vorkommen haben. Wenn dieses Soma 
iiberfliissig wird, verschwindet es allmahlich und fiihrt so zum 
Tode. Der Organismus, der diese Keimzellen ausgeschieden 
hat, erfiillt hierdurch seine Pflicht der Art gegeniiber und wird 
im weiteren vdllig iiberfliissig. Von diesem Standpunkte aus 
kénnen wir Alter und Tod als eine besondere Vorrichtung des 
Organismus im Kampfe um das Dasein betrachten. 'WEISSMANN 
sagt, dass die Lebensdauer eines Kérpers durch die natiirliche 
Zuchtwahl so reguliert ist, dass jede Art genau iiber jene 
Lebensdauer verfiigt, die fiir sie nach ihren physischen Eigen- 
schaften, ihrer physiologischen Arbeitsfahigkeit und ihren ange- 
passten Lebensbedingungen am vorteilhaftesten ist. 

Nach Hopce (1894-1895) sind die Pigmentkérnchen im 
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Zentralnervenorgan fiir das Problem des Alterns von grésster 
Bedeutung. 

Boy-TEIssiER (1895) nimmt an, dass durch Differenzierung die 
Lebensfahigkeit der Zellen herabgemindert wird, dass darum 
die Lebensdauer der Organe allmahlich sinkt und ihre paren- 
chimatésen Elemente atrophiert werden, wobei proportional dem 
Altersgrade das Bindegewebe auswichst. 

DeLBa@uF (1896) geht von der Tatsache aus, dass die Zelle, 
je héher sie differenziert ist, desto geringere Lebensfahigkeit 
besitzt, und nimmt an, dass das Altern des Organismus eine 
direkte Folge der Zellendifferenzierung ist. 

Nach Paw tnorrs (1896) Ansicht wird wahrend der Differen- 
zierungsperiode, zur Zeit der vollen Kraftbliite, der menschliche 
Organismus schon weniger intensiv mit Sauerstoff versehen, als 
wahrend der Wachstumsperiode. Wahrend des Altersprozesses 
verringert sich die Sauerstoffversorgung der Zellen des mensch- 
lichen Organismus noch mehr, und als Folgeerscheinung treten 
die verschiedenen atrophischen Vorgange auf. In einem gewissen 
Grade ist bei Sauerstoffmangel hinreichende Ernahrung nicht 
denkbar, sie nimmt immer mehr ab, die Zellentitigkeit geht 
zuriick, schliesslich tritt Atrophie und Degeneration ein, die ein 
Weiterleben der Zelle selbst unméglich machen. 

1898 ist JukOvsKY und spater KULAGIN (1899) an Hand ihrer 
Versuche an Paramezium zu der Annahme gelangt, dass Degene- 
rationserscheinungen in alten Kulturen als Folge von Anhaufung 
schadlicher Ausscheidungen im organischen Kérper auftreten. 

MARINESCO (1900) versucht, das Zellenalter nicht durch den 
intimen Kampf der Nervenelemente, sondern durch Mangel an 
chemischer Synthese seitens der Nervenzelle zu erklaren. 

Nach HERMANN NOTHNAGEL (1900) wird im biologischen Sinne 
der Absterbeprozess im Laufe weniger Stunden abgeschlossen. 
Der Tod des Menschen beginnt beim Herzen. Mit dem letzten 
Herzschlage endet im biologischen Sinne das Leben des Menschen 
oder Tieres. 

Bart stellt eine Theorie auf, in welcher er erklart, dass die 
Hauptursache des Todes, des pathologischen sowohl wie des 
natiirlichen, in einer Vergiftung der Zellen durch die Umge- 
bung besteht. Hierdurch wird nach Barts Worten der grundle- 
gende Lebensakt — Ernahrung und Assimilation — unterbunden, 

















226 DR. D. KOTSOVSKY 


Auf diese Weise ist der Tod immer das_ Resultat einer 
Unterbrechung der Zellenernahrung, sei es weil das Protoplasma 
assimilations- und desassimilationsunfahig wird, oder sei es, weil 
die Umgebung, in der sich die betreffenden Zellen befinden, 
Verainderungen unterworfen wird, die den Stoffwechsel unméglich 
machen. 

1900 griindete MUHLMANN seine Theorie, als deren Ausgangs- 
punkt das WEISSMANNSCHE Gesetz von der Unsterblichkeit der 
Einzelligen diente. Die Ursache dieser Unsterblichkeit liegt in 
der morphologischen Verschiedenheit der ein- und vielzelligen 
Organismen. Infolge der symbiotischen Erscheinungen bei den 
Vielzelligen entstehen: 1° das Wachstum, das nicht etwa als 
ein Vergrésserungsprozess des Zellenumfangs (wie bei den Leber- 
zellen) anzusehen ist, sondern als Proliferation, in deren Folge: 
2° Alterserscheinungen, Assimilationsverminderung und Tod 
eintreten. Die Assimilationsverminderung hat ihren Grund darin, 
dass die Zellenvermehrung nicht parallel mit dem Wachstum 
ihrer Ernahrungsanpassung vor sich geht. 

Der Autor fiihrt weiter aus, dass der Grund des allgemeinen 
organischen Todes abhangt: 1° von der Kérperoberfliche und 
der grésseren oder geringeren Entfernung seiner einzelnen Teile 
von ihm, und 2° von den Wachstumsgesetzen der lebenden 
Materie. Dies spricht sich zuerst in der Degeneration der 
Nervensystem-Zentren aus. In der Jugend sind die Ganglien- 
zellen imstande diese zentralen Funktionen auszugeben, im Alter 
jedoch wird dank der in ihnen vor sich gehenden degenerativen 
Prozesse diese Kompensation unméglich und der unvermeidliche 
Tod tritt ein. 

Kévési (1901) sieht in den Stérungen des interceilularen 
Stoffwechsels einen Grund fiir die Involutions-Kachexie. 

Einer dieser Griinde, und zwar einer der hauptsachlichsten, 
meint FINoT (1901), ist in der Todesfurcht zu suchen. Der 
Mensch, der eine bestimmte Altersstufe, oder auch nur einen 
bestimmten Seelenzustand erreicht hat, wird einer eigenartigen 
Autosuggestion beziiglich der Todesfrage unterworfen. Er stellt 
sich dann vor, dass er seinem Ende nahe sei, und die Furcht 
vor dem Tode wird dann in demselben Grade ein Niahrstoff 
fiir ihn, wie die lebenerhaltende Speise. Von diesem Augenblicke 
beginnt der Todesgedanke ihn gleichsam in seinem Bann zu 
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halten. Uberall und fortwahrend scheint er ihn zu rufen. Die 
philosophische wohitatige Hoffnung auf ein jenseitiges Leben 
weicht einer kleinmiitigen Angst vor dem Verlust des Lebens. 
Und der Mensch niahrt sich von dieser Angst, vergiftet sich mit 
ihr und stirbt an ihr. 

FRIEDMANN (1902) sagt, man kénne beweisen, dass der Kreis 
der Lebensvorginge mit der Zeit immer enger und enger werde, 
und zwar unter dem Einfluss der Volumverminderung und des 
Funktionsriickganges des Kérpers und unter dem Einfluss einer 
allmahlichen Beschleunigung des Blutumlaufes und der Atmungs- 
funktion, sowie einer Temperatursteigerung, obwohl einzelne 
Organe bis ins tiefe Alter nicht zu wachsen aufhéren. Es 
unterliegt gewiss keinem Zweifel, dass man sich noch engere 
Grenzen vorstellen kénnte, in denen menschliches Leben méglich 
wire. Letzten Endes wiirde der Tod als Folgeerscheinung 
eines bis auf das ausserste Minimum zuriickgefiihrten Stoffwech- 
sels eintreten. 

JENNINGS (1902) widmet bei seinen Beobachtungen an den 
Einfachsten besondere Aufmerksamkeit der Konjugationserschei- 
nung und ihren Folgen fiir Altern und Tod der Einzelligen. 

' JICKELI (1902) sieht gerade im unzulinglichen Stoffwechsel und 
der Anhaufung von Zerfallprodukten den Grund des Alterns. 

CALKINS hat 1902-1904 auf experimentalem Wege den Versuch 
gemacht, die Depression der Einzelligen als Alterserscheinung 
zu erklaren. 

Nach ENrRIQUES (1903) Meinung erklart sich die in Maupas 
und CALKkINs Versuchen beobachtete Degeneration und greisen- 
hafte Ausartung in der Hauptsache durch bakteriale Intoxikation. 

RUBNER (1904) halt das Aufhéren des Wachstums fiir die 
Grundursache von Alter und Tod. Er sagt: Das Leben endet 
bei den Tieren dann, wenn die Gewichteinheit dieselbe Menge 
von Energie verbraucht und umgesetzt hat. Der Tod ist eine 
Konstitutionserscheinung. Nur dem Menschen ist eine Lebens- 
masse geworden, welche ihm ein viel laingeres Leben sichert, 
als man nach seinem sonstigen Verhalten vermuten sollte. 

BUHLER (1904) legt mit Recht, sagt KORSCHELT, ein grosses 
Gewicht auf die Stoffwechselvorginge und betrachtet das Problem 
des Alters und des Todes vom chemisch-physikalischen Stand- 
punkt. Danach ist eine Assimilation nur miéglich, solange 
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zwischen der lebenden Substanz und den eingefiihrten Stoffen 
Affinititen, d.h. ausgleichbare elektrochemische Differenzen 
bestehen. 

Nach der Metscunikorrschen Theorie (1904) ist vorzeitiges 
Altern das Resultat einer langsamen Darmautointoxikation. 
Uber ein anderes wichtiges Symptom des vorzeitigen Alterns, 
die greisenhafte Atrophie, sagt M. folgendes: Atrophische 
Erscheinungen herrschen im Alter vor. Bei physiologischer 
sowohl wie bei pathologischer Atrophie geht zwischen den Zellen 
einerseits ein Uberfall von Makrophagen und andererseits Zellen- 
selbstschutz durch Ausscheidungen vor. Greisenhafte Atrophie 
fiihrt sich auf Atrophierung der edleren spezifischen Gewebeele- 
mente und ihren Ersatz durch hypertrophiertes Bindegewebe 
zuriick. Uberhaupt besteht die greisenhafte Ausartung vor allem 
in einer Art von Makrophagitolyse, die den Untergang der edleren, 
infolge von Darm-Autointoxikation nicht eines geniigenden 
Selbstschutzes fahigen Elemente hervorruft. Zuerst geht eine 
Schwiachung der Zellen vor sich, und dann erst ihr Verschlingen 
und Ersticken durch Phagozythen. 

Nach E. SCHULTZE (1905) hat die Natur alle Mittel besessen, 
um das Individuum unsterblich zu machen, aber sie hat ihm 
den Tod auserlesen. Anstelle einer standigen Verjiingung der 
einzelnen Organe mit Hilfe einer Verjiingung ihrer Zellen hat 
sie die Verjiingung des ganzen Organismus mit Hilfe einer 
einzigen Zelle gewahlt. Sie hat uns die Unsterblichkeit genommen 
und gab uns zum Tausch dafiir die Liebe. 

HERTWIG (1906) schreibt, dass die Einzelligen zuweilen bei 
intensiver Ernahrung und nach Vermehrungsprozessen in Depres- 
sionszustande verfallen und zu dieser Zeit ihre Funktionen 
hemmen oder einschrianken, um die Zellenbestandteile wieder 
aufzubauen. Bei den Zellen des menschlichen Kérpers ist 
etwas derartiges weniger méglich, da nicht eine einzige Funktion 
unterbrochen werden kann. Wenn die Zellen, die diese Funk- 
tionen ausiiben, infolge zeitweilig iibermassiger oder allzu lange 
anhaltender Tatigkeit nicht mehr imstande sind, sich in aus- 
reichender Weise zu erholen, so kommen sie in Verfall und 
gehen schliesslich zu Grunde. Demnach fiihrt die héchste 
Differenzierung vom Zellenteiltode zum Tode des Ganzen. 

Nach TEICHMANN (1906) stellt der Tod an sich keine innere 
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Notwendigkeit dar, und ist kein wesentlicher Charakterzug der 
lebenden Materie. 

Die von PoporF (1907) an vielen Infusorien vorgenommenen 
Messungen berechtigten ihn zu dem Schlusse, dass die der 
Aufnahme unterliegenden Produkte im Plasma angehauft werden. 
Hierbei empfinden die Zellen Depression, sie altern und miissen 
im Endresultate, falls keine Konjugation eintritt, untergehen. 

Nach TRANJEN (1908) entsteht das Alter durch Autointoxikation 
mit Stoffwechselprodukten als Folge schadlicher ausserer Einfliisse. 

Nach HEIG (1908) miissen zu den Faktoren, die wenn auch nur 
indirekt die Annaherung des Alters férdern, alle diejenigen 
Produkte gerechnet werden, deren Verbrauch eine tibermassige 
Anhaufung von exogener Harnséure im Organismus hervorruft. 
In der experimentalen Pathologie gilt die Tatsache als sicher 
festgestellt, dass die Einfiihrung von Harnsdure in jeder Form 
in den Organismus die Blutzirkulation nicht nur im Hirn sondern 
im ganzen Kérper verlangsamt und somit seine Lebenstatigkeit 
herabsetzt. Als Folgeerscheinung reichlichen Fleischgenusses 
treten Antointoxikationszustéande und chronische Erschépfung 
ein, die schliesslich in Alter und Tod iibergehen. 

L6sB (1908) fiihrt aus: es erscheine unwahrscheinlich, dass 
ein so feiner Mechanismus wie das Herz mit solcher Regel- 
massigkeit wahrend der ganzen menschlichen Lebensdauer 
funktionieren kénne. Das Geheimnis, das iiber dieser Erscheinung 
waltet, wiirde leicht aufzukliren sein, wenn wit mit Sicherheit 
behaupten kénnten, dass alle Zellen tatsaichlich unsterblich sind. 
Dann hiatten wir nicht mehr die lange Tatigkeitsdauer des 
Organismus, sondern das Aufhéren dieser Tatigkeit bei Todes- 
eintritt zu erklaren. Auf diesem Wege sehen wir, dass die Idee 
von der Unsterblichkeit der somatischen Zellen in verallgemeinerter 
Auffassung eine der wichtigsten Grundlagen fiir die volle physiko- 
chemische Analyse der Lebenserscheinungen werden kénnte, da 
nur mit ihrer Hilfe die lange Lebensdauer des Organismus 
verstandlich wird. 

Das Problem des Todes und der Zerstérung des Organismus 
stellt sich nach Lés folgendermassen dar: 1° warum tritt beim 
Aufhéren der Atmung sofortiger Tod des gesamten K6rpers 
ein, oder anders gesagt, warum beginnt der Kérper zu zerfallen? 
2° Was schiitzt bei normalem Atmungsprozess den Kérper vor 
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dem Verfall, trotzdem seine Temperatur und Feuchtigkeit eine 
Zersetzung begiinstigen ? 

,,Von den Zellen unseres K6érpers, sagt RIBBERT (1908), kommen 
fiir den tédlichen Ausgang direkt nur die Ganglienzellen in 
Betracht. Der natiirliche Tod ist ein Gehirntod. Die schliess- 
lich hochgradige Atrophie der Ganglienzellen ist mit dem 
Leben nicht mehr vereinbar. Die Verainderungen der Zellen 
aller anderen Organe beférdert die allgemeine Abnahme der 
Lebensenergie und damit indirekt die Erlahmung der Ganglien- 
zellen.”” 

Nach D. voN HANSEMANN (1909) stehen die Prinzipien der 
Selektion und des physiologischen Todes, als Folgeerscheinung 
der Existenz von Sexualzellen, im engsten Zusammenhange 
miteinander und stiitzen sich gegenseitig, sodass man bei Ver- 
neinung des einen auch das andere ablehnen miisste. 

EWALD (1909) versucht eine endokrinologische Erklarung des 
Alterns zu liefern. 

BLocn setzt die Existenz eines natiirlichen Todes beim 
Menschen in Zweifel. 

Nach Roeser (1910) ist das Altern das Resultat von gegen- 
seitiger Aufeinanderwirkung innerer (primitiver) und dAusserer 
(zweitgradiger) Lebensfaktoren. 

Wenn die Driisen, sagt Loranp (1911), im Alter verschiedene 
degenerative Veranderungen durchmachen, so hemmen sie hierbei 
die Ausscheidung giftiger Stoffe aus dem Organismus. Dem- 
zufolge sind wir berechtigt, das Alter als einen chronischen 
Autointoxikationszustand anzusehen. Das versteht sich auch fiir 
andere Stoffwechselkrankheiten, wie Myxoedem, Morbus Basedowi 
und Diabetes. Aber wenn die Verainderungen in den Organen 
der inneren Sekretion auch das Bild eines vorzeitigen Alterns 
hervorrufen, sind wir denn dadurch in stand gesetzt zu beweisen, 
dass diese Veranderungen auch das normale physiologische Alter 
verursachen? Loranp glaubt, dass zwischen diesen beiden Zu- 
stinden nur ein quantitativer Unterschied besteht. Dieselben 
Schadigungen, die beim 3ojaéhrigen Menschen alle Anzeichen 
vorzeitigen Alterns hervorrufen, kénnen bei einem andern dank 
hygienischer Massnahmen den Organismus bis zu 60-70 Jahren 
erhalten. Aber gleichwohl treten diese Schadigungen ein, und 
niemand unter den auf der Erde Lebenden kann ihnen entgehen. 
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Wooprurr (1911) und METALNIKOFF (1919) haben Massen- 
versuche an Vielzelligen vorgenommen, die zu folgenden Resul- 
taten fiihrten: 1° Die physiologische Zellendegeneration der 
Einfachsten, die sie zum Untergang fiihrt, wird (natiirlich unter 
Laboratoriumsverhiltnissen) hervorgerufen durch Anhaufung von 
Produkten der eigenen Lebenstitigkeit der Zelle in der Umgebung, 
die sie bewohnt; 2° Diese Anhaufung von Zerfallprodukten 
hemmt die Assimilationsphase des Stoffwechsels; 3° Konjugation 
ist zur Beseitigung physiologischer Degeneration nicht unbedingt 
notwendig; 4° Unter natiirlichen Lebensbedingungen, wo keine 
Anhaufung von Dissimilationsprodukten vorfallt, gibt es auch 
kein Alter. 

HANS (1912) misst dem Gehirn im Prozess der Altersentstehung 
grosse Wichtigkeit bei. 

DasTRE (1912) sagt: Wir altern und sterben, und sehen alle 
Lebewesen, die uns umgeben, ebenfalls altern und verschwinden. 
Wir finden keine Ausnahme von diesem erbarmungslosen Gesetz 
und betrachten es als eine natiirliche Unabwendbarkeit. Aber 
ist diese Verallgemeinerung auch begriindet? Oder gibt es im 
Gegenteil unsterbliche Wesen ? 

HARMS (1913) bringt die Altersverinderungen mit den Verian- 
‘derungen in den Ganglienzellen in engen Zusammenhang. 

Nach der Anschauung BERGSONS (1913) stellt die lebende 
Materie ein organisches System dar, das sich wie eine Lawine 
auswiachst, in dem es keine Wiederholungen gibt, in dem ein 
jeder Vorwirtsschritt eine Neuschépfung, einen Freiheitsbeweis 
bedeutet. Demnach ist der lebende Organismus eine schaffende 
Existenz. Im Gegensatze hierzu ist die unorganische Materie 
eine nicht schaffende sondern zerfallende (qui se défait) Existenz. 
In ihr gibt es keine Freiheit, kein Schépfertum, es herrscht nur 
die Notwendigkeit. Und so festgefiigt, dauerhaft und unver- 
anderlich uns die unorganische Welt auch erscheinen mag, in 
Wirklichkeit zerfallt sie und zerstért sie sich allmahlich und 
unweigerlich. Der lebende Organismus dagegen, der sich standig 
verandert, nie derselbe bleibt, von der geringsten Verainderung 
seiner Umgebung zu leiden hat, der von anderen Organismen 
vernichtet wird, der da stirbt und sich wiedergebiert, zeichnet sich 
durch ungewéhnliche Dauerhaftigkeit und Lebensfahigkeit aus. 

Wenn man, sagt CARREL (1913), die Konzentration der Plasma- 
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proteine verringerte, so wiirden die Zellen, in eine weniger 
hemmende Fliissigkeit gebadet als ihre gewéhnliche Umgebung, 
ihre Tiatigkeit verstarken. Sie wiirden vielleicht imstande sein, 
ein aus weniger hemmenden Substanzen zusammengesetztes 
Plasma zu regenerieren. In diesem Falle wiirde der Prozess des 
Alterns bis zu einem gewissen Grade riickkehrbar werden. 
Dieses wurde einer experimentalen Nachpriifung unterworfen. 

TRETJAKOFF (1913) sagt, dass uns bisher keinerlei Theorien 
von einer unsterblichen Existenzméglichkeit des Kérpers haben 
veranlassen kénnen, auf die Meinung zu verzichten, dass der 
Tod der unausbleibliche Begleiter des Lebens ist. Wir miissen 
uns mit ihm abfinden, wie wir uns mit dem Gewicht einer 
Biirde abfinden. 

FaLta (1913) erklart das Altern als eine Folge der Tatigkeits- 
unterbrechung aller endokrinen Driisen. 

MINoT (1913) betrachtet das Altern als eine Verringerung 
der Wachstumsintensitaét, die er in jedem gegebenen Falle an 
dem absoluten Kérpergewicht abmisst. Diese Verringerung der 
Wachstumsintensitat bringt er in kausalen Zusammenhang mit 
der zythomorphosen Zellendifferenzierung. In seiner Arbeit 
»Moderne Probleme der Biologie’ schreibt dieser Forscher : 


»zwischen Differenzierungsgrad und Wachstumsintensitat besteht 


ein kausaler Zusammenhang; das wird durch die folgenden 
unmittelbaren Beobachtungen bestiatigt : nichtdifferenzierte Zellen 
teilen sich schnell, die differenzierteren langsamer und die véllig 
differenzierten iiberhaupt nicht. Diese Erwaigungen haben mich 
zu der Folgerung gefiihrt, dass wir die Differenzierung als den 
wesentlichen Grund des Alterns anzusehen haben. Die Differen- 
zierung geht in der Hauptsache im Protoplasma und zwar infolge 
des Wachstums vor sich; demnach wird also das Altern durch 
Vermehrung und Differenzierung des Protoplasma herbeigefiihrt.“ 

Nach ScHAFER (1913) erscheint der Tod als Vollendung des 
Lebenszyklus. 

,,.Der menschliche Organismus, schreibt EraTo-SLUTZKY (1913), 
kann der Einfachheit halber als ein Mechanismus angesehen 
werden, in welchem physiko-chemische Prozesse vor sich gehen, 
die wahrend ihres Verlaufes unter standiger Kontrolle der Hirn- 
zentren stehen. Jeder Mechanismus muss im Laufe der Zeit 
und mit dem Masse der geleisteten Arbeit altern und unbrauchbar 
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werden. Der friihere oder spatere Eintritt der Unbrauchbarkeit 
hingt vom Arbeitstempo, von der Quantitat und dem Charakter 
seiner Arbeit ab. Am ehesten wird ein Organismus unbrauchbar, 
wenn die Arbeit dem Plane seines mechanischen Aufbaus und 
seiner Bestimmung nicht entspricht. Von diesem mechanischen 
Standpunkte aus kann behauptet werden, dass bestimmte phy- 
siologische Verhaltnisse des Organismus von der Ernahrung 
abhangen und seine vorzeitige Abnutzung, d.h. verfriihtes Altern 
bedingen.”’ 

Prof. W. W. SavjALorF versucht die Altersentstehung folgen- 
dermassen zu erklaren: ,,Es ist bekannt, so schreibt er, dass 
der Untergang von Bakterienkulturen nicht durch Erschépfung 
der Nahrungselemente ihrer Umgebung erklart werden kann. 
Kolonien gehen unter infolge Vergiftung durch die Produkte 
ihrer eigenen Lebenstatigkeit, und es scheint als ob diese 
Selbstvergiftung durch Stoffwechselerzeugnisse tatsachlich eine 
grundlegende Tatsache von allgemeiner Bedeutung ist. Der 
menschliche Kérper hat grosse Ahnlichkeit mit einer solchen 
Kultur lebender Materie: in einem Hautsack sind ungefahr 
zweiundeinhalb Eimer Nahrfliissigkeit enthalten (Blut und Lym- 
phe), auf dieser Nahrfliissigkeit vegetieren die Lebenselemente 
des Kérpers, — seine Gewebezellen. Es ist klar, dass diese 
Kultur sich mit der Zeit verschmutzen muss und eine Umimpfung 
erfordert; der Wechsel der Generationen stellt an sich nichts 
anderes dar, als eine solche Umimpfung des lebenden Stoffes 
auf ein neues Substrat. Von diesem Standpunkte aus wird die 
Unsterblichkeit der einzelligen Tiere und die Sterblichkeit der 
vielzelligen versténdlich: die Organisation eines vielzelligen 
Kérpers erschwert in unvermeidlicher Weise den Stoffwechsel 
mit der Umgebung und die Ausscheidung giftiger Zerfallprodukte ; 
die im engen Raume innerhalb der Kérperhiillen konzentrierten 
lebenden Zellen vergiften sich durch ihre Abfialle, wie die 
Bevélkerung einer mittelalterlichen, in den engen Kreis ihrer 
Mauern eingezwangten Stadt.“ 

»Obwohl bei den einzelligen Lebewesen, sagt Prof. Kascu- 
TSCHENKO, der Mutterleib in den Leib der Nachkommenschaft 
iibergehen kann, so kann dies doch nicht unbegrenzt fortgesetzt 
werden.” Beobachtungen an Gregarinen, Radiolarien, einfachsten 
Fadentierchen und Infusorien haben gezeigt, dass von Zeit zu 
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Zeit der Uberschuss von festen Differenzierungsprodukten abstirbt, 
vernichtet oder in Form von Nekron abgestossen wird (Karione- 
kron, Plasmonekron, Zithonekron), dessen Bildung fiir die 
Lebenstatigkeit der nachsten Generation notwendig ist. In dieser 
Notwendigkeit von Nekronbildung besteht denn auch der Aus- 
gangspunkt fiir die Entstehung des natiirlichen Todes. Das 
Nekron kann man als Leichenkeim bezeichnen, sein Bildungs- 
prozess ist der Beginn von Alter und Tod.” 

Nach FRIEDENTHAL (1914) steht die Schnelligkeit des Alterns 
mit den Faktoren der ,,Zephalisation” in enger Verbindung. 

SCHEPOTJEFF (1914) zieht auf Grund der chemischen Verer- 
bungstheorie den Schluss, dass, wenn man eine Kontinuierlichkeit 
des vererbten Stoffes nicht annehmen diirfe, man ebensowenig 
an die Unsterblichkeit der Einfachsten, wie WEISSMANN sie 
definiert, glauben kénne. Den Grund des Absterbens ganzer 
Gruppen (Senilitat) habe man zu suchen in der allmahlichen 
Widerstandsschwiachung biologischer Strukturen wahrend des 
gesamten phylogenetischen Entwicklungsganges der Art. 

A. Lipscniitz (1915) definiert den Tod als_,,irreversiblen 
Stillstand des Stoffwechsels der lebendigen Substanz’’. Die 
Grundfrage, ob es einen Tod gibt, der mit Notwendigkeit aus 
den Lebensbedingungen erwichst, ,,einen Tod, der zum Leben 
gehért’’, wird in dem WEIssMANNschen Sinne beantwortet. Fir 
die Einzelligen ist der Tod aus Altersschwiche keine Notwendig- 
keit, bei den Metazoen dagegen hat er sich entwickelt. 

»Der Tod ist nur das letzte Endglied langer Entwicklungen, 
— sagt VERWORN (1915) —, das Problem des Todes und das 
Problem der Entwicklung enthalt dieselbe Frage, die Frage, 
warum sich die lebendige Substanz wahrend ihres individuellen 
Daseins fortdauernd verandert. Erst ein tieferes Eindringen in 
den Chemismus der lebendigen Zelle wird imstande sein, die 
besonderen Ursachen fiir diese Erscheinung aufzudecken.”’ 

SCHLEIP (1915) sieht den Beweis fiir die Anschauung, dass 
jedes Tier aus rein inneren Griinden nach einer bestimmten 
Zeit sterben muss, in der Tatsache des Vorhandenseins einer 
oberen Grenze der Lebensdauer, die auch unter den giinstigsten 
Bedingungen nicht tberschritten werden kann. 

Nach CHILD (1915) steht das Altern mit einer Herabminderung 
der Anpassungsfahigkeit und Regenerationsfahigkeit im Zusam- 
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menhang, was er in der Hauptsache durch Versuche an Planarien 
belegt. ,,Soweit sie ihre Aufmerksamkeit dem Altern zugewandt 
haben, sind Anatomen, Histologen und Pathologen oft nicht 
imstande gewesen das zu erkennen, was uns das Studium der 
niederen Organismen als Tatsache anzuerkennen zwingt, namlich, 
dass das Alter nur ein Entwicklungsaspekt ist, sondern sie haben 
ihre Aufmerksamkeit gerichtet und ihre Theorien aufgebaut auf 
die morphologischen Verainderungen, die im spateren Leben 
vorkommen und insbesondere in jener Epoche, die wir gewohn- 
heitsmassig mit ,,Alter’’ bezeichnen.”’ 

Nach BERENBERG-GOSSLER (1919) fiihrt der mit Stoffwechsel- 
defekten und Verlust der Regenerationsfahigkeit verbundene 
Zusammenschluss von Zellen zu einer héheren Individualitat 
zum Tode. 

Nach VoRONOFF (1920) steht die Altersschwache in engem 
Zusammenhang mit der Tatigkeit der Sexualdriisen. 

Nach LorraINE (1921) ist das Alter eine Depression des ganzen 
Organismus. 

PUTTER (1921) ist es gelungen festzustellen, dass Alter und 
Sterblichkeitsprozentsatz der Individuen bei allen Arten in einem 
direkten Verhiltnis zueinander stehen. 

LACASAGNE (1921) bezeichnet als Ursache des Alterns eine 
Schwiachung der Schutzreaktionen infolge unzulanglicher Aus- 
scheidung der Zerfallprodukte. 

,,Wenn wir alle Resultate der Biologie des Todes zusammen- 
stellen, — sagt PEARL (1922) —, so erscheint es uns als hinlanglich 
feststehende Tatsache, dass die Vererbung ein Faktor von erster 
Wichtigkeit in der Begrenzung der normalen, natiirlichen 
Lebensdauer ist. Im Vergleiche mit diesem Faktor scheint die 
Wirkung der Krafte der Umgebung weniger bemerkenswert zu 
sein.”’ 

Nach EHRENBERG (1923) ist der Tod das ,,katastrophale Ende 
eines Ablaufs, im grossen wie im kleinsten, und gleichgiiltig, 
ob es zugleich ein Neuanfang ist oder nicht, es ist die Unstetigkeit, 
der Sprung in der Geschehensfolge” und weiter: ,,Es ist also 
nicht die Anreicherung irgendwelcher mehr oder weniger neben- 
sichlicher Schlacken, von deren Entfernung oder Ausschaltung 
das Schicksal des lebenden Gebildes abhangt. Es ist die Struktur 
selbst, die, wie sie notwendig entsteht, ja ihr Entstehen recht 
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eigentlich der Lebensvorgang ist, das katastrophale Ende bedingt. 
Je kolloidaler, um so passiver wird die Rolle sein, die die 
betreffende Substanz spielt, sind doch auch die Energieumset- 
zungen bei den Kolloidreaktionen sehr geringe. Das Problem 
des Todes wie das der Zellteilung ist letzthin ein chemisches 
Problem.” 

RéssLE (1923) sagt : ,,Der Tod liegt nicht an den Zellen, sondern 
an der Organisation, so lautet die heutige Auffassung im 
allgemeinen. Aber im Verlaufe der Phylogenese hat der Tod 
selbst durch die spezifische Organisation der héheren Vielzelligen 
den Charakter eines Alterstodes erhalten; vom vorhin eingenom- 
menen Standpunkte aus bedeutet dies, dass das Individuum 
imstande ist, jenseits der durch Wachstum gekennzeichneten 
Periode seiner Entwicklung und auch lange nach Vollendung 
seiner der Erhaltung der Art dienenden Periode der geschlecht- 
lichen Vollreife sein Leben zu fristen.”’ 

Nach Koppanyl (1923) steht das Altern mit einer Stérung 
der endokrinen Korrelation in engem Zusammenhang. 

Nach KAMMERER (1921) ist die Todesursache ein und dieselbe 
fiir ein- und vielzellige Organismen: die Zerfallprodukte, die 
im Laufe des Stoffwechselprozesses erscheinen, haufen sich um 
die Zellen und innerhalb derselben an und kénnen nicht entfernt 
werden. Es bleiben vorliufig noch folgende Unterschiede beste- 
hen : die Einzelligen kénnen unter giinstigen Umstainden diesem 
Prozess entgehen, die Vielzelligen jedoch werden ihm friiher oder 
spiter unterworfen, weil er bei ihnen mit der Funktionsverteilung 
unter den Geweben zusammenhangt. KAMMERER unterscheidet 
hierbei folgende Arten von Alterstod : 1° Tod durch Abniitzung, 
2° Tod als Resultat von Stoffwechselprozessen, der als Folgeer- 
scheinung chemischer Einfliisse eintritt. 

Doms (1922) bemerkt Fehlerhaftigkeit in den Versuchen, die 
Alterserscheinungen durch diese oder jene Altersverinderungen 
in der Organisation zu erklaren, und nach seiner Meinung hangt 
die Ursache des Alterns mit jenen Momenten zusammen, die 
den Wiederaufbau der zerstérten Materie hemmen. Diese 
Momente entwickeln sich hauptsachlich im Kern, der ja der 
Trager der vererbten Eigenschaften ist. 

Auf Grund seiner Versuche schliesst OstTerHoUT (1922): Die 
Tatsachen beweisen, dass Veranderungen in der Durchdringbarkeit 
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eine dethermierende elektrische Leitungsfahigkeit herbeifiihren 
kénnen. Diese Veranderungen sind offensichtlich von Wichtigkeit, 
da sie alle fundamentalen Lebensprozesse angreifen kénnen. 
Es ist bewiesen, dass eine Untersuchung dieser Verinderungen 
durch elektrische Messungen es erméglicht, solche Begriffe wie 
Vitalitat, Schadigung, Wiederaufbau und Tod auf quantitativem 
Wege zu behandeln. Es befahigt uns auch, das Verhalten der 
Gewebe insbesondere in Bezug auf Schidigung und Wiederaufbau 
voraus zu bestimmen und fiihrt uns direkt zu einer quantitativen 
Theorie iiber den Mechanismus gewisser fundamentaler Lebens- 
vorgange. 

DoGEL (1922) ist der Ansicht, dass die Forscher nicht ge- 
niigende Aufmerksamkeit verwandt haben auf die mit dem 
Wachstum eintretenden dauernden Veranderungen in den Zellen 
des sympathischen Nervensystems, obgleich gerade in den 
Veranderungen dieses Systems der Grund verborgen liegt, der 
den Organismus langsam aber sicher zum Altern und zum Tode 
fiihrt. 

,, Wenn wir den natiirlichen Tod, — sagt ROBERTSON (1925) —, 
als einen durch allgemeine greisenhafte Atrophie aller Strukturen 
des Organismus hervorgerufenen Daseinsabschluss betrachten 
miissten, der sich durch allgemeine Depression und schliesslich 
gegenseitiges Erléschen aller Funktionen kennzeichnet, so wiirde 
der ,,natiirliche Tod” aller Wahrscheinlichkeit niemals eintreten. 
In einer Welt, wo der Organismus gegen dussere Krafteinwir- 
kungen und invasive Tiatigkeit parasitarer Organismen viéllig 
geschiitzt ware, kénnten wir uns die Erscheinung des natiirlichen 
Todes vorstellen. In der Wirklichkeit jedoch ist der Tod immer 
in gewissem Grade accidental.” 

»Mit der zunehmenden Differenzierung, — sagt KORSCHELT 
(1924) —, also mit der steigenden Entwicklungshéhe der Orga- 
nismen, bieten sie eine immer gréssere Angriffsfliche fiir innere 
Schadigungen, welche ihr Leben bedrohen.“ 

Nach GLey (1924) hangt das Alter nicht, oder zum mindesten 
nicht véllig, vom Zustand der Geschlechtsdriisen ab; vielmehr 
ist der Verfall dieser Organe eines der Alterssymptome. 

Nach JAWorskyY (1924) ist das Altern des Blutes die Ursache 
des Alters. 

BIEDL (1926) sagt, dass das Altwerden, der absteigende Schenkel 
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der Lebenskurve, ein weiterer naturgemasser Abschnitt der 
Entwicklungsreihe ist. 

FLIkss (1924) analysiert das Problem des Todes vom Standpunkte 
seiner Periodenlehre und des Gesetzes der Erhaltung physischer 
Energie. 

PLAVILSCHTIKOFF (1925) fiihrt aus: Der Tod resultiert aus 
einer Stabilisation der Eiweissmolekiile. Ob diese wohl die 
Folge einer Verainderung der Molekularstruktur ist? Um diese 
Frage zu klaren, miissen wir den Bau des lebendigen und toten 
Eiweiss kennen. Die Stabilisation der Eiweissmolekiile tritt nach 
Lés als Folgeerscheinung gegenseitiger Sattigung der Aldehyden- 
und Aminogruppen ein. 

A. Pictet benutzt und erweitert Lésps Schlussfolgerungen und 
fiihrt sie zu folgendem Endresultat: Ihrer Natur nach kénnen 
die Aldehyden- und Aminogruppen nicht die Bestandteile einer 
geschlossenen Kette bilden. Ihre Anwesenheit im lebendigen 
Eiweiss erfordert das Vorhandensein einer offenen Kette. Die 
Verbindung beider Atomgruppen als Bestandteile ein und derselben 
offenen Kette kann nicht ohne Schliessung dieser Kette vor sich 
gehen. Stabilisierung des lebendigen Eiweisses ruft Zyklisation 
hervor. Wenn das Eiweiss des Zellenprotoplasma seine offenen 
Ketten schliesst, so gelangt es in Gleichgewichts- und Ruhezustand. 
Zyklisation des Eiweisses ist sein Tod. 

Nach Hirscu (1926) sind die Gesetze, nach denen sich ein 
friiherer oder spaterer Eintritt der Involution regelt, noch vdllig 
unerforscht. Nur allgemein lasst sich sagen, dass die Konstitu- 
tion, und zwar in ihren erblichen sowohl wie in ihren umweltbe- 
dingten Elementen, hierbei eine sehr wesentliche Rolle spielen mag. 

PARCHON (1925) demonstriert, dass das Altern ein pathologischer 
Zustand ist, den wir unter die allgemeinen Distrophien neben 
die glandularen klassieren kénnen, obwohl wir erkennen, dass 
ihr pathogenetischer Mechanismus noch complexer ist, als bei 
den letzten. 

HARTMANN (1926) wirft zum Problem des Alters folgende 
Frage auf : Sind mit der Assimilation und dem Wachstum auch 
bei Protisten, die sich nur durch Zweiteilung vermehren, fort- 
schreitende Entwicklungsvorginge, also ein Altern, verbunden, 
und bedeutet die Fortpflanzung, bezw. die Zellteilung bereits 
eine Verjiingung dieser Systeme ? 
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Nach Ruzicka (1926) ist Protoplasmahysteresis eine der 
Ursachen des Alterns, welche den Stoffwechsel mechanisch 
behindert, die Altersatrophie und das Eintreten des Todes 
beeinflusst. 

Nach SCHMAHLHAUSEN (1926) ist das Altern eine Folge des 
Ausfalls eines inadaéquaten Erregers, der ein Wachstum des 
gesamten Idioplasma hervorruft. 

Nach PERTHES (1927) ist das Altern ein Entwicklungsvorgang, 
der ebenso von erebten Faktoren geleitet wird wie die Entstehung 
der so mannigfaltigen Zellen und Gewebe des Organismus aus 
der anfanglich scheinbar einheitlichen befruchteten Eizelle. 

STEINACH (1927), sagt PerTHEs, halt selbst den trotz gelungener 
Verjiingung schliesslich eintretenden Tod auch fiir einen nervésen 
Zelltod. 

,,We may say“, sagt ALFRED Scott WARTHIN, ,,that senescence 
is due primarily to the gradually weakening energy-charge set 
in action by the moment of fertilization. The immortality of 
the germ plasm is dependent upon the renewal of this energy- 
charge from generation to generation.“ 

LuUMIERE (1928) betrachtet das biologische Alter vom Stand- 
punkte der Kolloidchemie und driickt ihn in folgenden Thesen 
aus : Die Entwicklung und Flokulation der Kolloide dienen als 
Grundlage fiir die normale und pathologische Physiologie. Der 
Koloidalzustand bedingt das Leben, die Flokulation ist bestimmend 
fir Krankheit und Tod. 

Nach KryLorr (1929) ist das Altern eine Folge sowohl phylo- 
und ontogenetischer Einfliisse, wie auch des Zephalisationsfaktors: 

Nach BELEHRADEK (1930) gibt es keinen festen Moment, von 
welchem der Beginn des Alters ausgeht. Die Bezeichnung 
Alter’ (Senilitat) dient, um die letzte Etappe eines Vorganges 
zu bestimmen, der zugleich mit dem Beginn des Lebens anfangt 
und der an sich ebenso dunkel geblieben ist wie das Leben selbst. 
Leben = Altern ist eine Gleichung mit zwei Unbekannten, deren 
Lésung uns noch niemand hat demonstrieren kénnen. 

Wir haben uns bemiiht, in Form einer bestimmten Arbeits- 
theorie alle die bisher angefiihrten Anschauungen und Theorien 
liber den Prozess der Altersentstehung zu vereinen, und bereits 
im Jahre 1923 den Versuch gemacht, eine eigene Theorie der 
Genese des Alters aufzubauen, ohne bei Erforschung der Frage 
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in Einseitigkeit zu verfallen und unter Beriicksichtigung der wich- 
tigsten Lebensfunktionen. Unsere Erwaigungen wurden auf dem 
13. Internationalen Physiologenkongress in Boston (1929) vor- 
gelegt und spiter in ausfiihrlicherer Form in den Spalten der 
»—Ergebnisseder Physiologie“ (1931) veréffentlicht. In kurzen 
Worten sind die Grundthesen unserer Altersentstehungs- Theorie 
folgende : 

Die Ernahrungsfunktion. Die Bedingungen fiir den Stoff- 
wechsel in den verschiedenen Teilen der Zelle, soweit sie sich 
dem Abhiangigkeitsgesetz der inneren von den dusseren Speise 
aufnehmenden Teilen unterordnen, sind bei den einfachen und 
differenzierten Organismen verschieden. Bei den ersten werden 
die toxischen Produkte des Stoffwechsels zwischen Zelle und 
Medium leicht entfernt, bei den zweiten ist die Ausscheidung 
erschwert, deshalb ungeniigend. 

Die Funktion des Wechselstandes zwischen Ruhe und Tatigkeit. 
Dank dieser Eigenschaft der Ernahrungsbedingungen fehlt bei 
den einfachsten Organismen die Notwendigkeit eines laingeren 
Ruhezustandes zur Entfernung schadlicher Produkte der Lebens- 
tatigkeit und zur Anhaufung potentieller Energie in der Bioplastik 
und den mit ihr verbundenen Schutzfunktionen. 

Die Funktion des Lebensschutzes, ausgedriickt durch eine 
Reihe von Schutzreaktionen der Zelle oder ganzer Zellenkomplexe 
auf Erregungen, die eine Stérung ihres biologischen Gleich- 
gewichtes hervorrufen, verandern bei fortschreitender Evolution 
des Tierreiches ihren Charakter im Sinne einer Progression ihrer 
Unzulanglichkeit fiir den Lebensschutz. Der Wechselstand 
zwischen Ruhe und Tatigkeit, als eine der Funktionen des 
Lebensschutzes, ist bei niederen Tieren nicht hinreichend scharf 
ausgedriickt wahrend bei den héheren diese Periode deutlich 
umgrenzt erscheint (Schlaffunktion). 

Die Funktion des Wachstums und der Regeneration. Der 
Prozess des Schlafes, als hauptsaichliche Schutzfunktion des 
Kérpers gegen die im Wachzustand gebildeten schadlichen 
Erzeugnisse der eigenen Lebenstiatigkeit, steht in Verbinding mit 
dem Prozess des Wachstums; die Wachstumskurve geht parallel 
mit der Kurve des nachlassenden Schlafbediirfnisses. 

Die Funktion der Vererbung. Der Wachstumsprozess ist eng 
mit dem durch ihn bedingten Verfall der Zelle verbunden und 
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beide Vorgange ordnen sich den Gesetzen der Vererbung unter. 
Die Vererbung wirkt bei der Evolution der genannten Funktionen 
verandernd auf den Mechanismus des Alterns ein, das bei den 
einfachsten sich auf primitive Weise ernahrenden Organismen 
ganzlich fehlt, und folglich verandert sie auch die urspriingliche 
Intensitét der Schutzfunktionen (Entfernung toxischer Stoff- 
wechselprodukte, Fehlen einer langeren Schlafnotwendigkeit und 
starke Neigung zur Regeneration). 

Die Entstehung des Alters. Da die Schutzfunktion bei héheren 
Tieren eine komplizierte Form annimmt, wie z.B. bei den 
Erscheinungen der Immunitét, Anaphylaxie und Allergie, so 
muss der Entstehung des Alters eine weitumfassende Erklarung 
gegeben werden, und zwar vom Standpunkte der im tierischen 
Organismus mit der Differenzierung fortschreitenden Schwachung 
der Immunitat gegen schadliche Produkte der eigenen Lebenstia- 
tigkeit, die sich progressiv anhaufen und das biologische Gleich- 
gewicht der Zellenkomplexe stéren. 

Das Problem der Altersbekampfung besteht, von Obigem 
ausgehend, in der Verstaérkung aller Gewebe und Organe und 
insbesondere solcher Gewebe, die eine feinere differenzierte 
Struktur haben, wie die Gewebe des Zentral-Nervensystems. 
Diese Gewebe haben die allerungiinstigsten Ernahrungsbedin- 
gungen, werden bei unzulanglichem Schlaf vor allen zuerst 
betroffen, halten am friihesten von allen im Wachstum inne, 
sind am wenigsten zur Regeneration geneigt und deshalb werden 
an ihnen am ehesten die Alterssymptome konstatiert. 


Dr. D. Kortsovsky. 
Chisindu ( Rumdnien) . 
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Notes on the History of the Concept 
of Thermal Conductivity 


ABSTRACT 


The concept of thermal conductivity required nearly three hundred years 
for its development and involved the expenditure of an immense amount of 
mental energy and experimental effort. GaLiLzo, Hooke, Newton, BorRHAAVE, 
FRANKLIN, BLack, RuMForD, FourteER—giants in the scientific world—contributed 


to the development of this concept. 
During the process of refinement and abstraction of ideas concerning the 


transfer of heat the thermometer and calorimeter were invented and the technique 
of their use perfected. The preliminary concepts of heat and flow of heat, of 
temperature as distinct from heat, of latent and specific heats, had to emerge. 
Conduction, as a method of heat transference, had to be separated and distinctly 


set apart from radiation and convection. 

Outmoded conceptions of heat served as guides in framing experiments and 
evaluating ideas. Theories rose and fell, arguments frequently waxed acrimonious, 
notions were confused; yet from this our present concept emerged, simple, useful, 


independent of any theory of heat. 


The concept of thermal conductivity should not be viewed 
as the sudden, almost spontaneous, crystallization of the complete 
idea from a magma of confused and clouded thought. It did 
not, like Minerva, spring full grown from the mind of some 
Jove of science; more like Topsy, it just grew. It appeared 
simply as a late step in the slow process of refinement and abstrac- 
tion of ideas concerning the transfer of heat from one body to 
another. 

To the present student or investigator, attempting to enter 
fully into the history of the concept, difficulties are presented 
by his own familiarity with expressions, terms, prerequisite 
concepts and operations, now a part of his general equipment, 
which came into existence during the evolution of the concept. 
Additional difficulties are presented by his familiarity with those 
facts, the discovery of which resulted in the formulation of the 
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concept, and by his familiarity with facts almost innumerable, 
previously unknown, which have been revealed as a consequence 
of the concept. 

Before the concept of thermal conductivity could emerge certain 
preliminary concepts and operations had to be developed. Among 
these we find the concept of heat itself, the concepts of temperature, 
of specific and latent heats, and of the flow of heat. In addition, 
instruments and operations had to be developed for measuring 
temperatures and quantities of heat. That is, the preliminary 
concepts had to be put on a quantitative basis. 

Undoubtedly, from early times people were cognizant of the 
flow of heat. However, no attempt to study this process from 
a quantitative standpoint, or to separate the more inclusive pheno- 
menon into the presently accepted component phenomena, could 
be made until the thermometer was invented. 

The development of the thermometer (1), and the accompanying 
scale, aroused the interest and taxed the ingenuity of the greatest 
scientists over a period of three hundred years. A primitive 
form of the thermometer was invented by GALILEO about 1597 
and development was gradual, although not uniform, until the 
establishment of the thermodynamic scale late in the nineteenth 
century. 

Following the invention of the first thermometer, or rather 
thermoscope, investigators were in position to attack the problems 
of heat flow, although it was not until one hundred and seventy 
five years later that the distinction between heat and temperature 
was made, and during this period no attempt was made to measure 
heat independently of temperature. 

HOoKE (2), by the aid of crude thermometers, established in 
1664 the constancy of the freezing point, and in 1684 the constancy 
of the boiling point, of water. The first step in the resolution 
of the flow of heat was the attempt of MARIOTTE to examine 
radiation (3). In 1682 he mentioned, at a meeting of the French 
Academy of Sciences, that the heat of a fire reflected by a burning 
mirror is sensible in its focus; but when a pane of glass is inter- 


(1) Botton, H. C., ‘ Evolution of the Thermometer ”’ (1900). 

(2) BLack’s Chemistry, edited by JoHN Rosison. 1st Am. ed. (1807), p. §2. 

(3) THomson, T., “‘ An Outline of the Science of Heat and Electricity ” 1830, 
Pp. 130. 
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posed between the mirror and its focus the heat is no longer 
sensible. The phenomenon of thermal radiation had long been 
known but this was the first attempt at experimental investigation. 

NEWTON realized the importance of improving the thermometer 
scale and published his “ Scala graduum caloris et frigoris ” in 
the Philosophical Transactions for 1701. From his experiments 
he inferred that the excess temperatures of iron, heated and 
exposed to the air, form a geometrical progression at times which 
are in arithmetical progression. AMONTONS continued and 
extended the work of NEWTON. 

FAHRENHEIT began his work on thermometers and scales in 
1706, adopting the scale now known by his name in 1724. At 
least part of his researches in heat were carried on in conjunction 
with BoerRHAAvE. In his “ Elementa Chemiae,” (4) published in 
1732, BOERHAAVE discusses an experiment carried out at his 
suggestion by FAHRENHEIT. From the data obtained he drew 
erroneous conclusions as to the heat capacities of various bodies. 
Correct inferences were not drawn until thirty years later, and 
then by Brack. Dr. Martine of St. Andrews published his 
‘““ Essay on the Heating and Cooling of Bodies” in 1739. His 
experiments were similar to those of NEWTON and FAHRENHEIT 
and, like them, were reinterpreted by BLack. His experiments 
were an improvement, both in conception and in execution, over 
the former ones. 

In 1721, SWEDENBORG published three small Latin treatises 
dealing with questions in physics and chemistry (5). In the 
second, entitled ““ New Observations and Discoveries Respecting 
Iron and Fire, etc.,” he gives a good description of the iron furnace 
and its operation, and attempts a mathematical analysis of the 
progress of heat throughout the cross-section of the furnace. 
He presents a theory of heat and several laws, referring almost 
wholly to convection. As in the case of other experimenters 
of the period, he did not appreciate that he was dealing with 


convection and temperature flow. 
An historical study indicates that the Heat-Electricity analogy 








(4) Borrnaave, H., ‘‘ Elementa Chemiae,” 2nd ed. (CAVELIER) (1733), p. 75 ff. 


Back refers particularly to Exp. 20, Coroll. 11, p. 144. 
(5) SwepENBORG, E., “‘ Principles of Chemistry, etc.”” Trans. by C. E. Strutt 


(1847). 
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has consistently proved fruitful in both fields. The beginning 
of experimental study in electricity was late compared to that 
in heat. STEPHEN Gray laid the true foundation of electricity 
as a science in 1720. His discoveries were published in the 
Philosophical Transactions from 1720 to 1736. In 1729, he 
announced his discovery of electrical conduction, introducing the 
terms “electrics per se”’ and “ non-electrics.” (6) The terms 
“conductor” and “ non-conductor’”’ were invented and intro- 
duced by DesaGuLiers about 1737-40(7). They were soon 
adopted in the field of heat. 

Even though the flow of electricity had been established, 
experimenters were handicapped, as were those in heat before 
the time of GALILEO, by the lack of measuring instruments. 
GRALATH, and independently RICHMANN, succeeded in developing 
crude instruments about 1745, although the first practical measur- 
ing instrument was given to electrical science by HENLEY about 
1770. It is described by PrigsTLey in a letter to FRANKLIN (8). 

As revealed through his letters, FRANKLIN early formed, as 
a result of experiment, rather accurate ideas concerning electrical 
conduction. Also, at an early date, he became interested in 
the phenomena of heat, although he did not pursue this subject 
as far as he did electricity. 

FRANKLIN was apparently the first to invoke the Heat-Electricity 
analogy. This was done in connection with conduction. As 
early as 1751 FRANKLIN had extended the list of electrical con- 
ductors and by 1755 had demonstrated that some substances 
were better conductors than others. This put Heat and Electricity 
on a par and from then on the race to the conception of con- 
ductivity was nip and tuck. In a letter to JoHN LINING, written 
in 1757, he brings forward the analogy (9g) : ‘‘ Professor Simson, 
of Glasgow, lately communicated to me some curious experiments 
of a physician of his acquaintance, by which it appeared, that 
an extraordinary degree of cold, even to freezing, might be produced 
by evaporation,—”’. 


(6) Gray, S., Trans. Roy. Soc. London 37 (18) 1732. 

(7) PriestLey, J., ‘“‘ History and Present State of Electricity, etc.” 5th ed., 
(1794), p. 60. 

(8) PriestLey, J., Trans. Roy. Soc. London 62 (359) 1772. 

(9) FRANKLIN, B., The works of, ed. by Sparks, vol. 6, (1840), p. 204. 
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“IT know not how this phenomenon is to be accounted for, 
but it gives me occasion to mention some loose notions relating 
to heat and cold, which I have for some time entertained, but 
not yet reduced into any form. Allowing fire, as well as electrical, 
to be a fluid capable of permeating other bodies, and seeking 
an equilibrium, I imagine some bodies are better fitted by nature 
to be conductors of that fluid than others; and that, generally, 
those which are the best conductors of the electrical fluid, are 
also the best conductors of this; and e contra.”’ He gives several 
examples of poor and good thermal conductors and details an 
experiment which shows that lead is a better conductor than 
wood. 

FRANKLIN was also, apparently, the first to experimentally 
establish the connection between heat and electricity (10). It is 
true that the actual experiment was carried out by KINNERSLEY, 
in 1760; but at the suggestion of, and as designed by, FRANKLIN. 
FRANKLIN frequently suggested experiments in this manner and 
as a result a number of experiments, now classical, conceived 
and interpreted by FRANKLIN, are known by the names of those 
who performed them. 

FRANKLIN’s first experiments on the relative conducting powers 
of different materials for heat and electricity were merely 
qualitative. He immediately proceeded to place them on a 
quantitative basis. PRIESTLEY, in the fifth edition of his ‘‘ History 
and Present State of Electricity’ (1794) says (11): “In a con- 
versation I once had with Dr. FRANKLIN, Mr. CANTON, and 
Dr. Price, I remember asking whether it was probable that there 
was any difference in the conducting power of different metals; 
and if there was, whether it was possible to ascertain that 
difference? I have since endeavoured to carry into execution 
a scheme proposed by Dr. FRANKLIN.”’ Following this he details 
the experiments and results, with criticisms and suggestions for 
improvement. ‘The first edition of the “ History ” (1767) makes 
no mention of this suggestion of FRANKLIN, so the exact date 
is somewhat in doubt. 


(10) FRANKLIN, B., loc, cit., vol. 5, (1837), p. 373. 
(11) Priestiey, J., ‘‘ History and Present State of Electricity, etc.’’ 5th ed. 


(1794), p. 636. 
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Dr. INGENHOUSZ published his “ Nouvelles Experiences ’’ in 
1780. This included a report on his experimental determination 
of the relative thermal conductivities of various metals. The 
experiment was suggested to INGENHOUSZ by FRANKLIN and was 
similar in conception to the one outlined by PrigstLey for 
electricity (12). 

The value of FRANKLIN’s thermal experiments was lessened, 
as in the case of all others, by the current confusion between 
temperature and heat. In addition, at least previous to FRANKLIN, 
the concept of heat capacity, or specific heat, had not been formul- 
ated and there was no good method of measuring quantities of 
heat. The confusion between temperature and heat was first 
clearly perceived by BLack about 1760. It is rather surprising 
that FRANKLIN was unfamiliar with the views of BLack. They 
were contemporaries and FRANKLIN corresponded, in regard to 
heat phenomena, with Simson, also of Glasgow, and with CULLEN, 
who was BLACK’s sponsor and predecessor at both Glasgow and 
Edinburgh. Both men were on friendly terms with LAvoistER. 
It is true BLack did not publish his scientific findings, being. 
as his biographer ROBISON says (13) “ perhaps fastidiously nice 
in his notion of a philosophical performance, and too severe in 
his observations on the hurried publications of some chemists. 
which he used to call slovenly, and to consider as literary manu- 
facture for profit.” 

BLiack made remarkable contributions to the field of heat 
during the ten years following 1756. By means of clear thinking 
and a very few “ critical ” experiments he resolved the confusion 
of heat and temperature, conceived of thermal equilibrium, 
advanced his doctrine of specific heats, developed his method 
of mixtures and established the concept of latent heats. In 
commenting on the “ distribution of heat’’ BLACK says (14) : 
“This is what has been commonly called an equal heat, or the 
equality of heat among different bodies; I call it the equilibrium 
of heat. The nature of this equilibrium was not well understood, 
until I pointed out a method of investigating it. Dr. BOERHAAVE 


(12) FRANKLIN, B., loc. cit., vol. 6, p. 438. 
(13) Brack, loc. cit., preface, p. 1. 
(14) Jbid., pp. 74, 75. 
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imagined, that when it obtains, there is an equal quantity of heat 
in every measure of space, however filled up with different 
bodies ;—.”’ “ But this is taking a very hasty view of the subject. 
It is confounding the quantity of heat in different bodies with 
its general strength or intensity, though it is plain that these 
are two different things, and should always be distinguished, 
when we are thinking of the distribution of heat.”’ 

Concerning heat capacities, he states (15): “‘ It was formerly 
a common supposition, that the quantities of heat required to 
increase the heat of different bodies by the same number of degrees, 
were directly in proportion to the quantities of matter in each; 
and therefore, when the bodies were of equal size, the quantities 
of heat were in proportion to their densities. But very soon 
after I began to think on this subject, (anno 1760), I perceived 
that this opinion was a mistake,—.” “‘ The inference which 
Dr. BogRHAAVE drew from this experiment is very surprising. 
As soon as I understood this experiment in the manner I have 
now explained it, I found a remarkable agreement between it 
and some experiments made by Dr. Martine (Essay on the 
Heating and Cooling of Bodies) which appeared at first very 
surprising and unaccountable,—’’. BLAck’s conclusions were 
always rigorously but sparingly supported by experimental evi- 
dence. In the words of Rosison (16), “ Dr. BLack always 
expressed a dislike to the bringing forward of a multitude of 
experiments of the same kind, saying that he felt his own confidence 
more forcibly won by one judicious and simple experiment that 
by any number of examples of inferior evidence.” 

BLack shows a clear conception of temperature, quantity of 
heat and specific heat throughout his discussion, although he 
clothes his ideas in the old phraseology. He frequently speaks 
of the ‘“‘ communication ”’ or “‘ transmission ’’ of heat, but these 
notions cover more than our present “‘ conduction.” He realized 
that all substances did not “ transmit ” heat with the same “ celer- 
ity.” In fact, he says (17) : “ Fluids generally receive heat, and 
transmit it through them more quickly, than the greater number 


(15) Ibid., Pp- 76, 78. 
(16) Ibid., preface, p. XxXvI. 
(17) Ibid., p. 87. 
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of solids.” This indicates the then current confusion between 
conduction and convection. 

The remarkable progress made by BLACK was due, in great 
part, to his invention and use of the calorimeter (1760). As 
in the case of the first thermometer, the instrument was improved 
by others, particularly Lavoisier and La PLace, and the technique 
of its use developed. Again, as with the thermometer, considerable 
time elapsed before the establishment of a suitable scale or unit 
for heat quantity. The scientific world was now for the first 
time in position to measure the thermal conduction of bodies. 

Scientists had early isolated radiation as an independent method 
of transferring heat. After a lapse of eighty-five years, LAMBERT 
repeated and greatly extended the experiments of MARIOTTE (3). 
ScHEELE, in his “‘ Treatise on Air and Fire,” published in 1777, 
made many important and new observations on the radiation 
of heat. It took much longer to separate the phenomena of 
conduction and convection. 

RuMForD, in his enthusiastic study of thermal phenomena, 
determined the conducting power of a large number of substances. 
His choice of materials was most catholic, ranging from metallic 
and non-metallic solids through liquids and gases to clothing, 
stews, mushes and apple sauce, the latter in various “‘ concentra- 
tions.”’ The origin of his interest in the problem may be indicated 
by the following extract from his “‘ Essays ’’ (18) : ‘“‘ When dining, 
I had often observed that some particular dishes retained their 
Heat much longer than others; and that apple-pies, and apples 
and almonds mixed,—(a dish in great repute in England)— 
remained hot a surprising length of time. Much struck with 
this extraordinary quality of retaining Heat, which apples appear 
to possess, it frequently recurred to my recollection; and I never 
burnt my mouth with them, or saw others meet with the same 
misfortune, without endeavouring, but in vain, to find out some 
way of accounting, in a satisfactory manner, for this surprising 
matter.” 

To RuMForD we owe the distinction between conduction and 
convection, and he describes vividly in his “‘ Essays’ the experi- 


(18) Rumrorp, “ Essays, Political, Economical, and Philosophical,”’ 1st Am. ed. 
(1799), vol. 2, p. 202. 
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ments which led him to the concept of convection. In his early 
papers he assumed that all heat, not radiated, was transferred 
by conduction. In his “ New Experiments on Heat ” he says (19) : 
| “* Examining the conducting power of air, and of various other 
fluid and solid bodies, with regard to heat,—’’. “It having been 
my intention from the beginning to examine the conducting 
powers of the artificial airs or gases,—”. “‘ Does humidity 
augment the conducting power of air?” ‘“ From these experi- 
ments it appears, that the conducting power of air is very much 
increased by humidity.”’ “* This is certainly a subject of investiga- 
tion not less curious in itself than it is interesting to mankind; 
and I wish that what I have done may induce others to turn their 
attention to this long neglected field of experimental inquiry. 
For my own part, I am determined not to quit it.” 
As a result of subsequent experiments, ingeniously designed 
to determine the point and well executed, he concluded that 
liquids and gases did not conduct heat. In his own words (18), 
“* —although the particles of any fluid, individually, can receive 
heat from other bodies, or communicate it to them; yet, among 
these particles themselves, all interchange and communication 
of Heat is absolutely impossible.’”’ Also, “‘ When heat is pro- | 
pagated in solid bodies, it passes from particle to particle, de | 
proche en proche, and apparently with the same celerity in every | 
direction; but it is certain that heat is not transmitted in the 
; same manner in fluids (20)”” Of these experiments ROBISON 
says (21) : ““ We must not omit taking notice of a very singular 
distinction, which Count RuMForpD has endeavoured to establish 
between the conducting power of solid and fluid bodies, namely, 
that while heat is propagated along solid bodies, from particle 
to particle, according to certain regular laws, fluid bodies are 
heated in their remote parts only by the actual transference of 
the particle which received heat from the hot body while in 
contact;—. The ingenious and worthy author has supported 
his opinion by a series of curious and well contrived experiments, 
the results of which are most unexpected and _ surprising. 
Dr. BLack was much struck with the novelty and importance 

















(19) Rumrorp, Trans. Roy. Soc., London 76 (273-304) 1786. 
(20) Rumrorp, Nicholson’s F. 14 (353-363) 1806. 
(21) Brack, loc. cit., p. 339. 
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of this opinion, and began to examine it with that cautious exactness 
which he had always practiced; but the great decline in his 
health—.” “‘ It is clearly established by the experiments of Count 
RUMFORD, that when the internal motion, producible by the ine- 
quality of specific gravity, occasioned by heating the lower parts 
of a fluid, is prevented, the progress of heating is almost insensible, 
and is no more than we may expect by means of the solid matter 
of the vessel and by radiation.” “‘ There is nothing, therefore, 
in the opinion offered with great caution by Count RumForp, 
that is incompatible or inconsistent with our most distinct notions 
on these subjects. It is a fair field of inquiry, most ingeniously 
laid open to philosophers.” This conclusion of RUMFORD’s was 
based upon the best experimental evidence available and persisted 
in part until 1880. It deserves extended mention because it 
indicates that “‘ the next decimal ”’ will not only improve precision 
but may markedly modify ideas. 

In the planning of his experiments RUMFORD made use of 
the Heat-Electricity analogy, calling attention to it on several 
occasions (19). He kept in close touch with his friend Picter, 
who first proved that the conducting power of a body was a 
property, independent of physical position (22). By this time, 
approximately 1810, the concept of thermal conduction had been 
fully clarified, principally due to the work of RuMForD and PIctTer. 
There now remained the final step, making the property specific 
and the conception of conductivity. 

“In the fullness of time” (1822) Fourier produced his 
“Theorie Analytique de la Chaleur,” in which he “ treated the 
subject of the propagation of heat with a power and completeness 
which left little room for extension or improvement and suggested 
or rendered possible all the later developments (23).”’ FOURIER 
was the first to give a thoroughly scientific definition of conducting 
power. Fora period of fifteen years, culminating in his ““‘ magnum 
opus,” he worked at experimentation and interpretation. ‘‘ The 
work which we now publish has been written a long time 
since;—”’ (24) “‘I have deduced these laws from a prolonged 


(22) Rumrorp, “ Essays,...”” vol. 2, p. 241. 
(23) Preston, “‘ Theory of Heat” 3rd ed., (1919), p. 605. 
(24) Fourter, “ Analytical Theory of Heat,’’ Trans. FreeMaN (1878), p. 9. 
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study and attentive comparison of the facts known up to this 
time : all these facts I have observed afresh in the course of several 
years with the most exact instruments that have hitherto been 
used.” (25) 

“The mathematical theory of heat includes : first, the exact 
definition of all the elements of the analysis; next, the differential 
equations; lastly, the integrals appropriate to the fundamental 
problem.” (26) ‘“‘ The numerical interpretation of the results of 
analysis is, however, necessary, and it is a degree of perfection 
which it would be very important to give to every application 
of analysis to the natural sciences. So long as it is not obtained, 
the solutions may be said to remain incomplete and useless, 
and the truth which it is proposed to discover is no less hidden 
in the formulae of analysis than it was in the physical problem 
itself.” (27) “‘ To found the theory, it was in the first place 
necessary to distinguish and define with precision the elementary 
properties which determine the action of heat.” (25) ‘‘ What 
are the elementary properties which it is requisite to observe 
in each substance, and what are the experiments most suitable 
to determine them exactly?’ (28) Speaking of his coefficients, 
he says, “ These three elementary qualities are represented in 
our formulae by constant numbers, and the theory itself indicates 
experiments suitable for measuring their value. As soon as they 
are determined, all the problems relating to the propagation of 
heat depend only on numerical analysis. The knowledge of these 
specific properties may be directly useful in several applications 
of the physical sciences; it is besides an element in the study 
and description of different substances. It is a very imperfect 
knowledge of bodies which ignores the relations which they have 
with one of the chief agents of nature.”’ (29) 

Fourter had very pronounced, but justifiable, ideas as to the 
permanent value of his work. He was fully aware of the experi- 
mental limitations set upon his work and predicted extensions 
which have since been made. ‘‘ Observations more exact and more 


(25) Ibid., p. 2. 
(26) Ibid., p. 454. 
(27) Ibid., p. 21. 
(28) Ibid., p. 4. 
(29) Ibid., p. 19. 











HISTORY OF THE CONCEPT OF THERMAL CONDUCTIVITY 257 


varied will presently ascertain whether the effects of heat are 
modified by causes which have not yet been perceived, and the 
theory will acquire fresh perfection by the continued comparison 
of its results with the results of experiment; it will explain some 
important phenomena which we have not yet been able to submit 
to calculation ;—.” (30) “‘ It cannot be doubted that the coefficient 
k (Fourter’s coefficient of conductivity), the measure of the 
permeability, is subject to sensible variations ; but on this important 
subject no series of experiments has yet been made suitable for 
informing us how the facility of conduction of heat changes with 
the temperature and with the pressure.” (31) 

Fourier limited his experimental and theoretical work almost 
entirely to solids, although he admits that liquids have the property 
of conductivity in a small degree, but masked. He does not 
mention gases at all. He recognizes heat transfer by convection 
but does not use the term. 

Oxum, in 1828, laboring independently, although probably 
cognizant of the work of Fourier, produced his paper dealing 
with electrical conductivity, thus keeping Electricity abreast of 
Heat (32). 

While the first determinations of the thermal conductivity of 
solids were probably made by Fourier, the first determinations 
in which precision was stressed were those of ForBEs (33). He 
invoked the Heat-Electricity analogy in establishing the correlation 
of thermal and electrical conductivities for solids (34); in addition 
he was the first to show the variation of thermal conductivity 
with temperature (35). 

It required a great deal of experimental data to establish the 
fact, in opposition to the early opinion of RUMFORD, that liquids 
and gases would conduct heat. Both Murray (36) and Rum- 
FORD (20) showed that heat would pass downwards through a 


(30) Ibid., p. 25. 

(31) Ibid., p. 465. 

(32) Oum, G. S., Schweigger’s, F. 46 (137-166) 1826. 

(33) Forses, J. D., Trans. Roy. Soc. Edin. 16 (189-236) 1849. 

(34) Forses, J. D., Phil. Mag. 4 (15-28) 1834, Esp. p. 27. 

(35) Forses, J. D., Brit. Assoc. Adv. Sci. 22 (260-261) 1853; Trans. Roy. Soc. 
Edin. 23 (133-146) 1864. 

(36) Murray, J., Nicholson’s J. 1 (165-173) 1802, 1 (241-251) 1802. 
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liquid. The experiments of THOMSON (37) and TRAILL (38) also 
indicated this, although the interpretation of the data was still 
questioned. Dewey was the first American scientist to enter 
the field (39). He criticised the experiments of Murray but 
supported his conclusions with new data. DEsSPRETZ seems 
finally to have established the fact (40). 

RumForp’s conclusion in the case of gases was harder to over- 
throw. ANDREWS (41) and GROVE (42) were the first to obtain 
data bearing on this point. However, the first experiments 
deliberately designed to answer this question were those of 
Macnus (43), using hydrogen as the conducting medium. His 
interpretation of his results was that gases conduct heat in the 
same way as do metals. TYNDALL discusses in detail the experi- 
ments of MaGNus and concludes : (44) “ Beautiful and ingenious 
as these experiments are, I do no think they conclusively establish 
the conductivity of hydrogen.”’ In the sixth edition of his book, 
with the preface dated by TYNDALL in 1880, there is no change 
in his position on the work of MaGNus, even though in the mean- 
time it had been quite well established, both theoretically and 
experimentally, and with good agreement, that gases conduct 
heat ! 

In conclusion it is worth noting that the concept of thermal 
conductivity is entirely independent of any theory of heat. It 
was developed, for the most part, by men holding antiquated 
and, as we view them, erroneous, notions as to the nature of heat. 
Yet, strange as it may seem, it was only out of these notions that 
the concept grew. 

Massachusetts Institute of Technology, Atex. C. Burr. 

Cambridge, Mass. 


(37) THomson, T., Nicholson’s }. 4 (529-545) 1801. 

(38) Tratmtt, T. S., Nicholson’s F. 12 (132-139) 1805. 

(39) Dewey, C., Am. J. Sci. @ Arts 28 (151-155) 1835; Sturgeon’s Ann. of 
Elec. 2 (126-127) 1838. 

(40) Despretz, C., Ann. de Chimie et de Physique 71 (206-222) 1839. 

(41) Anprews, T., Proc. Roy. Irish Acad. 1 (465-468) 1841. 

(42) Grove, W. R., Phil. Mag. 27 (442-446) 1845; 35 (114-126) 1840. 

(43) Macnus, G., Phil. Mag. 22 (1-21) 1861; 22 (85-106) 1861. 

(44) TYNDALL, J., “‘ Heat Considered as a Mode of Motion.” 1st ed. (1863), 
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Notes and Correspondence 


I. — QUERIES 


In an attempt to revive and stimulate this department of /sis, the 
Editor sent, on December 19, 1932, to some of thec ontributors a letter 
containing the following statements : 


Scholars interested in the History of Science constitute a highly heterogeneous 
group, and the editor of a journal devoted to their very complex and abundant 
needs cannot hope to satisfy them all except by insuring as much variety in its 
contents as possible. Of course, the Critical Bibliography ought to satisfy almost 
every need, yet we need something more. 

I would like to be able to publish a larger number of short articles or notes, 
and I am especially anxious to increase the number of queries. Though the 
number thus far published is very small, their usefulness has been amply confirmed. 
For example, a question concerning GIOVANNI FONTANA, which appeared in vol. 7, 
p. 105, provoked the publication of two important papers by LYNN THORNDIKE 
(vol. 15) and A. BrrKENMAJeER (vol. 17), and a third paper on the same subject is 
now being printed. Indeed nothing is more stimulating than a good query. 

In order to emphasize their value I am trying to collect a large number of them, 
and would be very much obliged to you if you would kindly send me a few pertinent 
ones. Single queries risk being overlooked, but if I could publish, say, a dozen 
of them in each number, the readers would look forward to them and would 
be more inclined to send answers or additional ones. In this simple way, the 
vitality and attractiveness of our journal would be much increased. Moreover 
the publication of a query is often the best way of announcing that an investigation 
is undertaken and of preventing duplication. 


Queries and answers should be neatly typed on one side of the paper 
only, a separate sheet being devoted to each item. 
The Editor has prepared the following questions which may serve 


as illustrations. 


Query no. 23.—Arabic “ commercial” arithmetic. 

In my /ntroduction (vol. 1, 668, 715), 1 mentioned two treatises on 
mu‘amalat, and in both cases I translated that word by “ commercial 
arithmetic.” Some time ago as I was reading the Kitab tabaqat al-umam 
of the qadi Ap0-1-QAstm SA‘Ip 1BN AHMAD AL-ANDALUsi (see Jntr. 1, 
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776), | came thrice across a Kitab al-mu‘amalat, and wondered whether 
my translation was correct (see p. 68, 69, 70 of CHEIKHO’s edition, 
Beirit 1912). 

In Freytac’s Lexicon mu‘amalat is translated “ pecunia signata quae 
in mercatura admittitur”’; in the Dictionnaire of A. DE BIBERSTEIN 
KazIMIRSKI,mu‘amalat =effets de commerce; LANE is silent on the subject; 
in Dozy’s Supplement, the word is translated affaires de commerce, 
argent, negotia iuridica, etc. 

I know altogether of four treatises on mu‘amalat (and there may be 
more) as follows : 

1. By Asd-L-QAstmM MasLAMA IBN AHMAD AL-MagriTi (d.c. 1007). 
See my Jntroduction, 1, 668 ; Tabaqat, p. 69, wherein it is said that he 
wrote a book “ on the whole of the science of numbers which is called 
among us al-mu‘amalat’”’ (it is this much broader definition which 
aroused my suspicions). 

2. By Aspt-Hasan ‘ALI IBN SULAIMAN AL-ZAHRAWI, a pupil of the 
former. See Tabaqat, p. 70, where his book is called “‘ Kitab sharif 
fi-l-mu‘amalat ‘ala tariq al-burhin ” (the noble book on mu‘amalat in 
the demonstrative manner.) According to IBN ABi Usarsr‘a (MULLER’s 
edition, vol. 2, 40) that book was also called Kitab al-arkin (book of 
foundations). See also SUTER no. Igo. 

3. By Asot-L-Qastim AHMAD IBN MuHAMMAD called AL-TUNBARI 
(died c. 1025). See Tabagat, p. 68 ; the consonantal spelling Tunbari 
being followed by the interpolation kadha (sic). See SuTER no. 188, 
where he is called IBN AL-TONEIzI (?). 

4. By Asd-L-QAstm AsBAGH IBN MUHAMMAD IBN AL-SAMH (died 
in 1035). See Introd., 1, 715 ; Tabaqat, p. 69, where his book is called 
the fruit of numbers or al-mu‘amalat. 

It is very remarkable that these four treatises (the only ones I know 
of) are all of them productions of the same country, Spain, and of the same 
time, the first half of the eleventh century (or perhaps the end of the 
tenth century). 

To solve the meaning of the word mu‘amalat, it would be necessary 
to examine these treatises, but unfortunately none of the MSS. is available 
to me. I much hope that one of them may be some day analyzed and 
discussed in Isis. 

Finally I should like to broaden the question. What was the nature 
of the “ commercial arithmetic” of the Arabs? Considering that our 
main sources on the subject seem to be Spanish, one of our Spanish 
contributors might perhaps be induced to investigate it. This might 
involve interesting developments concerning mediaeval commerce, and 
the transmission of Muslim commercial methods to the Christian world. 
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The reality of such a transmission is already substantiated by many 
Spanish commercial terms of Arabic origin. 

There might also be some points of contact between the treatises on 
mu’amalat and those on hisba of which a Spanish exemplar of the same 
(eleventh) century has been recently edited by G. S. Coin and E. Lévi- 


PROVENGAL (Paris, 1931 ; Isis, 19, 528). 
GEORGE SARTON. 


Query no. 24.—Hippocratic oath in Arabic. 

In his charming little volume on the Doctor’s Oath, W. H. S. JoNEs (1) 
quotes the Arabic version of it given by Ipn aBi Usarsr‘a in his ‘Uyain 
al-anba’ (2), a book composed about the middle of the thirteenth century. 
But considering the long and deep interest of the Arabic writers in H1ppo- 
CRATES there must be an earlier text than that. It would be worthwhile 
to retrace the Arabic and Jewish traditions on the subject. It should 
be noted that the Doctor’s Oath is a part of the Hippocratic tradition, 
but not of the Galenic one. 

More generally the history of Hippocratic traditions in the Arabic 
writings remains to be written. Readers of my Jntroduction will realize 
how large and fascinating a subject this would be ; they will obtain 
another glimpse of it in Baron Carra DE VAux’s article Buqrat in the 


Encyclopaedia of Islam (vol. 1, 784, 1912). 
GEORGE SARTON. 


Query no. 25.—Orientation of the mihrdb in mosques. 

When the Prophet instituted the salat (prayers), he ordered them 
to be said in the direction of Jerusalem. However, in Rajab or Sha‘ban 
of the year 2,when he finally despaired of Jewish codperation and decided 
to turn his back on them, he changed the gibla (the direction of prayer) 
from Jerusalem to Mecca. From that time on every Muslim is enjoined 
to say his prayers in the direction of Mecca. If he be in a mosque, that 
direction is supposed to be given to him by some mark or more generally 
by the mihrab ; if he be outside, it is his duty to pray in that direction 
as nearly as he is able to determine it. 

At the beginning, the qibla was simply indicated by a slab of stone 
or a strip of paint on the wall. So it was in the first mosque of Medina, 
where the qibla was first indicated on the northern wall (toward Jeru- 
salem), then on the southern wall (toward Mecca). Gradually the gibla 
became a mihrab. In the eighth century, it already had its usual form : 


(1) Cambridge 1924; see Jsis, 11, 154; Introduction, 2, 95. 
(2) Introduction, 2, 685. 
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a semi-circular shell-shaped niche flanked by pillars and often richly 
ornamented. It is possible that the mihrab is the development (or 
rather the atrophy) of the apse of a basilica ; though its form is so natural 
that it is hardly necessary to postulate any kind of imitation. 

Considering the religious duty distinctly stated in the Qur’an (2, 136, 
etc.) one would expect the mihrab to be very accurately oriented in 
every mosque. That was my own assumption and I even used it as 
an argument to account for the early development of astronomical studies 
in the Dar al-Islim. Indeed the determination of the qibla implies 
a fair amount of mathematical and astronomical knowledge (1). There- 
fore I was amazed when I discovered in the course of my travels in the 
East that the mihrab direction was often inaccurate, and even grossly so. 

In Syria this might be partly explained by the fact that many Christian 
churches were turned into mosques. This may account for the trans- 
mission of the apse form to the mihrab, but not for the position of the 
latter. In reality in mosques derived from churches the qibla is perhaps 
more exactly determined than in others, this being a part of the new 
religious affirmation. In such mosques the general direction of the 
carpets often makes an angle with the axis of the building. This is 
very striking for example in Aya Sophia. 

During my stay in Tlemcen I was amazed to find that the maharib 
were generally placed in the wrong direction—and this in mosques 
which had been built as such and in the construction of which much 
expense and care had been devoted. The mihrab of the great mosque 
of Tlemcen is oriented toward the south ; the same is the case for the 
mosque of Sidi Bel Hassen, now used as a museum, and for the magnificent 
ruined mosque of Mansara. In Fas, I was told that the mihrab of the 
medarsa Seffarine had the best orientation, which implied that other 
maharib were more or less deficient in that respect. In Cairo, I was told 
the same thing about the mihrab of al-Azhar. 

Sometimes, it is true, the error is corrected. For example, in one 
of the Tlemcen mosques (I think it was in the great mosque) I saw a 
mark in the semicircular mihrab indicating the true qibla. I was told 
that the imam of the great mosque leads the prayers standing in a corner 
of the mihrab and shows by his position the holy direction. According 
to Prof. Svouck HurcGRonje, in many mosques of the Dutch East Indies 
the gibla is indicated by the drawing of lines or the stretching of threads, 
and the faithful take their direction from these lines or threads, not from 
the mihrab itself. (2) 


(1) See C. Scuoy in Encyclopaedia of Islam (vol. 2, 987-9, 1927). 
(2) Encyclopaedia of Islam (vol. 2, 986, 1927). 
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The laxity in the usual determination of the qibla is well illustrated 
by the Arabic language, for in the Maghrib that word and its derivative 
qibli refers to the East, while in Syria and Egypt it refers to the South. 
On early Turkish rhomb-cards the south is called either al-janib or al- 
qibla. It was probably because of that confusion that Eastern Muslims 
attached more importance to the southern end of the compass needle 
than to the northern one as we do (3). However, in Egypt, and presum- 
ably also in other countries, they sell little compasses indicating the 
true gibla. 

Has a survey ever been made of the directions of the maharib? It 
would be interesting to undertake it. That survey could not be made 
completely except by a Muslim, for many mosques are closed to infidels. 
I would like to know how correct the maharib are in different countries, 
and at different periods ; this would give us some indications with regard 
to the intellectual accuracy of the people of those times and places. The 
facts I have thus far been able to collect (outside of my own observations) 
are very meagre and divergent. 

GEORGE SARTON. 


Query ne. 26.—Le Prospectus de I’ Encyclopédie (1750). 

Dans |’édition des (Euvres completes de Diperot de JuLEs AssézAT 
(1832-76) (20 vols., Paris, GARNIER, 1875-77) on trouve au vol. 13 (p. 120- 
64), le texte du Prospectus qui (d’aprés |’éditeur) parut en octobre 1750, 
daté 1751. Ce texte commence ainsi (p. 129) : 


« L’ouvrage que nous annongons n’est plus un ouvrage a faire. Le manuscrit 
et les dessins en sont complets. Nous pouvons assurer qu’il n’aura pas moins 
de huit volumes et de six cents planches, et que les volumes se succéderont sans 
interruption. » 


I] différe trés sensiblement du texte qui fut placé par d’ALEMBERT 
& la suite de son « Discours préliminaire des éditeurs » dans le vol. 1 
de l’Encyclopédie (1751). D’ailleurs p’ALEMBERT nous dit lui-méme 
(p. XXxili) : 


« Aprés les réflexions & les vies générales que nous avons cra devoir placer 
a la téte de cette Encyclopédie, il est tems enfin d’instruire plus particulierement 
le public sur l’'Ouvrage que nous lui présentons. Le Prospectus qui a déja été 
publié dans cette vde, & dont M. Diperot mon collegue est |’auteur, ayant été 
recu de toute |’Europe avec les plus grands éloges, je vais en son nom le remettre 
ici de nouveau sous les yeux du Public, avec les changements & les additions qui 
nous ont paru convenable a |’un & 4 |’autre. » 


(3) See my Introd., 2, 630. 
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Il ressort clairement de ce passage, si l’on en doutait encore, que ce 
Prospectus fut publié indépendamment et sans doute fut-il tiré & un 
grand nombre d’exemplaires, et cependant il semble avoir complétement 
disparu! Des recherches que Madame Metzcer a bien voulu faire 
pour moi a la Bibliotheque nationale de Paris n’ont donné aucun résultat. 
D’autre part cette Bibliothéque avait organisé cet été (1932) une exposition 
relative a l’Encyclopédie et autant qu’on en peut juger par le catalogue 
qui en a été publié (voir Isis, 19, 400), aucun exemplaire du Prospectus 
n’y a été montré. I] est possible toutefois que des exemplaires en existent 
encore ailleurs ? Peut-étre certains se trouvent-il insérés dans le premier 
volume de |’Encyclopédie, sans étre catalogués séparément? I] vaudrait 
la peine de faire des recherches a ce sujet, et si un exemplaire original 
de ce Prospectus était découvert je serais heureux d’en publier une descrip- 
tion illustrée dans sts, avec l’indication des variantes principales par rap- 
port aux textes donnés par D’ALEMBERT et par AssézaT. 

GEORGE SARTON. 


II. — MISCELLANEA. 


Paris.—Institut d’Histotre des Sciences, année scolaire 1932-1933. 
Cours des Facultés et des Etablissements publics d’Enseignement supé- 
rieur 4 Paris, coordonnant le programme de l'Institut. 

M. Asev Rey, directeur de I’Institut : Histoire de la Science hellénique 
a partir des temps platoniciens. 

Etudes d'Histoire philosophique des Sciences (Cours préparatoire au 
Certificat d'Histoire et Philosophie des Sciences). 

M. LaiGcNnet-Lavastine : Histoire de la Tuberculose. 

M. Le Roy : Le probléme de l'atome, d’aprés la science et la philosophie. 

La portée philosophique des nouvelles données de la physique et de l'astro- 
nomie. 

M. Massicnon : La formation du vocabulaire scientifique arabe chez 
les encyclopédistes quarmates du Xe siécle (IKWAN AL SaFA). 

M. Mauss et M. Simianp : Histoire des Techniques. 

Conférences de l'Institut : 

M. P. Brunet : L’Astronomie physique de 1687 a 1759. 

M. Marorte : La genése de notre connaissance du systéme du monde, 
envisagée dans ses relations avec l’enseignement élémentaire de la cosmographie. 
M. VoOLKRINGER : L’évolution des théories sur la nature de la lumieére. 

M. Dauyat : Les travaux de DuHEM sur les origines du principe de Pascal 
en hydrostatique. 

Madame Merzcer : La philosophie de la matiére chez les chimistes 
du XVII° et du XVIII® siécles. 
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M. Brauman : Histotre de la technique chimique jusqu’au début de la 


chimie pneumatique. 
M. Larcnet-Lavastine : Les grandes étapes de la pensée biologique 


(avec projections) : (Cours préparatoire au Certificat d’Histoire et Philo- 


sophie des Sciences). 


Centenaire de la mort de Nicéphore Niepce.—Le 4 juin 1933 a 
été célébré & Chalons sur Saéne, le centenaire de la mort de JOsEPH 
NicépHore NIEPCE (7.03.1765 — 3.07.1833) qui a, le premier, obtenu 
en 1824, une photographie positive de l'image d’une chambre noire 


(Isis, 8, 511 ff.). L. S. 
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Tomus prodromus. JOSEPHI FISCHER S.J. de Cl. Ptolemaei vita 
operibus geographia praesertim eiusque fatis. Pars prior. Commentatio 
(xvI+608 p.) 

Tomus prodromus. Pars altera. Tabulae geographicae lxxxiii graecae 
arabicae latinae e codicibus liii selectae (x1 p., plates). 

Pars prior. ‘Textus cum appendice critica Pitt FRANCHI DE CAVALIERI 
(40 p.; facsimile). 

Pars altera. Tabulae geographicae. Accedunt tabulae viginti septem 
codicis Vaticani latini 5698 tres Urbinatis graeci 83. (elephant folio 
volume ; the three other parts being quarto). 


This great work which marks the culmination of Father JosEPpx 
FiscHEr’s long activity (1) is so important that it is worthwhile to describe 
its genesis. But first of all let us indicate in a few words how important 
it is. ProLemy’s geography, the ewypaduxr d¢rjynars, is undoubtedly 
one of the greatest books in the whole history of science : it has deeply 
influenced geographical knowledge for more than twelve centuries. Now 
this is the first complete edition of that fundamental book, text and 
maps, together with a thorough introduction and an imposing apparatus 
ready for further study. 

In the autumn of 1899 the author made a startling discovery in the 
library of Wolfegg castle (in Wiirttemberg), one of the seats of His Serenis- 
sime Highness the prince of WALDBURG-WOLFEGG-WALDSEE. In that 

(1) See Isis passim. Yet the Fiscuer bibliography in Jsis is very incomplete, 
partly because he sent us only a few reprints. 
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single library he found four cartographical unica : the two world maps 
of MarTIN WALDSEEMULLER (Ilacomilus) of 1507 and 1516, another and 
still larger world map by Jopocus Honpius, 1611, and best of all, a 
Latin Protemy Ms. of Donnus NICOLAUS GERMANNUS (text and maps), 
dated 1468, which proved to be the prototype of the Ulm edition of 
1486. Encouraged by this find, Father FiscHer began a systematic 
search in the map sections of many German and Italian libraries (1903-4) ; 
he found no new WALDSEEMULLER map but a rich collection of Ptolemaic 
Latin MSS. While he was working at the Ambrosiana in Milano he 
was helped by Mons. Dr. AcHILLe Ratti (now H. H. Pius XI!) who 
drew his attention to a Ptolemaic Greek codex (Cod. Mediol. Ambr. 
graec. D 527 inf., alias gr. 997) including a world map, 64 provincial 
maps, and 4 general maps of Europe, Libya, N. Asia and S. Asia (the 
Latin MSS. contain only a world map and 26 provincial maps). Father 
FISCHER examined that codex and concluded that however interesting 
for the history of cartography, it was but of little use for the study of 
the early Ptolemaic tradition. 

Pursuing his investigations he discovered in the Vatican the Codex 
lat. 5698 which was strikingly different from the other Latin MSS. and 
printed copies. Could there be a Greek prototype to that Codex? 
Yes, there was, and the indefatigable searcher found it in the same Vatican 
library : the Urbinas graec. 82. He also discovered at the same time 
that the Urbinas graec. 83 was closely connected with the Ambr. gr. 997 
above mentioned. 

He was thus led to distinguish two different Greek traditions : the 
A redaction (I use his own symbols) containing a world map and 26 
special maps, and the B redaction, containing a world map and 64 (or 68) 
special maps. These redactions differ also in many other respects. 
Now all the Latin MSS. contain only the 27 maps of the A redaction, 
but the nomenclature and outline of these maps often show traces of the 
B tradition. 

Father FiscHer was then already convinced of the superiority of 
Urbinas graec. 82, but for the sake of thoroughness he decided to investi- 
gate the English and French libraries (1909-10). He even examined 
the Syrian, Arabic, and Armenian maps, or rather this was done for 
him by Dr. Hans v. Mzitk. As the importance of his purpose and his 
own earnestness and ability were fully appreciated he received considerable 
help not only from his own people, the Jesuit institutes of Maria-Laach 
and Feldkirch, but also from almost all the leading historians of carto- 
graphy. During a third journey of exploration (Rome, 1925) he investi- 
gated such questions as the relationship between Urb. graec. 82 and 
the MS. of the Vatopedi monastery of Mt. Athos ; the relationship between 
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the text of Urb. graec. 82 and its maps ; the relationship between the 
Urb. world map and the additions ascribed to AGATHODAEMON (2) ; etc. 

Thanks to combined efforts of Father FiscHer and of many other 
scholars we may now consider established (as well as anything of that 
kind can be) that ProLemy was the real author of the text and the originator 
of the maps. 

In his study of the Greek text C. MUELLER had already reached the 
conclusion that there were two traditions of that text, which he called 
the Byzantine and the Asiatic tradition. This corresponds roughly to 
the A and B redactions of Father Fiscuer ; and Urb. graec. 82 (of c. 1200) 
is our most ancient representative of the Byzantine or A tradition. 

Mi er had neglected the cartographic evidence on the assumption 
that the maps could not be traced back to Protemy. In fact the maps 
are as old as our oldest MSS., and we know that ProLemy’s very aim 
was the production of a world map, witness his statement : [Tpoxewpeé- 
vou 8’€v T@ tapdvri Kataypaiybar tiv Kal” Huds oikoupévny ovppeTpov 
ds €ve pdAvora TH Kar’ aGAnPevav (3) (I, 2, 2). 

The thorough study of all the maps available convinced the author 
that the maps of Urb. graec. 82 should be taken as the basic maps. They 
are remarkably well completed by the maps of Vat. lat. 5698, both with 
regard to nomenclature and outline. Unfortunately in the present 
publication the corresponding Latin and Greek maps are not opposite 
one another and minute comparison between them is very difficult if 
not impossible,—unless the book be unbound and the maps loosened. 

Father FiscHer’s great undertaking was much delayed by the war 
and the printing of it suffered many interruptions, with the result that 
it was necessary to print abundant additions in the end (p. 515-54 of 
Prodromus). The most important of these additions refer to various 
Constantinople MSS. communicated by Dr. ApotF DeIssMANN. Other 
notes were suggested by the writings of ALBERT HERRMANN, ERNST 
HONIGMANN (Isis, 14, 270-76), PauL SCHNABEL, ALBERT REHM, PAUL 
Diercke, Otto Cuntz, etc. Some of the notes (as well as parts of 
the main text) were contributed by Monsignore G. Mercati, who 
took a very deep interest in the work throughout. To be sure it would 
have been more convenient if the substance of these addenda could have 
been integrated into the body of the work, but it is better to have them 
as they are than not at all. 


(2) Fiscuer, 1916; Isis, 5, 206; Introduction, 1, 276. 

(3) Latinized by Muetter as follows: Sed quum in praesentiarum propositum 
sit, nostram terram habitatam ita describere, ut delineatio quam maxime congruat 
cum vera terra. 
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The Arabic maps in the second volume of the Prodromus (Cod. Const. 
arab. 2610 ad S. Sophiae) are borrowed from the Monumenta cartographica 
Africae et Aegypti edited by the Egyptian Prince Youssour KAMAL 
(vol. 1, Cairo, 1926, etc., Isis, 12, 393), a book which I have not yet 
succeeded in seeing. 

The present work is fundamental but so expensive that it is beyond 
the reach of any but the very largest libraries. Moreover, it is not easy 
to handle, and requires further study. Let us hope that some scholar, 
taking full advantage of it, will give us an English survey of Ptolemaic 
geography and of all the problems relative to it, and publish it in a con- 
venient shape and at an accessible price. In any case, this work will 


remain fundamental—an eternal monument to the author’s memory. 
GEORGE SARTON. 


Ptolemy.—Geography of Claudius Ptolemy. Translated into English 
and edited by Epwarp LUTHER STEVENSON. Based upon Greek 
and Latin manuscripts and important late fifteenth and early sixteenth 
century printed editions. Including reproductions of the maps from 
the Ebner Manuscript, ca. 1460. With an introduction by JosEPH 
FiscHer, S.J. xvi-+-167 p., 29 facsimile maps. New York, Public 
Library, 1932 (250 copies). 

When I was reviewing a few weeks ago FiscHer’s great Ptolemaic 
edition and commentary (4 vols., Leide, 1932) and expressing the wish 
that an English version of the Geography might be available, I did not 
realize that my wish would be so promptly fulfilled. And yet I should 
have known that Dr. STEVENSON was engaged in that undertaking, 
for I have followed his fruitful activities as closely as he would allow 
me (see, e.g., Isis, 4, 549-53, including an imposing list of his earlier 
publications.) 

The present splendid volume is appropriately published by the New 
York Public Library because it contains a full size facsimile reproduction 
of the 27 maps of the Codex Ebnerianus which is now one of the main 
treasures of that library. To these maps have been added two others : 
the Ruysch map of the printed Ptolemy of 1508, and the New World 
map of the printed edition of 1522, bearing the word “‘ America ” printed 
across S. America, where WALDSEEMULLER had placed it in his World 
Map of 1507. 

The New York Public Library might have restricted itself to the 
publication of this valuable facsimile, but it considered with reason 
that no facsimile publication is justified without explanatory material, 
and added to it a complete English version of the text of the Geography 
(the first complete version in any modern language), together with an 
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English summary of FiIsCHER’s learned Commentatio (published in the 
Tomus prodromus of his Ptolemy above-mentioned). I shall return 
to this presently. 

To underline the complexity and difficulty of the investigations con- 
cerning PToLEMy’s geography, it will suffice to say that there are more 
than fifty printed editions of it, and more than forty MSS. (Greek, Latin, 
Arabic) though very few of these are fairly complete. Of the complete 
MSS. five are now available in facsimile editions, to wit : 

(1) Codex Athous graecus, from the Vatopedi monastery on Mt. Athos. 
Published by Vicror LANGLots, Paris, 1867. 

(2) Ms. latin 4802, Bibliothéque nationale, Paris. Latin translation 
of Jacopo p’ANGIOLO. Published by H. Omonrt (Paris, 1925) (not seen). 
(3) Codex Urbinas graecus 82. Published by Father FiscHer, 1932. 

(4) A Donnus NicoLaus GerMaNnus MS. issued in a limited edition, 
photographed and hand colored. Known to me only by STEVENSON’s 
mention of it in his own preface (p. xvi). He says that it is one of the 
finest MSS. known but does not state which it is and where it is ( ?!). 

(5) Codex Ebnerianus reproduced in the present volume. 

It should be noted at once that this last named Latin MS. dates from 
c. 1460 while the Urbino Greek MS. reproduced by Father FiscHEer 
dates from c. 1200. 

The Introduction provided by Father FiscHer to this volume is 
a summary of the very elaborate introduction to his own. A great 
part is devoted to the proof of the originality of the Ptolemaic maps. 
Father FiscHer’s conclusions may be quoted (p. 13) : 

““He who assumes that the text of ProLemy goes back to Pro_emy himself, 
must assume also, in accordance with the principles of a sound criticism, that 
the maps similarly transmitted also go back to Protemy. If we inquire more 
carefully about the relation between maps and text three interpretations are 
possible : (1) the maps might have been drawn according to PToLEMy’s text; 
(2) the text might have been derived from the maps; (3) or both text and maps 
may show an independent transmission, so that the maps may represent the 
remodeled and completed MArINUs maps, and the text the remodeled MARINUS 
text. All three possibilities I have investigated thoroughly. In this investigation 
I came to the conclusion that the third possibility conforms to the truth (Commen- 
tatio, p. 136-158). Still another legitimate objection is, however, to be met : 
If Protemy had actually added to his Geography the maps transmitted to us, 
then traces of them would necessarily be found in the literature of the ancient 
people. In my Commentatio I have treated in detail the question whether or not 
from the traditions of the subsequent time the existence of PTOLEMY’s maps 
can also be proved. The investigation revealed that the maps of PTOLEMY exer- 
cised, for a long time, influence among the Greeks and Byzantines (AGATHODAMON, 
Pappus, MARCIAN OF HERACLEA); among the Syrians, Arabians and Armenians 
(Jacosus or Epessa, AL-Kinp1, MUHAMMAD IBN Musa AL-KHWaARIzMI, Pseudo- 
Moses oF CHORENE); among the Romans and the Germans (JuLrus AFRICANUs, 
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AMMIANUS MARCELLINus, Jacopus ANGELUS, FRANCESCO pI LAPACINO, DOMENICO 
BUONINSEGNI, DoNNus NicoL_aus GeERMANUS, HENRICUS MARTELLUS GERMANUS, 
MartTIN WALDSEEMOLLER); Commentatio, p. 417-490.” 


However, the case of the Prolemaic World Maps is different (p. 5) : 


“‘ It is a strange caprice of fate that just that map of the world which one so 
often sees copied as PTroLeMy’s map of the world does not go back to PTOLEMY. 
That it does not show the modified spherical projection which, according to 
ProLemy’s plain words (at the end of the last chapter of Book I), was certainly 
to be expected, but the simple conical projection, SCHONE has already correctly 
noted and for this reason has justly denied that ProLemy could be regarded as 
the originator of the world map. In the meantime ApotF DeISSMANN has 
succeeded in finding in the Serail Library of Constantinople, a Ptolemaic 
manuscript in Greek which gives the world map in the modified spherical projection 
as used by Protemy. Professor DeEIssMANN kindly placed at my disposal text 
and maps of this manuscript in photographic reproduction. It was my first 
impression that I had before me the genuine world map of ProLemy, but I was 
soon convinced that although the projection is that of ProLemy the contents 
of the map do not correspond at all to ProLemMy’s data as they are found in the 
last three chapters of Book VII, but have been greatly modified by the additions 
of AGATHODAMON (Commentatio, p. 515-521). In the final results of my earlier 
investigations nothing therefore is changed by the new discovery; the twenty-six 
provincial maps of the A-redaction, and the sixty-four small provincial maps 
of the B-redaction go back to ProLemy, but the world map, essentially the same 
in both the A-redaction and the B-redaction, is to be accredited to the Alexandrian 
geographer AGATHODAMON.” 


What was Pro.emy’s problem? (p. 7) : 


““PTOLEMY wanted to restore completely, not only a map which would 
correspond, as far as possible, to the existing text of the latest edition of MARINUs, 
but he wanted also to furnish an improved Marinus map altogether according 
to the ideas of Marinus himself. In order to attain this end and secure it for 
the future, he had to solve, in addition to his main problem, two secondary pro- 
blems. He had (1) to submit the collected material to a reéxamination, and (2) 
to perfect the map-drawing (a) by an exact and tabular presentation on one plane, 
not on eight or more, and together the positions in longitude and latitude of 
that which was to be entered, and (b) by determining a proper kind of projection. 
How Pro.emy solved these secondary problems we learn from chapters six to 
twenty-four of Book I, and in detail in Books II-VII.” 


The Latin Ms. here reproduced is important because it was the original 
copy for the Roman printed editions of 1478, 1490, 1507, 1508 in which 
the Ptolemaic maps were reproduced more accurately than in others, 
yet the reader must be warned that Donnus NICOLAUs introduced changes, 
namely in the projection. Let us quote again Father FIscHER (p. 10) : 


“Instead of the modified projection of Marinus, selected by Protemy for 
his territorial and provincial maps, in which only the middle parallel of the special 
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map was divided in right proportions, DonNus NicoLaus (who is erroneously 
called Donis Nico.aus in the Ulm edition of Protemy of 1482) has on each 
map divided at least two parallels in right proportion. Thereby he has attained 
effectively the greater similarity striven after by ProLemy, with a drawing upon 
the globe. The maps of the reproduced Codex Ebnerianus plainly show this. 
Since the ‘ Donts Projection ’ introduced by DoNNus NicoLaus GERMANUsS became 
generally known (FiscHer, Die Entdeckungen der Normannen in Amerika, Freiburg, 
1902, p. 82, Beilage 6; English edition, London, 1903, p. 79) in the Rome editions 
of 1478, 1490, 1507, and 1508, the Ulm of 1482 and of 1486, the Strassburg of 
1513, 1520, 1522, and 1525, it has long been considered as the actual Ptolemaic 
one, and later on, just this very projection has had to serve as proof that the maps 
of ProLemy could not have originated with PToLemy, since he assuredly would 
not have applied the ‘ Donis Projection,’ but the modified Marrnus projection. 
We see by this example to what conclusions one is led, unless one goes back to 
the original source.” 


Pro_emy’s Geography can never be given too much importance, for 
it was the fountain source of geographical knowledge for more than 
twelve centuries. The more reason for pointing out its defects. STEVEN- 
SON does it briefly and clearly as follows (p. xv) : 


ProLemy ‘“‘ greatly exaggerated the total longitude of the inhabited earth, 
and yet he reduced this from that given by Marinus and by others who had 
preceded him. He increased by almost one third the length of the Mediterranean; 
he makes the Indian Ocean an enclosed sea by joining the south-eastern region 
of Asia to southern Africa, and by those who accepted his geography this might 
well have been the reason for less vigorous and less early effort to reach the Indies 
of the East by an attempt to circumnavigate Africa; he increased very greatly 
the size of the island Ceylon.” 


The facts given by me in my Introduction (vol. 1, 272) should be 
corrected as follows. PToLEmy’s lifetime extended from about go to 168. 
The place of his birth remains uncertain (I said “ Egypt,” but even 
that is more than we know). It was perhaps Ptolemais Hermeiou, on 
the Nile below Abydos ; but not Pelusium, which name rests on a mis- 
understanding. ABd-L-WarA’ description of ProLEMy’s personal appear- 
ance, well known through the translation of GERARD OF CREMONA in 
the foreword to the Almagest edition of 1515, is interesting but in spite 
of its engaging concreteness unreliable. His moral character is better 
known through his own utterances, chiefly this one in the Almagest, 
book I (p. 14) : 


““We have come to believe that it is our duty, on the one hand, to regulate 
our actions harmoniously in order that we ourselves, in the contingencies of daily 
life may never forget to pay regard to noble demeanor and tactful bearing; on 
the other hand to devote our entire strength to intellectual activity, for the purpose 
of imparting instruction in theoretical knowledge, whose branches are numerous 
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and glorious; preéminently, however, to give instruction in that realm which 
is specifically comprehended under the name of Mathematics.’ ”’ 


I shall not attempt to judge STevENSON’s English version as this would 
require a long and painful comparison with the Greek text, but it is 
clear that his task, however well done as far as it goes, 1s still incomplete 
in many respects, and thus this very beautiful volume does not yet fulfill 
our hopes after all. 

To begin with, this English version being a part of an expensive and 
rare publication will only be found in relatively large libraries, and even 
there it will be kept under lock and key among the more precious volumes 
and will not be available to students except with many restrictions. 

What we still need is an English version (possibly this one) printed 
in a volume of moderate size and price, together with a study of the 
Ptolemaic MSS. and editions, of ProLemy’s life and works, and of the 
problems connected with Marinus and AGATHODAEMON. 

The English version and the Greek text should be printed on opposite 
pages, the main variants of the fundamental MSS. being quoted (there 
are no variants whatever in STEVENSON’s book !). Modern coordinates 
should be printed in tabular form alongside of the Ptolemaic latitudes 
and longitudes, and other geographical references should be added to 
the text. Of course the main difficulty would be to restrict oneself 
to the essential. The task would be very difficult indeed, but it is so 
important that it would deserve to engage the most careful efforts of 
the most intelligent scholar. Finally there should be an index. The 
maps might be reproduced in cheaper editions (1), and it would be 
easy to index them by means of a sheet of transparent paper divided 
into numbered squares, such a sheet being inserted into each volume. 
In any case the text and maps should be published in two separate volumes, 
in order that both may be consulted simultaneously, and in different 
formats, the large size needed for the maps being very inconvenient 
for the text. 

All of which shows that there is still plenty of work reserved for future 
scholare, but we must be thankful to Dr. Stevenson for having brought 


us a little nearer to the goal. 
GEORGE SARTON 


The Mishnat ha- Middot, the first Hebrew Geometry of about 150 C. E., 
and the Geometry of MUHAMMAD IBN Musa AL-KHOWARIZMI, the 


(1) The British Museum has shown how this could be done beautifully yet 
cheaply (/sts, 13, 162, 236). 
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first Arabic Geometry (c. 820), representing the Arabic Version of 
the Mishnat ha-Middot. A new edition of the Hebrew and Arabic 
texts with introduction, translation and notes by SOLOMON GANDZ, 
with 14 figures in the text and 4 plates (Quellen und Studien zur 
Geschichte der Mathematik, Astronomie und Physik, herausgegeben 
von O. NEUGEBAUER, J. STENZEL, O. Toepitz, Abteilung A : Quellen, 
2 Band). JuLius Sprincer, Berlin, 1932. Paper, pp. vi11+96. 

The text of the Mishnat ha-Middot was first discovered by Moritz 
STEINSCHNEIDER in 1862 in MS. 36 of the Munich Library, and it was 
published by him for the first time in 1864 in honour of the seventieth 
birthday of Leopotp Zunz, the father of Jewish science. In 1880 
the text*was again edited and published by the distinguished mathemati- 
cian, HERMANN SCHAPIRA, who was the first to perceive the extraordinary 
likeness between the Mishnat ha-Middot and one section of the algebra 
of MUHAMMAD IBN Musa AL-KHOWARIZMI, one of the earliest of Muslim 
mathematicians. The editor of the present edition has sought not only 
to emend and occasionally even to reconstruct the Hebrew text by the 
help of a new fragment of the Mishnat ha-Middot discovered by Nev- 
GEBAUER in the Bodleian Library, Oxford, and, being an Arabic scholar 
which SCHAPIRA was not, by comparison with the treatise on mensuration 
of aL-KHOWARIZMI, but also to elaborate and establish conclusions which 
SCHAPIRA, with no knowledge of Arabic and not so versed as the present 
editor in the history of Oriental mathematics, could only surmise. 

A book named Mishnat, Baraita, or Midrash of forty-nine Middot 
is cited by such early Jewish authorities as RasHI and IBN Ezra, but 
such quotations as these give, are of a Midrashic nature, dealing with 
measurements of the tabernacle, or exegesis of the Bible, and many of 
them have been found in the Baraita de Meleket ha-Mishkan. The 
Mishnat ha-Middot discovered by STEINSCHNEIDER, on the other hand, 
is a treatise on mensuration with only forty-two paragraphs and con- 
taining none of these quotations, although there appear in it quotations 
found by E. CaRMOLY in a commentary of ComTINo to the Yesod Mora 
of IBN Ezra and a commentary of SHABBATAI BEN MALKIEL to the Sepher 
ha-Shem of InN Ezra, and ComrTINo states that the forty-nine Middot 
are based upon the science of mensuration and geometry. The identity 
or non-identity of the two books is a difficult question, and the value 
of ComTINo’s evidence would bear further investigation, especially his 
statement concerning the number of paragraphs, since that may be a 
crucial point in the problem. 

Professor GANDz accepts the identity of the two books, basing his 
judgment on new facts supplied by the Bodleian fragment. For it 
has, in addition to the five chapters of the Munich MS., a sixth chapter 
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which is entirely Midrashic in nature and which contains some of the 
quotations made by Rast from the Mishnat of the forty-nine Middot. 
GANDZ supposes, therefore, that “‘ the old Mishnat ha-Middot contained 
two parts, a Midrash to the chapter of the Bible dealing with the con- 
struction of the tabernacle, and a short compendium of geometry as a 
fitting introduction to this Midrash,” but he is not prepared to stress 
the remarkable fact that the additional paragraphs brought or indicated 
by the Bodleian fragment would make the number of paragraphs in the 
old Mishnat ha-Middot exactly forty-nine, since, in his opinion, it is 
improbable that the text of the Midrash would consist of five paragraphs 
only and the geometrical introduction of forty-four. He assumes, there- 
fore, that the title, ‘‘ Forty-nine Middot,” refers to the number of para- 
graphs in the Midrashic text, which would be represented today by the 
Baratta de Meleket ha-Mishkan. Since, however, ComTrno lived in 
Constantinople in the second half of the fifteenth century,and the Munich 
MS. was written there in 1480, it may be urged that his statement con- 
cerning the number of paragraphs is based on a version similar to that 
represented by the Bodleian fragment, and this, if true, would be of some 
consequence, since, then, the only link between the mathematical text 
of the Mishnat ha-Middot and the Midrash of the forty-nine Middot 
would be the sixth chapter supplied by the Bodleian fragment with 
RasHI’s quotations of the forty-nine Middot in it, and it would be just 
as probable to consider the sixth chapter an adventitious adjunct to 
the mathematical treatise as to regard it as the first chapter of a Midrashic 
book. In any case it is quite conceivable that the two books were once 
separate entities and then were joined together for some purpose of the 
schools, either, as GANDZ suggests, as mathematical introduction and 
Midrashic treatise, or, what is also possib e, as a mathematical treatise 
with a Midrashic conclusion. 

STEINSCHNEIDER dates the Mishnat ha-Middot in the early Arab period 
(c. 800-1200), led to this conclusion apparently by the scientific nature 
of the contents and the fact that a few of the mathematical terms cor- 
respond to Arabic terms. SCHAPIRA has shown, however, that the 
mathematical terminology of the Mishnat ha-Middot is different from 
that of the Hebrew mathematicians of the Arab period and holds that 
it must have been written earlier, most probably in the time of the Mishnah. 
GANDz accepts SCHAPIRA’s view anc seeks to confirm it by a careful 
comparison with the treatise on mensuration of AL-KHOWARIZMI, in 
which he endeavours to demonstrate that AL-KHOWARIZMI is dependent 
on the Mishnat ha-Middot. His thesis is that in the Mishnat ha-Middot 
we have “a genuine treatise of an old Mishnah,” and that it forms “a 

missing link in the transition of non-Greek, Oriental mathematics.” 














REVIEWS 277 


The date which GANDz advances for the Mishnat ha-Middot, however, 
about 150 C.E., is based on two considerations, in the first place, the 
vocabulary, diction, style, and terminology of the treatise, and secondly, 
the authorship. The present writer feels himself incompetent to judge 
of the first consideration and would only remark that vocabulary, diction, 
style, and terminology, are not always dependable indications of date. 
The crux of the matter lies in the authorship, and it should be pointed 
out that the name, NEHEMIAH, occurs only twice, and both times in 
the Bodleian fragment only, once in the Midrashic sixth chapter and 
again in the fifth, where the same mathematical formula is attributed 
to NEHEMIAH as in the sixth chapter, a chain of circumstances calculated 
to give rise to suspicion. Moreover, the connexion of this name with 
the Rabbi NEHEMIAH of the second contury C.E. is, of course, a conjecture, 
resting for the most part on the fact that he appears to have been interested 
in mathematical computations. 

The whole literary and historical background of the problem presented 
by the book is discussed by GANDz with great acumen and scholarly 
simplicity in his introductions to the Hebrew and Arabic texts, and the 
problem is laid bare in such a masterly fashion and the facts stated so 
candidly that it is possible for a scholar to draw his own conclusions, 
if he does not agree with those of GANDz. ‘The emendations and recon- 
structions of the Hebrew text proposed by Ganpz are the fruits of ripe 
scholarship and based on genuine philological grounds, many of his 
notes are nothing short of essays on the historical development of mathe- 
matical terminology, and so far as the texts and translations are concerned, 
the edition is as definitive as can well be expected. In the statement 
of his thesis, however, there is some confusion, and the evidence on which 
he relies to demonstrate it, will not be accepted in toto without further 
proof. 

On page 63 GANDz writes that “‘ the comparative table on p. 85 makes 
it evident that the bulk of aL-KHowariIzMI’s geometry was verbally 
taken from the Mishnat ha-Middot,” and on page 64 that it is “‘ an almost 
verbal translation of an old Hebrew geometry,” and yet on the same 
page as the latter citation we are told that “ AL-KHOWARIZMI’s work 
and life offer no further evidence for the assumption of a familiarity 
with Hebrew language and thought ” and that “ there is more probability 
for the conclusion that this Hebrew geometry was available in a Persian 
or Syriac translation.”” The full implications of this last statement 
have not been duly weighed by Ganpz, otherwise he would not have 
talked of a verbal translation, nor would he have asserted so often in his 
notes that AL-KHOWARIZMI is translating in this or that place Hebrew 
words or phrases. 
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Moreover, the comparative table on page 85 does not prove that the 
bulk of aAL-KHOWARIZMI’s geometry was taken from the Mishnat ha- 
Middot. ‘The order of the sections is entirely different. In one section 
the Arabic has another text altogether, and another section is not 
represented in the Hebrew at all. Sometimes the Hebrew is fuller, at 
other times the Arabic. In some sections the Arabic arranges the material 
quite differently from the Hebrew, in others it adds proofs that appear 
to be of a more developed type than those given in the Mishnat ha-Middot, 
not to speak of phrases and sentences that are occasionally of vital import 
and which GaANDz on two occasions at least (Cf. p. 29, note 38) inserts 
into the Hebrew text with no other justification than that the author 
of the Mishnat ha-Middot shows in another section that he knew the 
required formula, a plausible argument, if we overlook the fact that the 
Mishnat ha-Middot has probably had a history of its own. These facts 
do not point to a direct dependence of the one book upon the other, 
but only to a family resemblance, and AL-KHOWARIZMI’s chapter on 
mensuration is probably a more advanced type of a common school 
text, of which an earlier type served as basis for the Mishnat ha-Middot. 

Direct dependence of the Arabic text upon the Hebrew might be 
granted, if GANDz’s assertion on page 7 that “ AL-KHOWARIZMI’s geo- 
metry shows terms and phrases which seem more familiar and congenial 
to the Hebrew than to the Arabic language,’ could be substantiated, 
but none of the instances which he offers in his note on that page can 
be accepted. ‘Amid, for example, is used by AL-KHOWARIZMI’s older 
contemporary, AL-Hajjaj, in his translation of Euciip. So also is dhira’ 
fi dhira’ and daraba fi. ‘Umg is the ordinary Arabic term for depth, 
and misdhah occurs only five times, so far as I have noticed, three times 
in the text and twice in figures, and its meaning in one case at least is 
clearly not area, for which the term generally used is taskir, but measure- 
ment, as GANDZ himself translates it in this place, and which is a quite 
possible translation in the other instances also. With respect to other 
terms referred to in the notes to the text, sath, watar, dil‘ jadhr, and 
qutr, are all to be found in aL-HajjaJ, and qufr does not mean “ dropping- 
rain,” as GANDZ supposes on page 15, note 16, the Arabic term for which 
is gajr. That Qd’im is a translation of the Hebrew nizzdbhu is far- 
fetched, since in the Arabic Qd’im is only the half of a phrase, which is 
represented in the Hebrew by the one word nizzdbhd. The one case 
which is worth investigation is that of gaus (segment), which GANDZ 
derives from the Hebrew geshitha, and for which the usual Arabic term 
is gi‘fah, but the name, bow, is such a natural one for a segment that 
the claim of dependence in such an instance is a mere conjecture ; and 
it should be observed also that AL-KHOWARIZMI begins this section 
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with the statement that “ each segment (qi‘fah) of a circle is like to a 
bow (gaus),” using the bow as a picture, so-to speak, of a segment. 

GaNpbz’s notes about the term, root, are also somewhat puzzling. 
AL-KHowarizMI writes, section 1. f., p. 68, ‘‘ For any square area with 
equal sides one of its sides multiplied by one is its root.” GaNnpz trans- 
lates, ‘‘ multiplied by one [square unit],” and on page 37, note 11, he 
asserts that the same definition of root is given by ABU Kamit SHuja 
and refers to KARPINSKI in The American Mathematical Monthly, XXI 
(1914), p. 40, where we find the following statement of ABU Kami : 
“* Of that square any side multiplied by one in number is the same as the 
area of a surface whose length is the side or the root of the square.” The 
origin and meaning of the phrase, “ square unit,” is, at least to the present 
writer, not clear, and there is no support for it in either the present 
Hebrew or Arabic text. 

Two remarks in conclusion. The fact that AL-KHOwaRIzMI’s book 
on mensuration shows little or no sign of influence from the side of Greek 
theoretical mathematics does not prove either his ignorance or his dislike 
of that mathematics. The only legitimate inference is that he did not 
use it, or find it useful, for his purpose, a fact that can be explained 
by the practical nature and object of the book and perhaps by the tra- 
ditions of the schools. For although AL-KHOwarRIzMI probably lived 
some of his life far away from Greek countries, as GANDZ says, he spent 
a considerable part of it nevertheless in a country where the Nestorian 
schools still flourished and where AL-Hajyjaj translated Evciip. 

I would like also to suggest that it would have been better if Ganpz 
had relegated all emendations and reconstructions of the Hebrew text 
with their translations to the notes, especially those based on AL- KHOWA- 
RIZMI, for even although he carefully draws attention to all such changes 
in his notes, the method he has used is apt to confuse some of the issues, 
and even the best of proof-reading is liable to error, as page 40 will 
prove, where there should be emended text within square brackets 
according to note 13. 

The following errors have been observed. P. 14, note 12, read “ roof ” 
for “ root,”; p. 15, |. 3, read “ in its length ” for “ in the length ”; p. 15, 
note 16, read “ Arabic” for “‘ Arabiq”’; p. 25, 1. 8, read “ by” for 
“upon”; p. 26, note 16, read “ ist” for “ sti”; p. 27, note 22, read 
she-hi’ for shih’; p. 29, 1. 8, read ha-dér for ka-dér ; p. 38, note 3, add 
“of” after “ instead”; p. 43, l. 17, read “‘ the trilateral all of whose 
sides are equal ”’ for “ the equilateral, each side (multiplied) into itself ” ; 
p. 50, last line, read “‘ by ”’ for “ upon ”’ ; p. 68, note 8, read “ distinction ”’ 
for “ distinktion ” ; p. 74, |. 1, read z for r twice ; p. 76, |. 14, read yakhruju 
for yakhruhu ; p. 77, |. 27, read “ angle” for “ ange”; p. 79, 1. 21, 
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read “ base” or “ basis”; p. 82, 1. 14, read “ into” for “in”; p. 96, 
read mutaw4zi for mutawadhi. 
Harvard University. WILLIAM THOMSON. 
Baron Rodolphe d’Erlanger.—La musique arabe. Tome 1. AL- 
FARABI, ABO N-NAsR MUHAMMAD IBN MUHAMMAD IBN TARKHAN 
BN UziacH. Grand traité de la musique. Kitabu-l-misiqi 
al-kabir. Livres I et II. Traduction frangaise. XXvIlI-+-329 p., 

125 fig. Paris, GEUTHNER, 1930. 

Nous saluons avec plaisir la publication du premier volume de |’ceuvre 
monumentale 4 laquelle le Baron d’ERLANGER, aidé du Baron Carra 
pe Vaux et de Mm. ‘Asp AL-‘AzIz BAKKOUCH et AL-MANNOsI as-Sandsi 
s'est consacré depuis de longues années. Cette ceuvre ne comprendra 
pas moins de sept volumes : les vols. 1 4 4 contiendront la traduction 
lrangaise des tra.tés arabes fondamentaux ; le vol. 5, un résumé synthé- 
tique de ces traités ; le vol. 6, les régles de la musique arabe moderne 
le vol. 7, des exemples musicaux. 

Cette cuvre est & rapprocher de celle de HENRY GEORGE FARMER, 
qui a été souvent discutée dans Jsis (voir surtout vol. 8, 508-11 ; vol. 9, 
559 ; vol. 13, 375-76; vol. 15, 370-72). M. FARMER prépare une édition 
critique et une traduction anglaise des traités musicaux arabes. Il a 
exposé quelques unes de ses vues sur la transmission des idées musicales 
dans notre revue : Greek theorists of music in Arabic translation (/sis, 
13, 325-33, 1930). 

Pour en revenir a l’ceuvre de M. D’ERLANGER, son premier volume 
contient la traduction des deux premiers livres du traité d’aL-FARABI, 
plus une introduction générale, et une préface de M. Carra Dé Vaux. 
L’introduction ou “ Avertissement”’ est assez maigre. L’auteur nous 
y donne une liste des auteurs qui seront représentés dans sa collection : 
AL-FARABI, IBN SINA, SAFI AL-DIN et un commentateur inconnu de son 
Kitab al-adwér, un compilateur anonyme du milieu du XV¢® siécle, 
enfin ‘App AL-Hamip AL-LADHIQI (1512). Quelques autres traités, par 
exemple ceux d’AL-Kinpi et des Fréres de la pureté ne seront pas inclus 
parce qu’ils ont déja été traduits. Pour la traduction du grand livre d’AL- 
FArAp!, |’auteur a fait usage de quatre MSS. : Leyde, Milan, Madrid, 
Beyrouth, dont les deux meilleurs (les deux derniers) sont malheureuse- 
ment incomplets. 

La préface de M. Carra DE VAUX est a la fois fort instructive et sug- 
gestive. Qu’il me permette d’en citer quelques fragments (p. vii) : 

« Cette théorie musicale, en principe, venait des Grecs; les savants arabes 


connaissaient plusieurs musicologues grecs; le traité de ProLémfe en particulier 
avait été traduit dans leur langue; mais FARABI a donné a la théorie un cachet 
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tout a fait personnel; il l’a clarifiée et approfondie; elle est devenue chez lui plus 
didactique dans certaines parties, plus analytique dans d’autres. L’ampleur de la 
composition, la pénétration de l’analyse, le tour philosophique et subtil de la 
pensée s’alliant 4 une grande expérience pratique, font de cette ceuvre l’une 
des plus remarquables du moyen Age. La musique enseignée dans ce grand ouvrage 
paraitra peut-étre 4 certains lecteurs bien pauvre : elle est purement mélodique. 
D’harmonie, je veux dire d’accord entre les notes jouées simultanément, il n’est 
jamais question. Tout roule sur un instrument, assez modeste, en somme, le 
luth (al-‘ad), instrument a quatre ou cing cordes ne dépassant guére le champ 
de deux octaves. C’est sur cet instrument si simple et sur d’autres plus primitifs 
encore, les tunbours 4 deux cordes, que le théoricien exerce toutes les ressources 
de sa science, toute l’acuité de son analyse. » 


Les peuples anciens — Hébreux, Egyptiens, Grecs, Persans — utili- 
saient plus d’instruments, et des cheeurs nombreux ° ils ont da développer 
une sorte d’harmonie. Mais |’Islam découragea les efforts musicaux, 
et n’admit dans le culte que le mélopée de l'adhdn, l’appel a la priére, 
traditionneliement attiibuée & un Abyssin nommé BILAL. 

« La musique arabe se trouva done réduite, en fait et en théorie, 4 la mélodie. 
Mais combien de ce cété elle se racheta; combien elle s’enrichit et s’affina ! Toute 
lingéniosité du théoricien, toute la sensibilité, toute l’inquiétude de l’artiste 
portent sur la mélodie. On arrive 4 employer des intervalles extrémement ténus, 
plus petits méme que le quart de ton; on distingue quantité de genres, des forts, 
des faibles, des colorés, et plus de vingt modes dont douze sont souvent employés; 
on varie; on nuance; on déplace certaines touches de quantités minimes; on 
ajoute des notes supplémentaires aux notes essentielles, des fioritures, des accents; 
on parvient 4 une subtilité merveilleuse. Avec si peu de moyens (1) la musique 
produisait sur les Orientaux une impression énorme...”’ (p. ix). 


M. Carra DE Vaux indique ensuite |'intérét mathématique du Kitdb 
al-miisigi, mais il use d’une fagon de parler assez maladroite lorsqu’il 
dit : “ Les logarithmes sont 1a en puissance...” I] est 4 craindre que 
des lecteurs superficiels n’en concluent que les Arabes avaient en quelque 
sorte anticipé cette découverte. A la suite d’une de mes conférences sur 
la science arabe a Bevrouth | un des auditeurs vint me dire que ses ancétres 
avaient découvert les logarithmes. Peut-étre avait-il lu cette prétace ? Les 
logarithmes sont 1a comme la grammaire est dans le langage, ou comme 
les séries de Fiponacci dans la structure d’étres vivants(2), pas autrement. 
Mais continuons : 

« L’école pythagoricienne et néoplatonicienne voulut donc mettre la musique 
en nombres. Ne disposant pas de moyens pour mesurer les vibrations, elle se servit 


(1) D’aprés Mr. FARMER ces moyens étaient beaucoup plus riches que M. CaRRA 
DE Vaux ne I’indique. Voir sa belle synthése “ Music” dans Legacy of Islam 
(Oxford, 356-75, 1931). 

(2) Voir mon Introduction, 2, 611. 
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de longueurs de cordes; mais, gauche encore dans le maniement des fractions, 
elle commit dans son systéme quelques abus. La racine carrée lui fit peur; ainsi 
pour le demi-ton qui, le ton étant 9/8, devrait étre (2)) FARABI rejette cette racine; 
il partage le ton en deux rapports fractionnaires inégaux 18/17 et 17/16. Ces 
deux rapports sont de la forme 1 + 1/n; c’est ce que nous appelons rapports 
superpartiels et que les Grecs avaient appelé rapports épiméres. La théorie musicale 
a donné a ces rapports une importance véritablement abusive. Constatant que 
l’octave, la quarte et la quinte (2/1, 4/3, 3/2), puis le ton (9/8), qui sont les rapports 
fondamentaux, avaient cette forme, elle voulut que, pour tous les rapports de la 
méme forme, les notes fussent consonantes (mélodiquement bien entendu); et 
cette prétendue loi, souvent invoquée, se trouva en contradiction avec le jugement 
de l’oreille. En physique on remarquera quelques tentatives pour créer une théorie 
de vibrations, et, 4 propos du passage de |’air dans les flaites, de délicates analyses 
laissant entrevoir l’idée de la dynamique des fluides. Signalons en outre dans 
le traité de AL-FaraBi et dans le commentaire 4 SaFrryu-p-DIN, de bons passages 
sur l’anatomie des organes de la voix ». (p. x). 


Toute personne intelligente lisant ce traité (ou essayant de le lire) 
ne peut manquer de se demander : Quels rapports avaient toutes ces 
abstractions assez rebutantes avec la pratique musicale ? Malheureusement 
cette derniére est si mal connue qu’il est impossible de résoudre ce pro- 
bléme. Il est fort probable cependant que les musiciens — les vrais 
musiciens, les musiciens musiquant — n’étaient pas plus savants au 
X® siécle qu’au XX®. D’autre part il est certain que la musique fut pra- 
tiquée en Arabie avant |’introduction des théories grecques. “II se 
peut donc qu’au temps d’aL-FaraBi la musique savante ait pris le cachet 
hellénique, en méme temps qu’une musique purement arabe, au milieu 
d’influences variées, subsistait dans le peuple.” (p. xiii). 

On peut se demander aussi ‘ D’ot viennent les modes de la musique 
arabe actuelle?’”’ Mais les modes sont-ils vraiment inventés; ne se 
développent-ils pas spontanément, inconsciemment, comme la syntaxe 
et la prosodie ? Nous attendons impatiemment les réponses que M. D'ER- 
LANGER nous donnera lui-méme dans son sixiéme volume, car il est a 
la fois théoricien et praticien, un compositeur distingué qu’un long séjour 
en Tunisie a familiarisé avec la musique d’orient. 

On sait qu’il est impossible d’accompagner un chant arabe au piano 
parce que les intervalles de cet instrument ne sont pas suffisamment 
petits. M. Carra DE Vaux suggére en terminant que l’on construise des 
orgues ou des pianos avec des quarts de ton, ce qui diminuerait de beau- 
coup les difficultés sans les supprimer entiérement. Mais ne vaut-il pas 
mieux laisser la musique d’orient se développer seule, dans sa propre 
direction ? 

La traduction est suivie de notes savantes qu’il eut été tant plus com- 
mode de pouvoir lire au bas des pages : telles qu’elles sont, elles ne 
recevront pas l’attention qu’elles méritent. Je désire souligner l'une 
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d’elles. AL-FARABI commence son grand livre a la maniére hellénistique : 


« Tu as exprimé le désir de connaitre l’art de la Musique tel que le concevaient 
les anciens. Tu m/’as invité 4 écrire pour toi un livre traitant de ce sujet, facile 
& comprendre et a la portée de tous. J’ai tardé 4 exécuter tes ordres jusqu’a ce 
que j’aie lu attentivement les ouvrages des savants de |’Antiquité qui sont parvenus 
jusqu’a nous, ainsi que ceux de leurs successeurs et ceux de nos contemporains. 
J avais espéré découvrir dans ces écrits ce que tu désirais savoir; j’aurais été ainsi 
dispensé de composer un ouvrage sur un sujet déja traité... » (p. 1). « Dans les 
ouvrages que j’ai lus, j’ai trouvé que certaines parties de cet art étaient laissées de 
cété, que les dires de leurs auteurs manquaient de cohésion et de clarté, surtout 
dans ce qui touche a la théorie. On ne saurait imputer ces défauts 4 |’incapacité 
des auteurs anciens, ni laisser supposer qu’ils n’ont pas pu donner a cette science 
sa perfection. Ces savants étaient nombreux, pleins de talent; ils n’avaient d’autre 
idéal que le progrés de la Science. Ces gens d’une intelligence subtile se sont 
succédé; chacun étudiait les dires de ses prédécesseurs pour augmenter, 4 son 
tour, les connaissances qu’il avait regues. » (p. 2). 


L’idée de progrés est ici trés clairement exprimée, et cela est fort 
remarquable, car cette idée est non seulement, comme le dit M. D’ErR- 
LANGER, une chose assez rare chez les auteurs anciens — elle y est absente. 
Je ne connais qu’une exception, trés nette d’ailleurs, celle de SENEQUE (3). 

GEORGE SARTON. 


Al-fihrist li Ibn al-Nadim (Arabic edition of the Fthrist of Ibn aAL- 
NapiIm, with an Arabic introduction by one of the professors of 
the Egyptian University). 6-+-528+8 p. Al-muktabah al-tajariyah 
al-kubraé, SHARI“ MuwammaD ‘ALI, Cairo, 1348 (1929-30). 

This new edition of the Fihrist does not deserve to be reviewed in Isis 
for its merits, but it is worthwhile to speak of it as an example and a 
warning to others. I bought it because it was announced as containing 
an additional part of the text never published before which was found 
in the library of the late TarmOr pashd.(1) This statement repeated 
on the title page is false,—but not entirely so. The facts of the case 
are as follows. 

Gustav FLtce’s edition of the Fihrist was posthumously published 
in Leipzig in 1871-72 (see my Jntroduction, I, 662). This edition was 
based upon a number of MSS. none of which is complete and perfect. 
An important part missing at the beginning of the fifth book and dealing 
with the origin of kalam and the biographies of its founders was edited 


(3) Voir mon Introduction, I, 248; I, 484. 

(1) This great Egyptian bibliophile and scholar has been many times quoted 
in Isis (e.g., 10, 249; 15, 405). See biography by A. ScHaape : AnmMepD TaimOr 
pasha (1871-1930) und die arabische Renaissance (OLZ, 33, 854-59, 1930). 





: 
| 
| 


EL EIR ILL IAGO SE 














284 ISIS, XX, I 


in 1890 by M. Tu. Houtsma (Vienna Oriental Journal (2), vol. 4, 217-35, 
1890). Either a reprint of HoutsmMa’s paper or more probably a MS. 
copy of the additional text edited by him was inserted by Tarmtr pasha 
in his copy of the Fihrist (presumably FLiceL’s edition of it). 

The new editor, “ one of the professors of the Egyptian University.” 
got wind of that apparently when his own edition was almost completed, 
for otherwise why did he not publish the additional text at its proper 
place (p. 245)? He published it at the end of his volume with a new 
pagination, explaining that it was first printed in ‘“‘ Die Kunde des Mor- 
genlandes " of 1889 and that he had found it in Tarmtr’s copy. 

I did not bother to compare the Arabic text of both editions, as I 
shall continue to use FLUGEL’s edition and advise other scholars to do 
the same. The only possible advantage of the new edition, assuming 
it to be correct and complete, is that it combines HouTsMa’s text with 
FLUGEL’s, and that it is easily available ; while FLUGEL’s two volumes 
have become rare and expensive. In any case the Cairene edition contains 
only the text itself, a short introduction, and an index : while FLOGEL’s 
edition includes an abundance of notes and elaborate indices, the whole 
of volume 2 being devoted to them (280 p., quarto, 1872). In short, 
from the scholar’s point of view, the new edition may be considered 
non-existent. 

The preface of the Cairene editor contains a brief account of the 
Fihrist and its author, showing how little the latter was known and how 
much his work was used by his successors. He discusses FLUGEL’s 
hypothesis that IBN AL-NapIM was in Constantinople in 377 (987-8) (3), 
and shows that the sentence “ falagaituhu bidar al-ram ward’ al-bi‘ah ”’ 
does not refer to Constantinople but to a Christian quarter and church 
of Baghdad. This conclusion had already been reached by Baron 
V. Rosen in his Russian paper “ Was the author of the Fihrist in Con- 
stantinople in 988?” (Zapiski vost. otd. imp. russk. arch. obshch., vol. 4, 
for 1889: p. 401-4, 1890). However it is easier to read Arabic than 
Russian and I was interested in the discussion. ‘The catholicos of Baghdad 
had sent a monk called aAL-NajRANI to China whence the latter returned 
after six years. IBN AL-NADIM met this monk in Baghdad (not in Con- 
stantinople) in 987-88. 

I take advantage of this review to mention two important publications 
relative to the Fihrist, which were omitted in my Jntroduction (vol. 1, 662). 
SIEGMUND FRAENKEL : Zum Fihrist (ZDMG, 46, 741-43, 1892). Junius 


(2) The title of this periodical in the copy used by me is actually in English 
as quoted. 
(3) FuOce, vol. 1, p. xiii, Arabic text, p. 349; vol. 2, 183. 
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Lippert : IpN AL-KOFi, ein Vorganger Napim’s (Wiener Zeitschrift fiir 
die Kunde des Morgenlandes, 11, 147-55, 1897). It is worthwhile to 
add that some members of the faculty of the American University of 
Beirit are now engaged in preparing an English translation of the Fihrist. 

It is amusing to note that the Cairene edition of the Fihrist bears on 
its title page the mention “ Printing rights reserved’ (huqiq al-tab‘ 
mahfazah). Which rights? and how did they obtain them? I prefer 
not to use ugly words and therefore will leave that question unanswered. 

GEORGE SARTON. 


G. Tierie.—CorRNELIS DREBBEL (1572-1633), H. J. Paris, Amsterdam, 
1932, (in English) vii+124 pages. Illustrated. Price, $ 1.20. 

This handsomely printed book is a biography of a great inventor 
who failed to be a great scientist because he was not financially independent 
(like RoBerT BoyLe and CHRISTIAAN HuyGeEns). Like other inventors 
and artists of his day he was largely dependent upon the favor of princes, 
and was obliged to do everything in his power to maintain his position 
at court. He was forced to wrap his inventions and demonstrations 
in secrecy and to say very little about his theories. 

At the age of twenty-five DREBBEL was already an engraver of unusual 
merit, having been trained in the art by HeNprick GoLrzius, his wife’s 
brother by whom he was also instructed in alchemy. At about the 
same time he began his career in applied science by studying the effects 
of pressure and temperature on the volume of air. In 1598 he took 
out a patent for an automatic pump and for a clock which did not need 
winding, both of them being operated by the variations in the volume 
of a confined quantity of air. In 1600 he built a fountain at Middelburg 
which operated on the same principle ; in 1605 while in England he 
built his perpetuum mobile for James I at Eltham; and in 1610 while 
in Bohemia he built another fountain for Rupoir II at Prague. The 
perpetuum mobile in its simplest form consisted of a glass bulb attached 
to a spiral of glass tubing in which there was a small quantity of liquid. 
The gas in the bulb, expanding by day and contracting by night, produced 
an ebb and flow of the liquid in the spiral tube. There is some evidence 
which indicates that Drespet perhaps filled his bulb with oxygen gas 
procured by the heating of saltpeter. On the same principle he 
constructed self-registering ovens and incubators for the hatching of 
chicks. He was expert in the manufacture, blowing, and grinding of 
glass, and invented an ingenious machine for the grinding of lenses. 
His camera obscura attracted much attention from artists and savants. 
He is credited with the invention of the microscope with two convex 
lenses. 

















286 ISIS, XX, I 


DREBBEL won much fame with his submarine or diving-boat in which 
he went underwater down the Thames for a considerable distance in 
the presence of James I and his court. The boat had no bottom and 
was constructed on the principle of the diving bell. He measured 
his depth under water by means of a mercury barometer, steered by 
means of a compass, and renewed the goodness of the confined air in 
the boat by the use of a gas made from saltpeter, ‘ broken up by the 
power of fire and so changed in the nature of air.’ He believed that 
air is made up of two component parts, the quintessence (oxygen), fit 
for respiration, and the carcass (nitrogen), unfit for respiration. 

Soon after his arrival at the English court, DressrL helped to arrange 
a fireworks display. Later he devoted himself to the preparation of 
fulminating gold, a substance which he possibly discovered, which he 
used in 1628 before La Rocheile as a detonator in his petards and tor- 
pedoes. He was the first to use tin salt as a mordant in dyeing with 
cochineal. After his dismissal from the British Navy in 1629, he lived 
in poverty in London—and died in the Parish of Trinity in 1633. 

His principal writings are “ A short treatise on the Nature of the 
Elements and how they bring about wind, rain, lightning, thunder, 
and why they are useful,” first published in Dutch in 1604, and “ De 
Quinta Essentia,” first published in Latin in 1621. 

Dr. Trerie’s book is supplied with useful Summary and Notes, and 
with an Index of Names. tT. bL. DB 


Mary Sturt, Francis Bacon, a biography. xvi+246 p, 12 pl. New 
York, Witt1amM Morrow & Co. 1932. Price $ 3.50. 

When Francis Bacon left Cambridge he wrote that ‘ all the philosophy 
of nature which is now received is either the philosophy of the Grecians 
or that other of the Alchemists. That of the Grecians hath the founda- 
tions in words, in ostentation, in confutation, in sects, in schools, in 
disputations. That of the Alchemists hath the foundation in imposture, 
in auricular traditions and obscurity.” 

The author devotes two chapters tc BACON’s scientific work, one 
to The Advancement of Learning and one to The Novum Organum. ‘The 
Sylva Sylvarum, which reflects Bacon’s life-long devotion to gardens 
and gardening, she, perhaps wisely, leaves unnoticed. It is rather a 
random sampling and a rambling treatment of incoherent natural pheno- 
mena in which little, if any, realization of the inductive method can 
be detected. The Advancement was written during nine months in 1605- 
1606 while Parliament was not in session through fear of the plague. 
BACON was a modern in that his mind adjusted quickly to diverse activities. 
For this reason his accomplishments were both prodigious and varied. 
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The introduction to this work reveals BAcon’s ideas on science. He 
was no scientist, made no discoveries, lived and died an amateur, yet 
his ideas are so in accord with those of today that any international 
scientific society might turn to him for a motto. He lived when authotity 
reigned, when experiment was not practiced, and cooperation in institu- 
tions and of international character was unknown. But he foresaw their 
need and envisioned a College for Inventors with equipment ( ‘ inginary ”’), 
library, with provision for experimentation, travel, and for “ intelligence 
mutual with the universities of Europe.” This idea appeared in its 
grandest form in his New Atlantis. He pleaded for learning freed from 
professional aims and for one left free to the arts and sciences at large. 
He deplored the scholars ‘‘ who sell books and build furnaces, forsaking 
Minerva for the service of Vulcan.” 

The Novum Organum (1629) was designed, as BACON wrote to the 
King, “ to enlarge the bounds of Reason and endow man’s estate with 
new value.” His elaborate system of induction, set out in axioms of 
extreme ingenuity and adorned with phrases, was barren of result. His 
method was premature. He attempted to set out the course which 
science was to follow when experimental science was as yet unborn. 
He hoped to turn men to nature and away from their spider-web subtleties. 

Bacon wished to control nature for man’s good, therefore man must 
understand nature, and to understand nature he must first observe her 
and collect his observations. Then he must form hypotheses as to 
the cause of the phenomena he observes, check these hypotheses against 
the observations, and so arrive at truth. He understated the significance 
of hypothesis, as he was somewhat fearful of its being overdone. Though 
he emphasized experiment, he rarely practiced it, except in the instancs 
which cost him his life. Miss Sturt attempts throughout to remove 
the stigma which MAcAULAy cast upon Bacon’s character, though her 
defense against his accusers of accepting bribes is rather lame. The 
book suffers from lack of sufficient dates or chronology. Two portraits 
of Bacon are included, the one as Chancellor, from the National portrait 
Gallery, and an interesting one of him as a boy without source or date. 

December 13, 1932. C. A. K. 


Hermann von Helmholtz; Max Dohrn; Julius Schiff.—Goethes 
naturwissenschaftliches Denken und Wirken. Drei Aufsatze heraus- 
gegeben von der Schriftleitung der Zeitschrift Die Naturwissenschaf- 
ten. 99 p., pl. Berlin, JuLtus SPRINGER, 1932. (RM. 2.60; 
bound, RM. 3.60). 

Eine besonders schéne Gabe zum GoetTue-Gedichtnis Jahr fiir alle 
naturwissenschaftlich Interessierten sind drei in einem Bandchen von 




















288 ISIS, XX, 1 


der Schriftleitung der ‘“‘Naturwissenschaften“ herausgegebene Vortrige, 
die GorTHes Beziehungen zu den verschiedenen Zweigen der Natur- 
wissenschaft darstellen. 

Zuniachst finden wir eine Rede von HERMANN VON HELMHOLTZ iiber 
»,GOETHES Vorahnungen kommender naturwissenschaftlicher Ideen“, die 
er im Jahre 1892 anlasslich einer Versammlung der GorTHE-Gesellschaft 
zu Weimar hielt. 

HELMHOLTZ, der damals auf der Héhe seines wissenschaftlichen Lebens 
stand und den grossen Aufschwung der Naturwissenschaft in der zweiten 
Hialfte des vergangenen Jahrhunderts als einer der gréssten Vorkampfer 
miterlebte, sucht dichterisches Schaffen und die Bestrebungen in die 
Geheimnisse der Naturgesetze einzudringen, in ihrer Grundform darzu- 
stellen. Obwohl die Wege, die vom schaffenden Kiinstler und vom 
Forscher eingeschlagen werden bei der Ausiibung ihrer Tatigkeit ver- 
schieden sind, so sind die primaren Grundbedingungen fiir beide die 
gleichen, namlich die der Wahrnehmung. Fiir den Kiinstler kommt 
hinzu das Gedachtnis, das ihm erlaubt, das Wahrgenommene festzuhalten 
und bei der Ausarbeitung wiederzugeben, fiir den Forscher ist die Ahnung 
neuer Gesetzmissigkeiten von Bedeutung. GOETHE vereinigt in sich 
Kiinstler- und Forschernatur und so finden wir in seinen Dichtungen 
und naturwissenschaftlichen Dokumenten Vieles was Dichter und 
Forscher in seiner Persénlichkeit vereinigen. 

Unter den naturwissenschaftlichen Fragen, wobei das Suchen nach 
Urphaenomenen eine der Hauptideen bei Gortnes Forschungen dar- 
stellt, spielt die Analyse des Urphaenomens der Erregung eine bedeutende 
Rolle. Auf physikalischer Seite finden wir dies am klarsten in der 
“‘Farbenlehre”. Ungliicklicherweise scheiterten diese Studien “wesent- 
lich daran, dass er mit verhiltnismassig unvollkommenen Apparaten, 
die er in Handen hatte, die entscheidenden Tatsachen nicht hat beobachten 
kénnen”. Jedoch liegt in ihnen ein wesentlicher Kern fiir die Weiterent- 
wicklung von GOETHES eigenen Forschungen und die der Naturwissen- 
schaft iiberhaupt. Aus der Verworrenheit friiherer Jahrhunderte bleibt 
die Suche nach dem Urphaenomen, von dem Goetue glaubt, dass es 
in jedem Zweig der Physik zu finden sei. Man wendet sich gegen 
mystisch-spekulatives Denken “und so hat die Physik Wege eingeschlagen, 
auf die Goerue sie fiihren wollte’. Andere Forscher seiner Zeit, die 
mit der mathematischen Seite der Physik vertrauter waren, strebten 
wie er alle dem einen Ziel zu “die in der Natur vor sich gehenden Bewe- 
gungen vollstindig und auf die einfachste Weise zu erkléren”. Obwohl 
dieser Satz erst viel spater von KIRCHHOFF ausgesprochen wurde, so 
spricht aus ihm wieder GorTues Gedanke iiber das Suchen nach den 
Urphaenomenen. Wie in der Farbenlehre so finden wir in anderen 
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Schriften weitere grundlegende Fragen in undeutlich umrissener Form 
angedeutet, so finden wir das Gesetz der Erhaltung der Energie, das 
Gesetz der spezifischen Sinnesenergie und manches andere in Dichter- 
worte gekleidet. Von besonderem Interesse sind ferner HELMHOLTz’s 
Worte iiber GorTHes Beziehungen zur Philosophie. GoErTHE selbst sagt 
beim Studium von Kants “Kritik der reinen Vernunft” : “Der Eingang 
war es der mir gefiel, ins Labyrinth konnte ich mich nicht wagen ; bald 
hinderte mich die Dichtungsgabe, bald der Menschenverstand, und ich 
fiihlte mich nirgends gebessert”. Hier zeigen sich wieder die Dichter- 
natur, die von philosophischem Denken frei sein méchte, und die For- 
schernatur, die sich an die Tatsachen hilt. HELMHOLTZ fasst seine 
Gedanken iiber Gortues Bedeutung fiir die Naturwissenschaft folgender- 
massen zusammen : “Wo es sich um Aufgaben handelt, die durch in 
Anschauungsbildern sich ergehenden dichterischen Divinationen gelést 
werden kénnen, hat sich der Dichter der héchsten Leistungen fahig 
gezeigt, wo nur die bewusst durchgefiihrte inductive Methode hitte 
helfen kénnen, ist er gescheitert. Aber wiederum, wo es sich um die 
héchsten Fragen iiber das Verhiltnis der Vernunft zur Wirklichkeit 
handelt, schiitzt ihn sein gesundes Festhalten an der Wirklichkeit vor 
Irrgangen und leitet ihn sicher zu Einsichten, die bis an die Grenzen 
menschlicher Vernunft reichen.“ 

Im zweiten Teil des Buches wird in einem Vortrag von MAx Donen : 
,,GOETHE iiber seine naturwissenschaftliche Denk- und Arbeitsweise“, 
durch zahlreiche aus GoertHes Schriften zusammengetragene Stellen, 
die Entwicklung seines Interesses an naturwissenschaftlichen Fragen 
und deren Bedeutung dargestellt. 

Schon wahrend Goetues Studium ist das Interesse an naturwissen- 
schaftlichen Fragen bedeutend. Durch seine Berufung und die Uber- 
nahme der Staatsgeschafte am Hofe von Weimar wird sein Verhiltnis 
zu praktischen naturwissenschaftlichen Fragen standig grésser, und da 
er mit der Verwaltung der Universitat Jena betraut ist, findet er durch 
den Kontakt mit den Vertretern verschiedener Wissensgebiete reichliche 
Anregung zu seinen Studien. Die Botanik, die damals durch den Ein- 
fluss Linngs in wesentlich andere Bahnen geleitet wurde, interessiert 
ihn besonders. So veranlasst ihn die Suche nach einer Urform bei 
der Pflanze zu seinen Studien der Pflanzenmorphologie, der Pflanzen- 
metamorphose, wobei Fragen der Hormonlehre, Oekologie und Reiz- 
physiologie auftauchen. Die Leitung von Bergbaugeschaften macht 
ihn mit geologischen Problemen vertraut. Seine Studien iiber Vulkane 
und Tiefengesteine und seine Schliisse auf die Ausdehnung von Glacial- 
perioden aus erratischen Blécken, sowie Kartenaufnehmen sind fiir die 
Weiterentwicklung dieser Wissenschaft von Bedeutung. Dazu kommen 
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Interesse an der Meteorologie,die zu Wolkenbeobachtungen Veranlassung 
gaben und ihn dank der Kraft seines Amtes in die Lage setzten, meteoro- 
logische Stationen errichten zu lassen. In gleicher Weise interessierte 
er sich fiir die Tierwelt. Von anatomischen Studien und Unterricht, 
den er selbst erteilte, ausgehend schrieb er seine vergleichend anatomi- 
schen Werke, die bis zur Wirbeltheorie des Schidels fiihrten. In der 
Tierwelt sucht er wie bei allen seinen Studien nach dem Urspriinglichen, 
dem Typus. An vielen Stellen finden sich Anspielungen auf die morpho- 
logische und physiologische Harmonie im Innern eines Organismus, 
und wie das Beziehungsverhiltnis fiir den Tierkérper an sich ihm klar 
erscheint, so sucht er es zwischen Individuum und Aussenwelt. GOETHE 
sieht hierin ein Mittel die Entwicklung bestehender Formen aus Grund- 
formen abzuleiten und Varationen teils durch ,,die dem Typus inne- 
wohnende Natur’”’, teils durch Einfliisse des Milieus zu erklaren. Damit 
sind die Grundgedanken der Descendenztheorie ausgesprochen, die aber 
erst von Darwin durch Mitinbetrachtziehen der Selectionsidee in ihrer 
endgiiltigen Form dargestellt worden ist. Von besonderem Interesse sind 
alle die angefiihrten Stellen, in welchen Goetue sich dariiber ausspricht, 
dass die damalige wissenschaftliche Welt seine Untersuchungen ablehnte, 
und wie sehr ihn dies betriibte, da er seine wissenschaftlichen Leistun- 
gen fiir viel wesentlicher hielt, als sein dichterisches Schaffen. 

Im dritten Teil des Buches hat JuLius Scuirr ‘‘ Naturwissenschaftliche 
Gleichnisse in Gortues Dichtungen, Briefen und literarischen Schriften” 
zusammengetragen. Aus der Welt der Erscheinungen, die GOETHE bei 
seinen naturwissenschaftlichen Studien beschiftigte, sind zahlreiche 
Gleichnisse herausgegriffen und in seine dichterischen Schriften und 
Briefe eingewoben. Die Mannigfaltigkeit ist enorm. ScHiFF hat sie 
nach den verschiedenen Zweigen der Naturwissenschaften geordnet. 
Beginnend mit der Physik, finden wir Stellen angefiihrt, wo GorTHE 
die Eigenschaften der Materie, Gesetze der Mechanik, Akustik und 
Wirmelehre, der Optik und Electrizitat zu Gleichnissen heranzieht. 
In gleicher Weise finden wir Beispiele, die von der Chemie genommen 
sind. Ihnen folgen solche aus Astronomie, Mathematik und Meteoro- 
logie. Dann schliessen sich solche aus der Geologie und Mineralogie, 
Biologie und Medizin an. Es wiirde zu weit fiihren zu versuchen Ein- 
zelheiten dieser ausserordentlich interessanten Zusammenstellung wieder- 
zugeben. Beim Studium von Goetues Schriften wird man immer auf 
naturwissenschaftliche Gleichnisse stossen. Ihre grosse Zahl und 
Mannigfaltigkeit kann einem jedoch dabei leicht entgehen, und so gibt 
Scuirrs Beitrag zu dem Buche einen besonders schénen und wertvollen 
Einblick in den Reichtum der Gleichnisse, die GOETHE in seine Dichtun- 
gen eingewoben hat. Ernst WOLF. 
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Henry Fairfield Osborn (with the cooperation of HELEN ANN WARREN). 
—Cope: Master Naturalist. The life and Letters of Epwarp 
DRINKER Cope, With a Bibliography of His Writings Classified 
by Subject. A Study of the Pioneer and Foundation Periods of 
Vertebrate Palaeontology in America. Princeton University Press, 
Princeton. XvVI+740 p., 30 figs. in text, maps on end papers and 
key to Cope’s travels on fly leaf, 1931. (Price $ 5.00). 

No one among the palaeontologists of the world is so well prepared 
to write the life of this remarkable personality and preeminent contributor 
to the evolution of vertebrate life as his friend and fellow palaeontologist, 
Professor HENRY FAIRFIELD OstorN. The biographer’s work has been 
a labor of love initiated before Copr’s death and continued intermittently 
for thirty-three years. Since so much of Osborn’s own research has also 
been in the field of vertebrate palaeontology, he is in a position to fully 
understand the extent and significance of Copr’s contributions and to 
appreciate the difficulties and rivalries he met in accomplishing them. 
He also had the assistance of the Cope family and access to the brilliant 
and voluminous correspondence of Cope now deposited in the American 
Museum of Natural History in New York. 

The book opens with a brief chapter on the pioneers of palaeontology 
in North America, which includes a list of 98 genera and species of 
fossil vertebrates described prior to 1847 and a summary of the work 
of the fathers of American vertebrate palaeontology, Lempy, Copr, and 
Marsu, who between 1847 and 1897 described no less than 2193 new 
genera and species. Western exploration early revealed the extraordinary 
richness of the Plains of North America in the fossil remains of vertebrates, 
especially of reptiles and mammals. The contributions from these 
sources, notably to the evolution of the horse, have been of inestimable 
value in rounding out the historical evidence for the evolution of the 
vertebrates. Copr’s part in this program was a basic one. He originated 
practically all that is known of the rhinoceroses, horses, mastodons, 
camels, and carnivores of the Upper Miocene. His personal activity 
in field collecting enabled him to enter the field as a pioneer in stratigraphic 
correlation, both in North America and elsewhere, especially in the case 
of the fresh-water Tertiaries. His explorations in Texas confirmed the 
occurrence of the Permian in the United States. 

Cope was by far the greatest herpetologist of America. He wrote 
the first extensive texts in this field and utilized anatomical characters 
as a basis for phylogenetic interpretations, as well as for classification. 
Specifically, he established the primitive nature of the arciferal pectoral 
girdle and the relative unimportance of the presence or absence of teeth 
in the classification of the Anura. He based his classification of lizards, 
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afterwards generally followed, on skeletal as well as superficial structures. 

His contributions to ichthyology include accounts of Eocene and 
Cretaceous fishes ; a major classification largely erroneous, except for the 
detection of many new orders still held as valid ; and the breaking up 
of the unnatural orders of Ganoids and Apodes. His work in this 
field was inferior to that of GILL. 

The most numerous and most voluminous writings of Cope deal with 
the Mammalia. CvuvieER’s extensive work in this field had been dominated 
by the non-evolutionary point of view which had affected both inter- 
pretation and classification. The work of Owen, De BLAINVILLE, and 
Leipy had advanced the subject but little beyond the recognition of the 
Law of Brain Growth and the Classification of Hoofed Animals by 
Foot Structure. With the coming of Darwinism the evolutionary 
principle was invoked. HuxLey overthrew Cuvier’s Law of Correlation ; 
KoOwWALEWSKY announced the Law of Adaptation of Foot Structure in 
Ungulates by Reduction of Digits ; and Ryper attacked the problems 
of the mechanical evolution of feet and teeth from the Lamarckian stand- 
point. 

Cope entered this field with enthusiasm and added to the generalization 
of his predecessors four principles. The first was that the ancestors 
of the hoofed animals had hillock-like or bunodont teeth, verified by 
later discoveries. This led to a reclassification of the Ungulata centering 
about his second principle, his Law of Taxeopody, that the primitive 
feet of hoofed animals were serially plantigrade. Freed from certain 
errors, his generalization affords a basis for the phylogenetic arrangement 
of the hoofed orders now widely used. The third and perhaps greatest 
generalization was based on evidence derived from the Puerco fauna. 
This was the Law of Tritubercaly ; that all types of molar teeth in mam- 
mals originate in modifications of the tritubercular form. This law 
promises ultimately to give the key to the entire phylogeny of the Mam- 
malia. His fourth principle was that the Hoofed Orders arise from 
the Clawed Types of Creodonta and Insectivora. 

Cope was quick to perceive the significant facts of structure, especially 
those diagnostic of relationship and origin. ‘Thus representatives of 
the order Creodonta had been discovered and studied for years in France 
but without coordination. It took the eagle eye of Cope to recognize 
the structural characters which unified and characterized this very funda- 
mental order of mammals. 

In the field of evolutionary theory Cope was always a confirmed 
Lamarckian, not only in principle, but often in form as well. He was 
early attracted to the failure of Darwin’s theory to explain the origin 
of variations. In his Walker Prize Essay of 1872 on The Method of 
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Creation of Organic Forms he distinguished between the originative and 
directive forces in evolution and conciudes that “natural selection includes 
no actively progressive principle whatever.” His views are elaborated 
in The Origin of the Fittest (1886) and The Primary Facts of Evolution 
(1896). 

The rise of Neo-Darwinism led by WEISMANN stimulated his papers 
on The Mechanical Causes for the Development of the Hard Parts of the 
Mammalia(1888) and his address before the American Society of Natura- 
lists on The Inheritance of Acquired Characters (1896). His theoretical 
work was an expansion of LAMARCK’s doctrines couched in a new ter- 
minology of Archaesthetism, Primary Sensation, Bathmism or Growth 
Force, and Kinetogenesis or the energetic origins of all adaptations 
and hard parts of mammals. He was a defender of orthogenesis, the 
inheritance of acquired characters, and of the direct effect of the environ- 
ment. 

Cope favored the Darwinian theory of the origin of man from the 
anthropoid apes and agreed with HaAgcKEL as to the lemuroid origin 
of the Anthropomorpha. His view as to the evolution of mammals 
rested on the concept of a succession of stages rather than on the pro- 
foundly branching system of OsBorn. 

This biography is enriched with many classified quotations from the 
virile, sketchy, humorous, and illuminating correspondence of Cope 
on a wide variety of subjects, anatomical, osteological, palaeontological, 
stratigraphical, controversial, evolutionary, social, political, and religious. 
There are numerous portraits and a classified bibliography of 148 pages. 
There are also reproductions of sketches from his note books. 

No biography of Cope would be complete without recognition of 
his relations to The American Naturalist, a relation not specifically empha- 
sized in OsBorn’s life of this great naturalist. He was one of the early 
contributors to its pages, took a large part in financing it, and for many 
years edited it, wrote editorials and reviews for it, and was one of its 
most regular contributors. This service in maintaining this pioneer 
general biological periodical was one of his greatest contributions to 


‘ American natural science. The shift in emphasis in this journal in 


recent years from natural history and palaeontology to experimental 
biology and genetics is indicative not only of the diversification of the 
natural sciences, but also of changes of method of emphasis, and of 
point of view with reference to the fundamental factors in evolution 
since Cope theorized about the inheritance of the effects of use and 


disuse. 


December 1, 1932. C. A. Kororp 
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Clara G. Stillman.—Samuel Butler, a Mid-Victorian Modern. The 

Viking Press, New York, x1+-319 p., 6 pls., 1932. (Price $ 3.75). 

Mrs. STILLMAN’s biography of SAMUEL BUTLER (1837-1902) is a sym- 
pathetic presentation and critical psychological analysis of the picturesque 
personality of this rebel and intellectual outcast of the Victorian period. 
BUTLER was repressed as boy by strict parental discipline. ‘The defense 
mechanism thus developed made him the champion of change, a per- 
secutor of shams, and a relentless pursuer of the hypocrite, real or 
imagined. But throughout his life he was an amateur in the Great 
Period of amateurism, seeking in turn to be a sheep rancher in New 
Zealand, an artist (of insignificant mediocrity), a linguist, a musician 
and composer, a philosopher, an anticipator of modern behaviorism 
in psychology, a Homeric critic, a novelist, a revolutionary sociologist, 
and, what most concerns us here, a critic and a creator of evolutionary 
theory. In all of these fields he was a miserable failure-—in his own 
day. He perforce had to publish his own books, and when published 
they were ignored, or, if noticed, generally ridiculed, or at the most 
drew forth only casual and unsignificant comment. 

But he anticipated the temper, and himself lived in the thought, of the 
present century and especially of post-bellum days. His satire, keen 
scent for the vulnerable, and his ceaseless and ever-shifting search for 
reality, have won for him the epithet “‘ that keen fox ” and a widely 
spreading recognition of the prophetic aspects of his incursions into 
varied fields of criticism, literature, philosophy, and science. 

Mrs. STILLMAN’s sympathetic and rather full and critical analysis 
of his character and reactions to ideas, situations, and personalities is 
even more helpful in our understanding of his relations with DARWIN 
than the exhaustive but labored account by his personal friend, FesTiNG 
Jones, or than the scientific presentations of Harroc or Sir FRANCIS 
DARWIN. 

The Butler-Darwin controversy was a one-sided affair, for DARWIN, 
on the advice of Huxtey and against the wishes of Francis DarwIN 
and his brothers, did not send or publish a letter which he had drafted 
which would have explained the contradiction which had aroused BUTLER’s 
ire. This failure on the part of DARWIN to remove the occasion for 
the charge of unfairness was the psychological basis for BUTLER’s prolonged 
hostile attitude towards Darwin, for whom in earlier years he had 
expressed his ardent admiration. 

The history of this unfortunate affair was related in 1911 in a small 
pamphlet, written by Henry Festinc Jones after conference with 
Sir Francis Darwin, entitled Charles Darwin and Samuel Butler, a 
Step towards Reconciliation. But even this fails to state certain basic 
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environing factors which serve in part to clarify, if not to extenuate, 
DarRWIN’s action, or more specifically, failure to act, to which BUTLER 
took offense. One of these factors was the then existing state of scientific 
ethics in matters of priority and acknowledgment of credit. EENGEL- 
MANN’s Bibliotheca Historico-Naturalis 1700-1846 was published only 
14 years before the Origin of Species (1859). It was not the general 
practice to cite authorities and to acknowledge priorities of ideas, especially 
in treatises of a general sort, such as the Origin. DARW!N was, however, 
exceptionally punctilious in acknowledging his sources of information 
on particular matters of fact, and after BuTLER’s assaults, in the third 
and later editions of the Origin, he introduced and progressively improved 
his Brief but Imperfect Sketch of earlier evolutionists. 

A second factor, subtile but potent, was the British antagonism to 
the “ dangerous speculations of the French Revolutionary School ” 
which grew in violence up to and after Waterloo, but was less in evidence 
when Erasmus Darwin wrote his Zoonomia. BUFFON and LAMARCK, 
and Erasmus Darwin with them, fell into disrepute. Editions of Burron, 
once popular in Great Britain, ceased to be published there, and 
LAMARCK’s theories attracted no sympathetic attention or even translation. 
Catastrophism was still popular at the Universities even ater LYELL’s 
uniformitarianism had arrived, and transformism has not today become 
Anglicized. Darw'N was probably ignorant of the precise contents of the 
works of these his most brilliant predecessors. In any event he was more 
intent upon the putting over of his idea of natural selection than concer- 
ned with reviewing from unpopular sources past efforts to establish the 
other evolutionary factors which he had incorporated in the Origin. 

This omission aroused the combative defense mechanism of SAMUEL 
BuTLeR and was the central theme ot his Evolution, Old and New (1 379). 
It reappears in his later works Luck, or Cunning (1887), and especialiy 
in Unconscious Memory (1880) in which he slyly uses DARWwIN’s 
unacknowledged appropriation of his grandfather’s ideas to point his 
moral. He returned to the attack in his series of articles in the Universal 
Review on The Deadlock in Darwinism 

But BuLTer had a deeper and more penetrating, if less exasperating, 
disagreement with Darwin, and one which our biogravher is inclined 
to think Darwin sensed, and, in declining years of poor health, not 
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only dismissed, but actually shrank trom. He was not unaware of 
the keen critical power, sharp nose, and sharper pen of his antagonist. 
He had ignored his first assault, and continued to do so, to the rage and 
chagrin otf BuTLER, but did not wish to incite further controversy. It 
is, however, more probable that BuTLer’s metaphysical theory of the 
origin of variations through the internal factor of unconscious memory 
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lay so far beyond observation and record that Darwin’s matter-of-fact 
mind refused to evaluate it. 

BuTLer’s first contribution to evolutionary theory was made in his 
Life and Habit (1878). He was challenged by DARwIn’s failure to explain 
the origin of variations and set about finding one. This brought him 
to the concept of internal factors, the aim, purpose, functioning, or, 
as he later phrased it, the unconscious memory, of the organism. It 
also was the source of his interest in Lamarckian evolution and links 
him to the school of vitalism. It is, however, a modified form of that 
doctrine in which the unconscious effort or will of the organism itself 
is substituted for a General Intelligence. The continuity and progress 
of evolution which the orthodox vitalist seeks to explain is provided 
for in BuTLER’s philosophy of evolution by his concept of the continuity 
of parent and offspring, foreshadowing WEISMANN’s Continuity of the 
Germ Plasm, and by the extension of this continuity to include all life 
in the concept of a general organism. The physical basis being thus 
postulated, it is easy to take the next logical step and postulate new needs 
giving rise to new efforts and the transfer of the adaptive accomplishments 
by the mechanism of the continuum of the living substance to the next 
generation. BUTLER first intimated this philosophy in two letters to the 
New Zealand Press shortly after the publication of the Origin, entitled 
Darwin among the Machines and Lucubratio Ebria. In these he clearly 
brought out the distinction between natural selection and his own emerging 
hypothesis. Critics of DARWIN seized upon these ideas when they were 
incorporated in Erehwon, but BUTLER in letters to DARWIN disclaimed 
intent of criticism. His theory came to fullest expression in his Un- 
conscious Memory (1880), in which he compared it with HERING’s Memory 
as a Function of Organized Matter, acknowledging its identity thereto, 
and with von HARTMANN’s The Unconscious in Instinct in his Philosophy 
of the Unconscious. In VON HARTMANN he finds only mystical assumptions 
of the clairvoyant powers of the unconscious, but no reasoned theory. 

The strife between mechanism and vitalism has not ended. External 
factors lend themselves to experiment, and the internal ones are still 
elusive, though the gene hypothesis and cytology unite to give a substantial 
basis for a physical continuum which BuTLER envisaged. But this is 
a continuum of particulate rather than organismal configuration. Changes 
in its patterns may be stimulated by external factors, but they are not 
specific to the stimulus, are rarely adaptive, and afford more satisfaction 
to the Darwinian than to the Lamarckian-Butlerian school of evolutionists. 
But the division still continues. What a pity BuTLER’s pen has ceased 
to write ! 

December 1, 1932. C. A. Koro. 
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Houston Peterson.—Huxley, Prophet of Science. LONGMANS, GREEN 
and Co., London, xIv+338 p., 4 pls. 1932. (Pr. $ 3.50). 

This is a sincere effort to appraise the character, scientific work, and 
influence of HuxLtey. The author is known for his Havelock Ellis, 
Philosopher of Love and for his Melody of Chaos, centered around the 
poetry of ConRAD AIKEN. He had access to HUXLEY’s note books and 
drawings in the library of the Royal College of Science at South Kensington 
and publishes in an appendix the last contribution of HuxLey, which 
never got beyond galley proof, entitled Mr. Balfour’s Attack on Agnosti- 
cism. ‘The author traces the influences which shaped the career of 
Hux.ey : his boyhood discussions with May, the village merchant, over 
Divine Government ; the influence of Sir WM. HaAmILTon’s Philosophy 
of the Unconditioned ; his fondness for CARLYLE’s Sartor Resartus ; and 
through CARLYLE the interest aroused in the writings of GorTHE ; the 
model set before him by the logical and lucid lectures of his professor 
of anatomy, THOMAS WHARTON Jones ; the dislike of sermons created 
in him as a lad by enforced attendance at church ; the scientific training 
acquired in laboratory practice in his four years’ voyage on the Rattlesnake, 
with abundant time for meditation ; his early introduction into practical 
politics in his relations with the British Admiralty ; his facility in making 
friends and acquaintances in influential circles , and his growing skill 
in argument and dialectics. 

Our biographer has a penchant for the psychological, and attributes 
Hux ey’s boyhood and life-long recurrent headaches and chronic dyspep- 
sia to his early experiences as a lad at an autopsy, and a resulting fear 
neurosis and his occasional freedom from attacks when fighting bishops, 
bad scientists, and believers generally, to the relaxation of this deadly 
tendency. Much more probable, as well as scientific, is the explanation 
by Dr. Goutp in his Biographic Clinics, that the ill health of Hux.ey, 
as also that of DARWIN, was due to eyestrain. 

The author skillfully portrays HUXLEY’s growing distrust of Sir RICHARD 
Owen and his final falling out with him, which arose over OWEN’s errors 
in magnifying and distorting the differences between the brain of man 
and of the anthropoid apes. This controversy culminated in HUXLEy’s 
first distinctive work on evolution, Man’s Place in Nature. 

Hux.ey’s relation to DARWIN is adequately treated by citations from 
correspondence indicating how DaRwIN refrained from revealing his 
theory of natural selection to HUXLEY until it was in print in The Origin 
of Species, and how concerned, even fearful, DARWIN was as to HuxLey’s 
opinion of it. HUXLEY was always somewhat of a believer in the fixity 
and definite delimitations of species and other categories of classification 
and devoted one of his major addresses to the instances of the persistence 
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of certain genera throughout long reaches of geologic time. In HuxLey’s 
reply to LYELL’s objections to DARWIN’s theory on the ground that there 
were insufficient signs of gradual change in organisms, he elaborated 
his opinion that transmutation of species might take place without transi- 
tion, using analogies from chemical changes. In this he was more in 
agreement with MENDEL, BATESON, and De Vries than was Darwin, 
though geneticists are now dealing with differences of the order of 
magnitude quite Darwinian in proportion, though still involving pheno- 
mena of discontinuity. 

The large part which Huxtey played in the drama of the coming 
of organic evolution, as a factor influencing many fields of human thought, 
is related in detail with regard to his public addresses and polemic writings 
and controversies, notably those with Bishop WILBERFORCE, Sir RICHARD 
Owen, CHARLES Kincs_tey, W. G. Warp, GLADSTONE, Canon LIDDON, 
and Ba.rour. He lectured extensively to sympathetic audiences of 
laboring men, but apparently never became militant in their behalf. 

Biological science owes much to Hux.ey for his influence on teaching. 
He introduced and fostered the laboratory method, supplementing 
didactic presentation from the lecture platform. HuxLey and Martin’s 
Practical Instruction in Elementary Biology set the pattern for laboratory 
courses for more than a generation and is responsible for the type method 
in the presentation of morphology. There is a bibliography of HuxLey’s 
major writings, of books about him, and of works descriptive of the inter- 
pretation of the thought of the Victorian period, in the shaping of which 
he played no small part. 


November 30, 1932. C. A. Koroin. 


Clarence Ayres.—Huxley. 254 p., frontispiece. New York, Norton, 
1932. (Price $ 3.00). 

Mr. CLareNcE Ayrrs’ life of Tuomas H. HUXLty is written in the 
modern style of biography, playing up all that is dramatic and tragic 
in the life of this great biologist, and displaying all phases of HuxLEy’s 
character which support the thesis that he was ‘ DARWIN’s bulldog,” 
if not indeed his co-equal. But Mr. Ayres goes much farther, even 
so far as to assert and defend the claim that Hux.Ley, not Darwin, was 
in reality the author of the theory of evolution as generally understood 
today. Darwin was interested in the problem of the origin of species, 
Hux.ey in the descent of man from the anthropoid type. HuxLey’s 
break with OweEN occurred when he spiritedly attacked the inaccuracies 
of the latter’s paper at the British Association in 1860 on the differences 
bettveen the brain of man and that of the anthropoid apes. This paper 
claimed, among other difterences, that the anthropoid brain contained 
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no hippocampus minor, and HuxLey’s contention and corrections gave 
prominence to and strongly determined the trend of much of his later 
work. To Owen’s claim Huxley gave impromptu a direct and 
unqualified contradiction and later (1861) published his crushing 
review of OweEN’s paper. This at once brought forth the epithet 
** gorilla book ” for DARWIN’s Origin of Species, although the human 
species is mentioned but once in the entire work, and that on the 
penultimate page. 

DaRWIN is charged by Mr. Ayres with being timid, even psycho- 
pathically so, and that he feared the popular repercussion against his 
pet theory of origin by natural selection if man’s descent from the ape 
should be dragged into the foreground. He notes that DaRWIN’s Descent 
of Man, published eight years (1871) after HuxLey’s Man’s Place in 
Nature, was written mainly in support of Darwin’s theory of sexual 
selection. In the introduction to this work DaRwIN cites his indebtedness 
to Haecket’s Natiirliche Schépfungsveschichte (1868, ed. 2, 1870), but 
lumps HuxLey’s unnamed work with those of others, although he refers 
only eleven times to HagckeL’s book and fifteen times to HUXLEy’s. 
The inference HuxLey’s biographer seems to wish his readers to make 
is that DARWIN minimized what HuxLey magnified, namely the applica- 
tion of the Darwinian theory to the origin of man himself. 

No one will deny the services to the cause of organic evolution of 
the great apostle of Darwinism, but an inspection of the Descent of Man 
and the Expression of the Emotions rather indicates that DARWIN was 
quite unsuccessful in hiding his interest in the intimate relationship 
of anthropoids and men. Our biographer has stuffed his timid Darwin 
full of straw as a foil for the enhancement of the career of the more 
aggressive and militant scientist who was primarily interested in the 
application of the doctrine of descent to the vertebrates rather than 
in the dynamics of tke process. Obviously, present-day evolutionists 
are still as a body more interested in this dynamic field than in its limited 
application to one species. It is only a militant remnant of the defeated 
enemy who still drag out the gorilla. Hux Lry’s own estimate of his 
part in the establishment of evolution is happily given in his address 
of acceptance of the DARwiN medal, a signal honor overlooked by our 
biographer. He disclaimed equality with WALLACE and Hooker, the 
first to whom the medal had been awarded, and claimed only that he 
was “ convinced, as firmly as I have ever been convinced of anything 
in my life, that The Origin of Species was a ship laden with a cargo of 
rich value, and which, if she were permitted to pursue her course, 
would reach a veritable scientific Golconda, and I thought it my duty, 
however naturally averse I might be to fighting, to bid those -who 
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would disturb her beneficent operations to keep on board their own 


ship.” 
December 1, 1932. . Ax tie 


J. Harland Paul.—The last cruise of the Carnegie. With a foreword 
by JoHN A. FLEMING. XVII+ 331 p., 198 ills. Baltimore, WILLIAMS 
& WILKINS, 1932. ($ 3.00). 

The Carnegie Institution of Washington is divided into departments, 
one of the most important of which is the Department of Terrestrial 
Magnetism, founded in 1904 by the late Dr. Louis AGricoLa BAvER 
(1865-1932). The purpose of the Department is “ to investigate such 
problems of world-wide interest as relate to the magnetic and electric 
condition of the Earth and its atmosphere, not specifically the subject 
of inquiry of any one country, but of international concern and benefit.”’ 
In order to study magnetic and electric conditions at sea, and to make 
possible the improvement of marine charts, a brigantine was chartered 
in 1905 and named the Galilee. She made three cruises, but was very 
uncomfortable and inadequate. 


“*Since she was not free from magnetic materials, it was necessary to ‘ swing 
ship’ for deviation-errors as often as circumstances permitted. These errors 
occasioned delay in reporting results, and made the computations of final values 
most laborious. It was apparent that a non-magnetic vessel with observatory 
domes would be able to do the work far more efficiently. It was in answer to those 
needs that the Carnegie was built in 1909. The experience with the Galilee had been 
invaluable; old instruments were adapted to marine use, new ones were invented, 
and methods were compared with the aim of finding those which gave the greatest 
acguracy under ever changing conditions at sea. 

The Carnegie made six cruises between 1909 and 1921”... ‘“ During these 
she sailed more than a quarter of a million nautical miles, making some of the 
longest voyages in history, and traversing all waters between 80° north and 60° 
south. She had met ice and fogs around Spitzbergen and the South Orkneys, 
typhoons off Japan, harmattans along African coasts, pamperos near Argentina, 
hurricanes in the South Seas—and had come through unscathed. She had 
visited the most unfrequented islands, and was without doubt better known the 
world over than any ship that sailed the seas.’’ (p. 10). 


In May 1928, she left the United States for her seventh and last voyage, 
a three year cruise of all oceans, under command of Captain James Percy 
AULT (1881-1929). This cruise was different from all preceding ones 
in that its program included oceanographic investigations of various 
kinds in addition to the magnetic and electric survey. It was very success- 
ful until Nov. 29, 1929 when a fatal accident in the harbor of Apia 
destroyed the good ship and caused the Captain’s death. 

The present volume is a very simple but moving account of that final 
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cruise, admirably illustrated with an abundance of photographs (almost 
200). The daily routine of navigation and scientific research is described, 
the little incidents which brought some variety into it are briefly narrated, 
and we are given a few tantalizing glimpses into the crew’s activities 
when a landing was made. For example, they visited Iceland, the 
mysterious Easter Island, the tomb of Mr. and Mrs. Rosert Louis 
STEVENSON on Mount Vaea, near Apia, etc. 

Unfortunately the historical part is very deficient, and we are shown 
(on p. 6) a portrait of HALLEY which I was not able to identify. When 
will the average scientist learn that a historical fact like any other is 
interesting only to the extent that it is accurate? Obviously the scientific 
staff was not very strong on history—even the history of its own subject. 
We are given an amusing proof of that on p. 94. The author, in 
describing the reception of the Carnegie in Hamburg, says : 


‘* Later on that morning we paid our first visit to the Deutsche Seewarte, a 
combined hydrographic and meteorological institution, proudly situated on a 
hill overlooking Hamburg harbor. This organization is justly famous for its 
progressive and meticulous research into problems of marine and aerial navigation. 
With one accord the members of the Seewarte staff shook our hands in the heartiest 
manner, as ‘fellow countrymen of MaTtrHEw Fontaine Maury’! It must 
be admitted that some of us were mystified at first. As we came in we had noticed 
a bust prominently displayed at the entrance to the building, and this was pointed 
out to us as MAury’s statue. It only goes to show how a prophet is without 
honor in his own country. Had not Maury created with his own hands the 
modern science of marine meteorology? Had he not made the first modern 
bathymetric charts? Had he not developed the electrically controlled submarine- 
mine as a defensive weapon in warfare?” 


Just imagine this, a party of American scientists engaged in a three 
year’s cruise round the world for oceanographic research—who did 
not know of their American predecessor, one of the founders of oceano- 
graphy, and had to be told by German colleagues who he was! Innocents 
abroad. This should not be and only shows the necessity of some 
teaching on the history of science,—especially for scientists. An oceano- 
grapher should know Maury (1), even as an American should know 
WASHINGTON. Of course we would hardly expect him, if not a historian, 
to know very much, but there is a minimum of knowledge, below which 
ignorance ceases to be funny and becomes sinful. 

I would have liked also (but I admit I am a little hard to please) a more 
generous development of the theoretical part. Granted that the book 
was meant for the “ general reader,” it might have been made far more 


(1) About him see CHARLES Lez Lewis: Maury. The pathfinder of the seas 
(Annapolis, 1927; Isis, 11, 470). 
20 
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instructive than it is. The intelligent reader should have been given a 
chance to learn a little more about those fascinating subjects—terrestrial 
magnetism and electricity—than the author was willing to impart. I 
cannot help feeling that he has not made the most of his great opportunity. 

Even as it is, this book is a splendid monument to the members of the 
scientific and sailing staff of the Carnegie, and especially to Captain 


AULT, whose honor and privilege it was to die in the fulfillment of peaceful 
GEORGE SARTON. 


duty. 

Julius Ruska.—Turba Philosophorum : Ein Beitrag zur Geschichte der 
Alchemie. (Quellen und Studien zur Geschichte der Naturwissen- 
schaften und der Medizin, herausgegeben vom Institut fiir Geschichte 
der Medizin und der Naturwissenschaften, redigiert von P. DIEPGEN 
und J. Ruska, Band I.) 368 p. Berlin, JuLtUs SPRINGER, 1931. 
(RM. 58). 

As Fercuson wittily expressed it, the Turba philosophorum is to be 
regarded as the supposed report of a meeting of a “ Hermetic Association 
for the Advancement of Alchemy,” with PyTHAGoRAs as president and 
ARISLEUS as the convener or recorder. It shares with the Tabula 
smaragdina—of which also our detailed knowledge is mainly due to 
the brilliant work of Prof. Ruska—the honour of being revered as a 
final authority by the alchemists themselves. Until the publication of 
the present book, however, very little accurate information on the nature 
and history of the Turba was available, and the most diverse views were 
expressed on the subject by ScHMIEDER, Kopp, BERTHELOT, WAITE, 
and other scholars. SCHMIEDER was inclined to date it in the twelfth 
century, but Kopp was not satisfied with the arguments adduced ; while 
Waite, who described the Turba as “ indisputably the most ancient 
extant treatise on Alchemy in the Latin tongue ”’, suggested that the Latin 
version might be a translation from the Arabic or Syriac. Mr. Warte’s 
English translation was published in 1896, but was not a critical edition, 
and can only be regarded as a praiseworthy pioneer effort to fill a serious 
lacuna in English alchemical literature. 

Prof. Ruska’s edition is of a very different calibre. With his accustomed 
energy, backed by an unsurpassed knowledge of Arabic and Persian 
alchemical works, he has tackled the problem deeply, systematically, 
and from every point of view. As a result, the whole question has 
received quite unforeseen illumination, and in the reviewer’s opinion 
there is very little of fundamental importance that remains to be said 
on the matter. 

After a concise account of earlier work on the history of the Turba 
—from which, as any student of the subject must have found, very 
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few substantiated facts can be extracted—Prof. Ruska deals fully with 
the suggestion that the treatise is ultimately of Arabic origin. He at 
once makes the important point that, to identify the numerous proper 
names in the text—names that appear to be Greek, yet Greek of no 
recognizable variety—we must assume them to have been Latin attempts 
to transcribe Arabic transcriptions of Greek names. The suggestion 
is not altogether new : from time to time such enigmas as ethees have 
been solved by adopting it. But Prof. Ruska has shown that by applying 
it consistently to the names in the Turba the solution of so many mysteries 
becomes immediately apparent that its validity is unquestionable. That 
is not to say that considerable skill has not been required in applying 
the hypothesis ; indeed, it is here that Prof. Ruska’s versatile, but careful, 
scholarship appears to the greatest advantage and scores one of its most 
effective triumphs. Take, for example, such riddles as [ximidrus, Pan- 
dolfus, Ascubofen and Horfolcus : names that appear to have no connection 
with any known alchemists or philosophers, but to be the exotic fruit 
of a disordered imagination. Prof. Ruska shows us that, on the contrary, 
they may all be identified with certainty. Iximidrus is merely a transcrip- 
tion of the Arabic IKSiMIDRuS, which in turn is a faulty transcription 
(through wrong pointing) of the Greek ANAXIMANDROS. Pandolfus is 
the Latin scribe’s version of BaNDaFiLuS, an easily-made error for 
ANBaDuQLiS or Empepoxies! Similarly, the queer name Ascubofen 
is shown to be a corrupted transcription of XENOPHANES, and Horfolcus 
of HeRAKLEIOs. These identifications, thus briefly set down, may 
appear to be highly controversial ; but readers of Prof. Ruska’s book 
who are sufficiently familiar with the fortunes of Arabic proper names 
in medieval Latin transcriptions will be fully convinced by the cogency 
of his arguments, and will congratulate him upon his ingenious 
perspicacity. 

Upon the same principle, many of the conundrums set by the names 
of substances given in the Turba may be solved with equal success. 
Thus atitos proves to be the ethees mentioned above, i.e. afastyés (Arabic) 
from the Greek AiOos éryjovos; corsufle is none other than kharsufld in 
Arabic, i.e. the Greek “‘ chrysocolla ”’ ; efflucidinus has arrived in a mutila- 
ted form from the Greek xAavdcavds and gadenbe is a similarly corrupt 
form of xadpia. 

Further evidence that the Latin version of the Turba is based upon 
Arabic sources is to be found in the numerous Muslim formulae that 
occur in the book. The most striking instance is a passage in the “ fifth 
speech of Arisleus”” : Dico tamen, quod Deus unus est, nunquam genuit 
nec genitus est, which is obviously taken from the 112th. Sura of the Qur’an, 
“Say : God is One! God the Eternal! He begets not and is not 











3°04 ISIS, XX, I 


begotten, nor is there any like unto Him!” It is rather amusing to 
find that in a later recension of the Turba the pious Christian scribe has 
altered the offending passage to unumque genuit neque tamen genitus 
est. Unmistakably Muslim, again, is the history of Creation given in 
the “ ninth speech of Eximenus”: Deus suo verbo omnia creavit, qui 
dixit estote, et facta sunt—; while turns of phrase and characteristic locu- 
tions here and there add cumulative support to a thesis that is, in fact, 
unimpugnable. 

Admitted, however, that the Latin Turba is directly derived from 
the Arabic, the question nevertheless remains : Was the Arabic version 
an original work, or was it itself a translation from the Greek ? Prof. RusKA 
rejects the latter possibility, and says that, in addition to the kind of 
evidence already described, “‘ kénnen fiir die Originalitét der arabischen 
Turba schon jetzt weitere und, wie ich glaube, durchschlagende Griinde 
geltend gemacht werden.” These further grounds are, indeed, conclu- 
sive : the author of the Turba uses Arabic nicknames, quotes passages 
from other Muslim alchemical treatises, and evinces throughout an 
acquaintance with the early form of Arabic alchemy exemplified by the 
books of “ Krates”’ and “‘ Al-Habib.”” Prof. Ruska would, in short, 
place the Turba later than these two books, but in the same tradition 
and series ; he regards the 9th or roth century as the earliest possible 
date for it, and Egypt as the most probable country of origin. 

He next proceeds to review the printed editions of the Turba and 
to describe the three different recensions. A full account of the various 
manuscripts follows, and is completed by a description of various transla- 
tions. Having prepared the ground so thoroughly, Prof. Ruska next 
gives us a critical Latin text, based mainly upon the thirteenth century 
manuscript Qu 584 of the State Library at Berlin. This manuscript 
is exceptionally valuable in that it was very carefully corrected by the 
scribe himself; and in those places where uncertainty exists it can be 
collated with a printed version of the best recension. In the establishment 
of such texts as that of the Turba, Prof. Ruska’s experience has been 
very wide, and we may therefore confidently accept his conclusions 
as definitive. The consideration of textual minutiae lies outside the 
province of a reviewer, but it may at least be remarked that the present 
writer has found no instance where he would differ from Prof. Ruska’s 
judgement as to the correct reading. 

To the general student of the history of science, the third part of the 
book will be the most attractive. It consists of a careful, well annotated 
German translation of the Latin text established in Part II. How difficult 
it is to give an intelligible version of early alchemical treatises, only those 
who have attempted the task can properly appreciate ; and they will be 
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the first to express warm admiration at the masterly way in which Prof. 
RusKA has accomplished a veritable tour de force. In his valiant study 
of Arabic alchemy, BERTHELOT more or less succeeded in producing 
comprehensible versions of the treatises with which he dealt, but only 
at the serious cost of arbitrarily adapting Hovupas’ translations. 
Prof. Ruska has avoided this illusory satisfaction, and where his translation 
is difficult to follow, the difficulty arises solely from the obscurity of 
the original. That is the only sort of translation permissible if errors 
are not to be perpetuated, and scholars must thank him alike for the 
solution of many hard passages, and for his courage in recognizing that 
others are at present insoluble. 

The fourth and concluding part of the book deals with the literary 
problem presented by the Turba. Here the interesting suggestion is 
made that “die Turba eine Kampfschrift gegen diese griechischen 
Alchemisten sein soll, die den Zweck hat, eine Befreiung der Kunst 
von der Pest der Decknamen herbeizufiihren und sie auf den Boden 
einer allgemein anerkannten Naturphilosophie zu stellen.” How far 
the attempt was successful students of alchemy will realize ; but it is at 
least certain that the Arabs were the first to deal radically with the nuisance 
of ‘‘ Decknamen.” The “ Decknamen” used by JABIR and RAzzi fall 
into a different category ; for such names as “ the flying slave ” for mercury 
and “‘ the eagle ”’ for sal ammoniac were merely technical terms as intelli- 
gible to the average alchemist as sodium chloride and nitrobenzene 
are to the modern chemist. We cannot here follow Prof. Ruska’s argu- 
ments on this point, but they are as weighty and as lucid as usual. We 
must content ourselves by saying that, recalling the many books with 
which he has laid historians of science very deeply in his debt, the present 
volume must be universally welcomed as the magnum opus of a brilliant 
series. 

E. J. HoLmyYArpD. 


K. Ogura.—History of mathematical education. Iwanami Shoten, 
Tokyo, 1932. Iv+356 pp. Price 2.50 yen. (in Japanese), 

As indicated by the title, Dr. OcuRA’s book opens a new field—the 
history of mathematical education. The author’s purpose includes more 
than a mere re-editing of available data. He apparently wishes to correlate 
from an objective standpoint the data on mathematical education not 
only with mathematical progress, but also with social, economic, and 
political history, insofar as they are pertinent to the general development 
of civilization. 

In an objective analysis of social life it is necessary first to establish 
a background based on the psychology of education, to decide the nature 
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of the problem and its context, and then proceed to a method of teaching. 
Scientific research in mathematical education in this strict meaning 
was not begun, however, until the twentieth century. This problem 
will be treated in a sequel to the book reviewed here, History of modern 
education in mathematics, which will be published shortly. In a sense 
the volume under review is a preparatory introduction to a history of 
mathematical education, the main emphasis therein being placed on 
mathmeatical education in secondary schools. 

This review will be concerned chiefly with the last two chapters, 
but the scope of the other four is indicated by the chapter headings as 
listed : I. Period of Cultural Studies (centering around the sixteenth 
century) ; II. Development of Realistic Education (about 1600-1750) ; 
III. Transition Period of Education ; Establishment of Mathematical 
Courses (about 1750-1840) ; and IV. Period of Decline in Mathematical 
Education (about 1840-1900). 

Chapter V is devoted to Japanese education during the last stage 
(1800-1872) of the Feudal Age. During the feudal era under the Toku- 
gawa shoguns (1603-1868) the science of mathematics, which had been 
permitted to die after its introduction from China through Korea in 
the sixth century, was restored to favor for a second time. Mathematics 
flourished under the able hands of such men as SEKI (1642 ?-1708), 
TakeBe, and YAsujiIMA. Unfortunately, however, the knowledge was 
not propagated, because there was a tendency on the part of mathe- 
maticians to keep their methods secret. Most of them tried to build 
their own traditions, opening private schools and fostering protégés. 

Japanese mathematics was developed without the aid of the Feudal 
government, because sharp lines of social distinction among the nobility 
and the common people resulted in a different type of education for each 
group, practical mathematics being relegated to the latter. Outside 
influences, however, resulting from the Western economic movement, 
began to invade Japan and, closely following the Opium War (1840), 
the Japanese were introduced to foreign science through Chinese transla- 
tions of the lectures of WyLie ALEXANDER and of books by DE MORGAN 
and E. Loomis. The assimilation and development of mathematical 
science were accelerated by their coincidence with pressing considerations 
of national defense. 

Chapter VI gives an analysis of the constructive period (1872-1902) 
of education in mathematics in Japan. The first step was a compulsory 
unification of the educational system made possible by that most important 
political and social revolution which resulted in the Meiji restoration. 
In 1871 a Department of Education was created for the advancement 
of learning. The first Code of Education, based on the highly standar- 
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dized French school system, was promulgated in 1872. Immediately 
thereafter an American, SCOTT, was invited to the Normal School, fore- 
runner of the Tokyo Bunrika Daigaku, to introduce the American methods 
of teaching English and arithmetic. Following Scotr came Davip 
Murray (1830-1905), who, during his stay of five years, placed American 
methods of teaching mathematics in a preeminent position in the educa- 
tional program. Students, however, were severely handicapped because 
teachers for the most part were foreigners and text-books were translated 
literally. It became necessary to revise the Code, to reduce the number 
of hours allotted to arithmetic and geometry, and to add old Japanese 
mathematics to the curriculum. 

When KIkucHi returned from England, he effected the substitution 
of the English school (and of ToDHUNTER in particular) for the American 
influence which had reached a climax around 1877 through the books 
of H. N. RoBinson and of CHARLES Davies. Not many years afterward 
the industrial revolution which followed the Sino-Japanese War created 
a capitalistic class and made possible a sudden expansion of secondary 
education. When KIKUCHI gave up teaching to become Minister of 
Education, he set the stage for Fujisawa to carry out unhampered his 
program of reconstruction. It was unfortunate, however, that KIKUCHI 
and Fujisawa were not closely in touch with the change in educational 
methods brought about by Perry in England and by Moore in America. 
Minister K1KUCHI and Professor Fujisawa were sound in their methods 
and sincere in their conviction, but they were adhering to the very tra- 
ditional English method which Perry at that time was attempting to break 
down. Dr. Ocura brings his discussion to a close with a review of this 
trend. 

A layman with a little knowledge of mathematics will find the book 
interesting and instructive. This book should be especially helpful 
for middle school teachers of Japan (who are kept busy preparing their 
students for the competitive examinations for higher institutions) in 
instilling an appreciation of the background along with the routine 
training process. This review of Dr. OcurRa’s book is necessarily brief, 
and doubtless inadequate, but if it direct the attention of the historian 
of science to the field of the development of mathematical education as 
presented in the book, it will have served its purpose. 

(Cambridge, Mass.) S. IKEHARA. 


George Herbert Mead (1863-1931).—The Philosophy of the Present. 
xI+199 p. Open Court, Chicago, 1932. $§ 3.00. 

The present volume, the third to be published under the Paul Carus 

Foundation, is the posthumous work of GEORGE HERBERT MEAD, professor 
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of philosophy at the University of Chicago, whose death occurred on 
April 26, 1931. The book contains prefatory remarks by JoHN Dewey 
and an extensive introduction by ARTHUR E. Murpuy who undertook 
the task of preparing for publication the material in the form left by the 
author at is death. 

The book consists of four chapters and five supplementary essays : 
The Present as the Locus of Reality, Emergence and Identity, The 
Social Nature of the Present, The Implications of the Self, Empirical 
Realism, The Physical Thing, Scientific Objects and Experience, The 
Objective Reality of Perspectives, The Genesis of the Self and Social 
Control. 

The title would suggest that the book is devoted to current philosophical 
ideas, but the word present refers rather to the problem of the reality of 
the present moment in its relationship to the emergent future and the 
vanishing past. The thought of the author is strongly dominated by 
the philosophy of relativity which he elucidates in a competent manner 
with sufficient detail for his purpose. One should make special note 
that Professor MEAD particularly stresses a fact too feequently passed over 
by those who would trace the philosophical implications of relativity, 
namely, that the theory of special relativity was written fundamentally 
in the equations of MAXWELL as a property of their invariance long before 
ErnsTeIn was led to his discoveries through attempts to interpret the 
MICHELSON-MoRLEY experiment. 

The main theme of the essay is that only the present has reality and 
that the future is a new and emergent thing which flows from the present 
and the past, but is not completely determined by them. 

Thus in the opening paragraph the author says : 


“The subject of this lecture is found in the proposition that reality exists 
in a present. The present of course implies a past and a future, and to these both 
we deny existence.” 


This denial of reality to the future is essentially a denial of deter- 
minism, particularly as this philosophical doctrine applies to society. 
Thus the author continues at another place in the book : 


“* Now the principle of sociality that I am attempting to enunciate is that in the 
present within which emergent change takes place the emergent object belongs 
to different systems in its passage from the old to the new because of its syste- 
matic relationship with other structures, and possesses the characters it has because 
of its membership in these different systems.” 


The ancient problem of determinism thus runs as a red thread through 
the entire thought of the author. Fortified by the discoveries in molecular 
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physics and by the HEISENBERG principle of indeterminacy, Professor 
MeaD believes that no knowledge of the past is sufficient completely 
to define the present or to predict the future. 


“‘In the analysis which I have undertaken,” he says, “‘ we come then, first, 
to passage within which what is taking place conditions that which is arising. 
Everything that is taking place takes place under necessary conditions. Second, 
these conditions while necessary do not determine in its full reality that which 
emerges. We are getting interesting reflections of this situation from the scientist’s 
criticism of his own methods of reaching exact determination of position and 
velocity and from the implications of quanta. What appears in this criticism 
is that while the scientist never abandons the conditioning of that which takes 
place by that which has gone on, expressed in probability, he finds himself quite 
able to think as emergent even those events which are subject to the most exact 
determination. I am not attempting to previse what later interpretation will 
be put upon the speculations of pE BrRoGLIZ, SCHROEDINGER, and PLANCK. I 
am simply indicating that even within the field of mathematical physics rigorous 
thinking does not necessarily imply that conditioning of the present by the past 
carries with it the complete determination of the present by the past.” 


This profound problem has its basis, perhaps, in the foundations 
of the theory of probability, particularly as this theory applies to the 
kinetic theory of small particles. In molar physics there is no question 
about the power of prediction to within observational limits. Jupiter 
will follows its charter path in the sky; the anomalies of the motion 
of the moon await only the introduction of more terms in the perturbing 
function in order to be completely explained away. But in molecular 
physics the story is otherwise. Statistical swarming, the law of large 
numbers, and other essentials of determinism give way to individual 
impacts of photons and electrons. Complete indeterminacy holds sway. 
It seems to the reviewer that the question is not primarily one as to 
whether the universe is deterministic or otherwise, but rather as to the 
existence of a critical point somewhere between the microcosm and the 
macrocosm where the determinism of large numbers must yield to the 
indeterminacy of individuals. 

It seems rather unfortunate to the reviewer that those who write upon 
the problem of the future in its relationship to the past so frequently 
omit any reference to the fruitful concept of “‘ hereditary mechanics ” 
which appears throughout the writings of Viro VOLTERRA, particularly 
in his notable treatise : “‘ Legons sur les fonctions de lignes,” published 
in Paris in 1913. The enunciation of this principle and its contrast 
with the non-hereditary principle that the future of a dynamical system 
is completely determined by the boundary conditions of the present is 
found in an article by E. Picarp : ‘‘ La mécanique classique et ses appro- 
ximations successives,” Scientia, vol. 1 (1907), pp. 4-15. The reader is 
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also referred to the illuminating comment by M. WINTER in an article : 
“Time and Hereditary Mechanics ” published in the Monist, vol. 35 
(1925), pp. 70-80. The connection between this important principle and 
the ideas of Professor MEAD is easily seen in the following quotation 
from PIcarRD : 


“In all this study (of classical mechanics) the laws which express our ideas 
of motion have been condensed into differential equations, that is to say, relations 
between variables and their derivatives. We must not forget that we have, in 
fact, formulated a principle of non-heredity, when we suppose that the future 
of a system depends at a given moment only on its actual state, or in a more general 
manner, if we regard the forces as depending also on velocities, that the future 
depends on the actual state and the infinitely neighboring state which precedes. 
This is a restrictive hypothesis and one which, in appearance at least, is contra- 
dicted by facts. Examples are numerous where the future of a system seems 
to depend on former states : here we have heredity. In some complex cases one 
sees that it is necessary, perhaps, to abandon differential equations and consider 
functional equations in which there appear integrals taken from a distant time 
to the present, integrals which will be, in fact, this hereditary part. The pro- 
ponents of classical mechanics, however, are able to pretend that heredity is 
only apparent and that it amounts merely to this, that we have fixed our attention 
upon too small a number of variables. But the situation in this case is just as it 
was in the simpler one, only under conditions that are more complex.” 


It will thus be seen that the problem of the present in its connection 
with the emergent future is one upon which physicists under the strict 
formulizations of their mechanics cannot agree. How much more 
difficult is the general problem in which the variables embrace the 
field of human society. 

It will appear from this that Professor MEap has written a stimulating 
volume which will take its place in the growing literature of determinism. 

(Indiana University.) H. T. Davis. 


Robert T. Gunther.—The astrolabes of the world. Based upon the 
series of instruments in the Lewis Evans Collection in the Old 
Ashmolean Museum at Oxford, with notes on astrolabes in the 
collections of the British Museum, Science Museum, Sir. J. FINDLAY, 
Mr. S. V. HorrMan, the Mensing Collection, and in other public 
and private collections. Volume I. The Eastern Astrolabes. 
XVII+ 111+ 304 p., 139 figs., 68 pl., frontisp. Oxford, University 
Press, 1932. ({ 10.10.0 for the two vols.). 

The death of Cart Scuoy (1877-1925) and of JosEpH DRECKER (1853- 
1931) interrupted the realization of an important project : the writing 
of a history of the astrolabe. Both as a scientific instrument and as an 
objet d’art, the plane astrolabe deserves at least the same attention as, 
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e.g., celestial and terrestrial globes, sundials, clocks, etc. The publication 
of a corpus of all the important treatises on the astrolabe is, of course, 
a necessary preliminary step in the writing of a history of the instrument 
which played such an essential part in the preservation, during the 
Middle Ages, of Greek astronomical knowledge. On the other hand, 
the usefulness of a descriptive illustrated catalogue of all the accessible 
surviving specimens is quite obvious ; no detailed classification of the 
astrolabes can claim to be complete unless it takes into consideration 
even the hybrids and freaks produced by the vicissitudes of the individual 
instruments or by the idiosyncrasies of the craftsmen. However, both 
the corpus and the catalogue are but source material ; their publication 
does not constitute a history of the astrolabe ; their analysis and integratio 
by a scientist and a scholar—preferably of the BASHFORD DEAN type—must 
follow ; it took a palaeoichthyologist to study the “ natural history ” 
of armor, and it will take more than a mere astronomer or orientalist 
to study the evolution of the scientific works of art called astrolabes ; 
WiLL1AM Hook Mor ey (1815-1860) was such a man, but he had access 
to a few dozens of astrolabes, not to several hundreds. 

The book under review consists of an excellently illustrated catalogue 
raisonné of a considerable number of astrolabes, and of a small group 
of mediaeval and modern writings on the subject inserted as introductions 
to some of the chapters ; it is more than a mere catalogue of the Lewis 
Evans collection of which the author is the curator ; it is less than an 
exhaustive or even representative compilation of the source material 
indispensable for the writing of a long overdue historical treatise on the 
astrolabe. The author calls it, in the preface, “a general catalogue 
of the astrolabes of the world.” 

If one agrees, in principle, with the use of reprints and translations 
of important treatises as prefatory material to the various chapters,—an 
easy way of compiling impressive volumes,—there remains the question 
of selection. The volume under review offers, as an introduction to 
the chapter on Greek astrolabes, the first English translation, by competent 
scholars, of the Greek treatise by JoHN PHILOPoNos, and of the Syriac 
treatise by Severus S&BOKHT (middle of the VIIth century). 

GUNTHER’s assignment (p. 59, 61) of JoHN PHiLoponos of Alexandria 
and of his treatise on the astrolabe to the first half of the VIIth century 
is wrong ; JOHN PHILOPONOs wrote his treatise in the first half of the 
VIth century. Max Meyernor disposed of the VIIth-century JoHN 
in his paper on JOHANNES GRAMMATIKOS (PHILOPONOS) von Alexandrien 
und die arabische Medizin (Mitteilungen d. Deutschen Instituts f. aegypt. 
Altertumskunde in Kairo, 2, 1-21, 1931; see also Isis, XVIII, 447-48, 
1933). But even while the ghost of the VIIth-century JOHN was 
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worrying the historians of medicine, the treatise on the astrolabe was 
correctly assigned to the first half of the VIth century, the lifetime of 
the only real JoHN PutLoponos of Alexandria. GUNTHER—and his trans- 
lator of PHILOPONOs’ treatise—should have consulted not only the an- 
tiquated Hase edition of 1839, but also the studies and translations by 
TANNERY and by DrecKER (the first German translation, with introduction 
and notes, appeared in Isis, XI, 15-44, 1928). 

It seems to the reviewer that the first English translation of another 
Greek treatise already accessible in Drecker’s German translation 
(Isis, IX, 255-278, 1927) should have been included ; although TANNERY 
was undoubtedly right in calling the Planisphaerium a “ trés médiocre 
ouvrage ”’ (Recherches sur l’histoire de |’astronomie ancienne, p. 52, 
1893), the treatise remains the earliest extant exposition of the principles 
of stereographic projection, and deserves to be included in a representative 
collection of early writings on the theory, construction, and use of the 
astrolabe. Incidentally, it ought to be investigated whether this Greek- 
Arabic-Latin Planisphaerium is identical with PToLEmy’s lost treatise 
on the “ spreading out of the surface of the sphere” —dzAwars émudaveias 
o¢aipas—mentioned by Surpas; PHILOPONOs seems to refer to a Ptolemaic 
treatise on the astrolabe which is not identical with the Planisphaerium. 

Another disappointment meets the reader who looks for a prefatory 
treatise in the chapter on “ Arabian Astrolabes ”’: it is absent. The first 
English translation of the [Xth-century treatise by ‘ALI 1BN I‘sA (Ger- 
man translation by Scuoy, Isis, IX, 239-254, 1927), could be suggested 
as an appropriate introduction. Important passages from the Latin 
translation, by JaAcoB 15N MAHIR (PROPHATIUS) and JOHN OF BRESCIA 
(1263), of AL-ZARQALI’s treatise on the safiha are quoted in the chapter 
entitled “‘ Moorish Astrolabes.”’ 

The most valuable, among the prefatory reprints included in the volume 
under review, is a reduced facsimile reproduction of WiLLIAM H. Mor- 
Ley’s Description of a planispheric astrolabe (London, 1856). Mortry’s 
work—so p., 21 pl., f°—certainly deserved a wider distribution than 
the 100 copies of the original edition permitted ; after the lapse of three 
quarters of a century, it remains the best modern treatise on the astrolabe ; 
it contains not only a detailed description of the astrolabe constructed 
(A. H. 1124 = A.D. 1712) for shah Husa, but also an excellent “ account 
of the astrolabe generally, with notes illustrative and explanatory : to 
which are added, concise notices of twelve other astrolabes, Eastern and 
European, hitherto undescribed.’”’ Mor.ey’s scholarly work offers a 
wealth of Persian, Arabian, and Indian source material, combined with 
a scientific exposition of the geometrical theory and the mechanical 
features of a small but representative group of instruments. The plates 
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added to Mor.ey’s model monograph prove that the scholar and scientist 
was also a skillful and resourceful craftsman ; four of them are good 
examples of his draftsmanship; the origin of the seventeen plates illustrat- 
ing the HusaIn astrolabe is best described in MorLry’s own words : 
“When I first saw the beautiful Astrolabe hereinafter described, it 
struck me that, as its engraved surfaces were all plane, its several parts 
might be readily and exactly reproduced by the Anastatic method of 
printing... ‘The experiment was made, and the Plates at the end of this 
volume are the result.” 

The success of a comparative study of a large number of specimens 
depends on a well devised system of classification. Considered as 
scientific instruments, astrolabes could be classified by their astronomical 
or mechanical features ; this subdivision in genera and species would 
necessarily cut across some of the geographical or cultural borders, 
but it would afford a chronological exposition of the evolution of the 
instrument ; a classification of this kind would probably satisfy the 
historian of science. On the other hand, it is possible to group astrolabes 
by their stylistic or even by their epigraphic features ; this method of 
subdivision, if and when practicable, neglects generic and specific 
characteristics of the instruments, and leads to the consideration of 
chronological sequences within the geographical or cultural groups; 
a Classification of this kind might possibly appeal to the historian of art. 

The chapter titles in the volume under review—Greek, Byzantine, 
Oriental, Persian, Indian, Hindu, Arabian, Moorish, and Jewish astro- 
labes,—and the chapter titles in volume IJ—Spanish, Italian, French, 
Flemish and Dutch, German, and English astrolabes,—suggest a geo- 
graphic-cultural classification of the specimens. ‘The somewhat confusing 
chapter title, ‘‘ Oriental Astrolabes,” occupies, in the table of contents, 
an equal rank with its neighbors, the ‘“ Byzantine Astrolabes,”’ and 
the “ Persian Astrolabes ”’ ; in the book itself, it has a cryptic subtitle, 
“The Arabians,” and heads a general introduction, consisting of four 
pages, to the following chapters of the volume. From this chapter 
on “ Oriental Astrolabes ”’ we quote the following lines throwing some 
light on the principles of classification adopted (p. 112) : 


“For convenience we propose to describe our Oriental Astrolabes in chrono- 
logical order in four provisional main groups, the typical members of each of which 
are not difficult to distinguish, and are associated with the four geograph‘cal 
regions. 

1. Persian. 

2. Indian. 

3. Arabian, Syrian, Mesopotamian, Egyptian. 

4. Moorish, including N.W. Africa and Hispano-mauresque. 

Although it is usual to describe the astrolabes of the third group as ‘ Arabian,’ 
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the name must be taken to refer to the language in which they were inscribed, 
rather than to imply that there were factories of instruments among the burning 
sands of Arabia in the strict geographical sense. Astrolabes that were actually 
made in Mecca or any of the towns of Yemen or the Hadramaut are rare. The 
skilled workers in metal lived in Damascus, Bagdad, Cairo, and other towns 
in countries that were conquered by the Arabs, and wisely governed by them until 
the fall of the Califate of Bagdad in A.D. 1258. During the previous five centuries 
was the floruit of the ‘ Arabian’ Astrolabe.” 


This classification of ‘‘ Oriental Astrolabes’’ according to their 
“association with the four geographical regions” is not as simple as 
it may seem. Take, e.g., “ Professor WILSON’s Astrolabe ” (p. 186-87) 
described in the chapter on “ Indian Astrolabes ” : “‘ The oldest known 
astrolabe made, or perhaps we should say, modified for use in India, 
belongs to the period of the Mohammedan dominion, and was essentially 
an instrument of the Arabian type inscribed in Cufic which has been 
altered and reinscribed for use in India... The list of Indian cities 
on the interior of the umm is more modern, being engraved in Devanagari 
characters.” The chapter on “ Hindu Astrolabes ’’—as distinguished 
from “Indian Astrolabes ”’—is hardly consistent with the association 
of oriental instruments with “ four geographical regions ” ; the use of 
Devanagari script is hardly a sufficient reason for their isolation. The 
difficulties of the adopted classification are acknowledged by the author 
himself in the one-page introduction to the chapter on “ Arabian Astro- 
labes ” (p. 229) : 


“The grouping of astrolabes produced in such widely separated geographical 
regions as Arabia, Syria, Mesopotamia, and Egypt under a single head has already 
been suggested on page 112, and in the present imperfect state of our knowledge, 
we find some justification in the fact that even experts who had been entrusted 
with the arrangement of the exhibits at the recent International Persian Exhibition 
in London had difficulties in distinguishing between the metal-work of Persia and 
of Mosul, and this is hardly remarkable when it is remembered that the craftsmen 
themselves migrated from town to town.” 


If the reader hopes to find a clear statement of the stylistic or epigraphic 
differences between the “ Moorish” and the “ Arabian ”’ astrolabes of 
the quadripartite classification, he will be disappointed. Here is a 
quotation from the introduction to the chapter on “‘ Moorish Astrolabes ” 


(p. 250) : 


““ Moorish astrolabes, and especially those made in Spain at that early period, 
are characterized by certain readily recognizable features that distinguish them 
from Persian instruments of the same epoch. Their ankabuts are designed on 
a simpler plan. There are none of those elaborate intertwinings and serpentine 
tracery that give the astrolabes of the farther East their attractiveness and grace. 
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But the Moorish instruments have a charm of their own, which is derived more 
particularly from the curvature and decoration of the star-pointers, than from 
any artistic treatment of supporting bands and bars, which in general are studiously 
plain. When ornament is introduced, it is frequently of a type suggested by the 
Moorish arch with its ogee point and cusped sides. In the lettering the Cufic 
prevails. The kursi or bracket is frequently far smaller than is usual in Eastern 
astrolabes. There is no throne inscription. Mudirs may be multiplied. Star- 
pointers are frequently embellished with bright silver knobs and perforate bases.” 


The chapter on “‘ Moorish Astrolabes ”’ includes the description of 
the instrument “ stated to have once belonged to REGIOMONTANUS ” 
(p. 280), with Latin inscriptions ; on the other hand, two astrolabes with 
“‘ inscriptions in Hebrew characters ” are described in a separate chapter 
of two pages, “‘ Jewish Astrolabes,” at the end of the volume—a chapter 
which apparently is independent from the quadripartite classification. 
To add to the confusion created by the adopted system, the author 
has inserted what looks like an independent chapter, “‘ The Arzachel,” 
into the chapter on “ Moorish Astrolabes.” 

The illustrations of this general catalogue of astrolabes are excellent, 
and will be of great assistance both to historians of science and to historians 
of art. The number of specimens dealt with in this volume is about 160; 
some of these astrolabes are of exceptional beauty or of considerable scien- 
tific interest. 

The only item described in the chapter on “ Greek Astrolabes ” 
is ‘‘ The astrolabe of Anticythera,” ca. A.D. 250. This intricate piece 
of mechanism, one of the neglected gifts of Poseidon to Athens in the 
winter of 1900/01, was undoubtedly an astrononomical instrument and 
time-measuring device; it was described by PeRicLes REDIADES in 
J. N. Svoronos’ Das Athener Nationalmuseum, I, 43-51, 1908; it is 
dated by a partly legible inscription giving instructions for its use. 
GUNTHER failed to mention that SvoroNos has established (loc. cit., p. 49/ 
50) striking analogies between the wording of the inscription on the 
instrument from Anticythera and the text of the treatise of JoHN PHILO- 
PONOS. GUNTHER calls attention to a XIIIth-century Persian astrolabe 
(described on p. 118) in the Lewis Evans collection which has “ a geared 
calendar movement of cog-wheels within it”; a more detailed study 
of this mediaeval mechanism might throw new light on the instrument 
from Anticythera. 

The short chapter entitled “‘ Byzantine Astrolabes ”’ contains a descrip- 
tion of the only specimen known—the XIth-century instrument in the 
Brescia museum. “‘ Both from the point of view of its art, and from 
that of its lettering, it shows no trace whatever of having been in any 
way modified by Arab or Persian influence... We may perhaps have 
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here the sole survival of a scientific instrument embodying Greek ideas...” 
These statements are but partly true. GUNTHER should have called the 
attention of his readers to the fact that the plain arachne, and especially 
the dagger-shaped star pointers of the Brescia astrolabe prove its close 
kinship to instruments of the same period classified as “ Persian ” 
and “ Arabian,” such as the oldest known dated astrolabe (Persian; 
A.H. 374 = A.D. 984; Lewis Evans collection) or the astrolabe of 
Pope Sytvester II (Arabian; ca. A.D. g90; Tribuna di GaLILeo, 
Florence). Whether these early instruments were direct descendants 
of lost Byzantine astrolabes, or whether the Brescia astrolabe is a Persian 
article manufactured for export to Byzance, the fact remains that not 
a single Greek or unquestionably Byzantine astrolabe has come down 
to us. 

To conclude : a hastily compiled and rather carelessly proofread 
catalogue de luxe. Caveat lector. 

ALEXANDER Poco. 


Willem de Sitter.—Kosmos. A Course of Six Lectures on the Devel \p- 
ment of our Insight into the Structure of the Universe, delivered 
for the Lowell Institute in Boston, in November 1931. Cambridge, 
Massachusetts, Harvard University Press, 1932. vill+-138 pages. 
7 portraits + 5 full-page plates. Price, $ 1.75. 

It is only within the last dozen years that we have fully realized the 
immensity of the universe. Even a man in the street can hear astro- 
nomers talking about nebulae which are a hundred million light years 
away, but very few pause to consider that this knowledge is of a very 
recent origin. As recently as 1919 Sir JaMEs JEANS, in his book “‘ Problems 
of Cosmogony,” estimated the distance of the Andromeda nebula at 5400 
light years, but now we think that it is 870,000 light years away from us. 
It has truly been said that we may or may not agree with the relativists 
who believe in the expanding universe, but nobody will question that 
our knowledge is rapidly expanding. 

Dr. pe Sitter, Director of the Observatory and Professor of Astronomy 
at the University of Leiden, gives us a picture of this rapidly expanding 
knowledge of the universe. His book consists of six chapters the contents 
of which can be briefly summarized as follows : (1) Introduction ; The 
Ancients, Protemy, Copernicus; (2) KEPLER, GALILEO, NEWTON ; 
(3) Wimt1am Herscue ; (4) Kapreyn ; (5) Galactic and Extra-galactic 
systems ; (6) Relativity. 

The most important omission in the historical sections of the volume 
concerns the Babylonian astronomy. Apparently the writer is unaware 
of the work done by KuGier, Eppinc, FoTHERINGHAM and others in this 
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field. In fact two of the greatest astronomers of all ages, the Babylonians 
NABURIANNU and KIDINNU, are not even mentioned. This is especially 
striking as the author goes rather into detail so far as Greek astronomy 
is concerned and mentions half a dozen minor Greek astronomers. The 
discovery of the precession of the equinoxes is attributed without reserva- 
tions to H1pparcuus (p. 14) although there is much evidence now that 
it was known to the Chaldeans. 

On page 18 the following curious statement can be found : “‘ ProLEMY 
was the last Greek astronomer. Nothing was added to science after 
his time, and Greek civilization was finally destroyed by the burning 
of the library of Alexandria by the Christian mob in A.D. 389.” The 
reader may well puzzle over such a positive statement as to just where 
and when and why Greek civilization ended. For the author of this 
book the time between ProLtemy and Copernicus is only “the dark 
ages of orthodox ignorance” (p. 18). 

In the second chapter TycHo BRaAHE is called a Swedish nobleman 
(p. 19), although the excellent portrait on the next page has the inscription 
‘ Effigies Tychonis Brahe... Dani.” Of course it is true that TycHo 
BRAHE was born in what is now a part of Sweden, but at that time it 
was a part of Denmark, and had always been from time immemorial. 

On page 28 the vear of NEwTon’s birth is erroneously given as 1643 
instead of 1642. The author justly rejects the old fable that the publica- 
tion of the “ Principia’ was delayed because NEwTON did not know 
the exact radius of the earth. 

It may be advantageous for the purpose of a short series of public 
lectures to select a few great figures in a science like astronomy and 
concentrate attention on them. However, from the historical viewpoint 
this method is rather dangerous. The reader gets the idea from chapters 3 
and 4 that after NewTon there were only two astronomers of any con- 
sequence : Sir WiLL1AM HerscHEL and Kapteyn. In fact the author 
says plainly : “‘ About the year 1800 the astronomical world, at least so 
far as sidereal astronomy is considered, consisted of WILLIAM HERSCHEL 
alone ” (p. 86). And on page 76: “ KapTeyN’s work has put its mark 
upon the whole of modern astronomy.” To be sure, KAPTEYN’s influence 
on the development of our ideas on the structure of the universe has 
been great, but this is not ‘“‘ the whole of modern astronomy.” The 
composition of the sun and of the stars, properties of nebulae, comets, 
planets, meteors, evolution of the stars, all these subjects are as much 
parts of the Cosmos as the structural details of the Milky Way. In 
vain would one try to find a reference to most of these topics even in 


the next chapter devoted to photography and spectroscopy. 
The closing chapter is on “ Relativity” and the modern theories of 
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the universe. Being a relativist the author does not hesitate to say : 
“The conflict apparently is between the modern theories of stellar 
evolution... on the one hand, and the general theory of relativity on the 
other hand. If this were the real contest, there could be no doubt about 
the issue : the theory of relativity would come out victorious, and the 
theories of evolution would have to be revised.” This means that 
the expansion of the universe may be so rapid as to leave no time for 
the development of stars, or even of our own earth. Unfortunately 
for this aspect of the theory of relativity we have a reliable estimate 
of the age of terrestrial rocks which proves to be something like two 
or three billion years. One is reminded of the advice to geologists 
to revise the age of the earth, which was given by Lord Ketvin when 
he found from his theory of contraction that the age of the sun was of 
the order of twenty million years. 

Professor DE SITTER is too much of a scientist, however, to put absolute 
trust in theory. The reader is warned that “ after all, the universe 
is an hypothesis... What we observe are the stars and nebulae constituting 
‘our neighborhood.’ All that goes beyond that, in time or in space, 
or both, is pure extrapolation.” (p. 133-134). 

The book is certainly a good description of the current views on the 
structure of the universe with some references to older theories. It 
is not a history of the development of man’s ideas about the universe, 
and probably was not meant to be such in spite of its subtitle. Such 
a task could not be done in six lectures. The reader will find this book 
interesting, although in places rather difficult. 

Perkins Observatory N. T. Bosrovnikorr. 

Delaware, Ohio. 


Mark H. Wodlinger.—Bibliographical Survey of Vitamins, 1650-1939, 
with a Section on Patents. Compiled by Etta M. SALMONSEN, 
Medical Reference Librarian, The John Crerar Library, Chicago, 
published by the author. 1932. (Price $ 10.00). 

The author has assembled 10,098 titles dealing directly or indirectly 
with vitamins,and 240 citations of American and foreign patents involving 
discoveries relating to vitamins. The first reference is to GLISSON’s 
(1650) paper on The Rickets. It was not until 1910 that the references 
became frequent enough to assemble them in annual groupings and 
not till 1915 that vitamins A-D qualified for separate, classification. 
Vitamin E arrives in 1921. No citation of Capt. James Coox’s methods 
of preventing scurvy is given. In his Fournal of the first voyage, under 
date of April 13, 1769, he writes as follows : “ At this time we had but 
very few men upon the sick list, and these had but slite complaints. 
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The Ship’s company had in general been very healthy, owing in a great 
measure to the Sour kroutt, Portable Soup and Malt ; the two first were 
served to the People, the one on Beef Days and the other on Banyan 
Days. Wort was made of the Malt, and at the discretion of the Surgeon 
given to every man that had the least simptoms of Scurvy upon him. 
By this means and the Care and Vigilance of Mr. Monkuouse, the 
Surgeon, this disease was prevented from getting a footing in the Ship. 
The Sour Kroutt, the Men at first would not eat it, until I put it in practice 
—a method I never once Knew to fail with seamen—and this was to 
have some of it dressed every day for the Cabin Table, and permitted 
all the Officers, without exception, to make use of it, and left it to the 
Option of the men either to take as much as they pleased or none at 
all; but this practice was not continued above a Week before I found 
it necessary to put every one on board to an allowance ; for such are 
the Tempers and disposition of Seamen in general that whatever you 
give them out of the common way—altho’ it be ever so much for their 
good—it will not go down, and you will hear nothing but murmurings 
against the Man that first invented it ; but the moment they see their 
superiors set a value upon it, it becomes the finest stuff in the world 
and the inventor an honest fellow. Wind easterly.” 


December 2, 1932. C. A. Korom. 





